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PEEFACE. 



The first edition of this book was published shortly after 
the appearance of Dr Salmon's admirable treatise, with the 
hope that I could write a short and easy work upon a 
similar plan, without losing the obvious advantages of his 
harmonious and consecutive arrangement of the subject. 
Hence the Reduction of the General Equation of the Second 
Degree will be found to precede the discussion of the pro- 
perties of the curves, and the Parabola is treated of after 
the Ellipse and Hyperbola. Those, who think this arrange- 
ment diflScult for the beginner, will find, that a very little 
explanation will enable him to omit Chap. VIII, when the 
subject is read for the first time. 

My chief object was to write with special reference to 
those diflSculties and misapprehensions, which I had found 
most common to beginners. As a third edition is now 
called for, I have endeavoured, without losing sight of my 
original purpose, to make it suitable to the requirements 
of the present time. With this object in view, I have re- 
written and re-an-anged a very large portion of the work, 
and added a considerable amount of new matter. I have 
also thoroughly revised the Examples, rejecting many, that 
have been found useless or too difficult, and adding others, 
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that better illustrate the text. With the more diflScult 
Examples I have given references to the text, and such 
hints, as I have found useful with my own pupils. 

I have tried to make the Treatise complete, as far 
as regards Cartesian Co-ordinates. In the chapters on 
Abridged Notation and Trilinear Co-ordinates, after shewing 
the connection between the two systems, I have kept them 
apart, but I have not attempted to give a complete account 
of the latter. 

I am very much indebted to Dr Salmon's Conic Sec- 
tions, In preparing the present edition I have had the ad- 
vantage of reading many recent publications, but in most of 
them I have found very little, that has not first appeared in 
Dr Salmon's book. I have, however, been greatly assisted 
in Chap. XII. by Messrs Sonnet and Frontera's OiomStrie 
Analytique, and in Chap. XIII. by Mr Price's Trilinear Co- 
ordinates, and I have read with profit Mr TurnbuU's Ana- 
lytical Plane Geometry, 

G. HALE PUCKLE. 

WiNDEBMBBE, 

January f t868. 
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ALGEBRAIC GEOMETRY. 



CHAPTER I. 
Position of a Point on a Plane — Loci — Equations. 

1. Algebra is applied to Geometry, to investigate pro- 
blein& whicli concern the magnitudes of lines or areas, or to 
express the position of points and the form of curves. ,The 
Algebraic proofs of the propositions of the second book pf 
Euclid are examples of the former application, and the use 
of positive and negative signs with the Trigonometrical ratios 
has introduced the reader to the latter. It is upon the latter 
branch of the subject that we are now about to. enter; and 
we proceed to explain the system invented by Descartes, and 
hence called ' the Cartesian system,' in which the positions 
of points are determined by means of Co-ordinates. 

2. In ordinary Algebra we have been in the habit of 
considering the symbols + and — as symbols of the reverse 
operations of addition and subtraction. In Algebraic Geo- 
metry, as in Trigonometry, we use these symbols to indicate 
contrariety of position. Thus, in any indefinite straight line 
XX\ let us consider (9 as a fixed point from which distances 

X'' W A M X 

are to be measured, and let us take two points Jf, M\ equi- 
> . 1 
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distant from and on opposite sides of it; then, if we 
denote the distance OMhj +a, we shall express the distaq.ce 
OM by — a, i. e. we shall consider lines measured from left 
to right as positive, and lines measured from right to left as 
negative. 

The propriety of this convention will best appear from an 
example. Let us suppose X the east and X' the west of 
; then, if a man starting from walk 6 miles to the east 
and then 2 miles to the west, the magnitude of his walk 
will be represented by 8, but his position with reference to 
his starting place by + 4, or, in order to find his position, 
if we consider the distance he has walked east as positive, 
we must consider the distg^nce he has walked west as 
negative. Similarly, if he walked 4 miles east and then 6 
miles west, his position would be expressed by — 2, or two 
miles to the left of 0, but the magnitude of his walk by + 10. 
This distinction must be carefully borne in mind, and it 
must be remembered that the convention established above 
has reference simply to the position of points on the line 
XX', with reference to ; hence if we take 0M= + 4 and 
OJf' = — 4, the student must be careful to avoid the error 
of assuming MM' to be represented by 4 — 4 or 0, as this 
would be reasoning about the magnitude of a line upon 
assumptions which have only been made about the position 
of its extremities with regard to a fixed point. 

3. A simple example will shew the great advantage of 
the preceding convention, in rendering generally truje formulae 
that would otherwise be true for a particular case only. Let 
and A be two fixed points upon the line XX', and M 
a point moving upon the same line. In order to express the 
distance of M from the point by means of the distances 
OA and AM, let 

OM==w, OA=a, AM=x\ 



POSITION OP A POINT ON A PLANE. 3 

then, if the point M is placed to the right of A, we have 

# x = a + x (1); 

if it is between and A, 

x = a — x (2); 

if it is to the left of 0, 

x^od — a (3). 

Here we have supposed x and x to be the magnitudes of 
Oif and AM^ without regard to sign ; and we see that three 
formulae are necessary to express the distance of M from 0, 
when we consider all the positions that it can occupy. But, 
if attention is paid to the signs of x and a?', the formula first 
obtained is equally true for the other two cases. For, if we 
suppose M to pass from the right to the left of A^ x becomes 
— a?', and formula (1) becomes the same as (2), as long as a:' 
is less than a ox M lies between and A, If a! i« greater 
than a, J!f will fall to the left of 0, and x becomes negative ; 
in this case formula (1) becomes 

which is the same as formula (3). 

4. To determine the position of a point on a plane. 

Let us suppose that we know the position of two straight 
lines Ox and Oy ; then, if we draw the ^f 

parallels PMy FN to these lines from j^j 

any point P, we shall know the po- 
sition of that point, if the lengths of 

PM and PN are given. For example, 

if PJN = a, PM—h are two equations 

given us, we can determine the position of the point P with 

regard to the lines Ox and Oy ; for, if we measure OM ( = a) 

along Ox, and ON{ = h) along OY, and complete the ^at^V 




4 POSITION OF A POINT ON A PLANE. 

lelogram OMPNy P will be the point whose position we 
wished to determine. 

5. The line PM is usually denoted by the letter y, and 
is called the ordinate'*^ of the point; OM^ which =PN, is 
denoted by the letter x, and is called the abscissa of the point ; 
the two lines are called the co-ordinates of P. The lines xx\ 
yy are called the axes of co-ordinates, and their point of 
intersection is called the origin : xx is called the axis of x, 
and yy' the cms ofy. 

The point P is said to be determined when the values of 
X and y are given, as by the two equations a7 = a, y = J; as, 
for example, if it were given that a; = 3 feet, y = 2 feet, we 
should determine the point of which x and y are the co- 
ordinates by measuring 3 feet along Ox and 2 feet along Oy, 
and completing the parallelogram of which these two lines 
formed the adjacent sides. The corner of the parallelogram 
opposite to would be the position of the point. The point 
whose position is defined by the equations x = a, y = b is 
commonly- spoken of as the point (ab). The axes are said 
to be rectangular or oblique, according as angle yOx is or is 
not a right angle. 

6. We have supposed hitherto that x and y, the co- 
ordinates of the point, are positive 
quantities, and have measured the 
distances along the lines Ox and Oy. 
If a? or y be negative, it will indi- 
cate, according to the convention 
established above, that we must 
measure aloig Ox or Oy\ in order to 
find the position of the point. For 

* The lines PM, &c. drawn parallel to one another from a series of points, 
vere ealled by Newton Minese ordinatim applicatae,' and the abscissae OM, &c. 
were the distances cut off by these lines from a fixed line as Ox, 
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example, if P, Pp P^ Pg be points, situated in the four 
angles made by the axes, whose co-ordinates are of the same 
magnitude, i.e. 

FM=P,M' = P^/' = F,M= 6, 

and OM=OM' = a, these points will be represented by the 
following equations : 






, (x = -a, 

, (x = a, 



The point represented by a? = 0, y = is the origin ; by 
a? = 0, y = b is the point ^on the axis of y; by x = a, y = is 
the point M on the axis of x, and so on. 

7. To find the distance between two points P, R, whose 
co-ordinates are known with reference to aoces inclined to each 
other at a given angle. 

Let angle yOx=-a>j and let the co-ordinates of P be 
FM( = f), OM{ = x), and of R, r/ 

draw PQ parallel to Ox, then 
PQ = ON-OM=x'-x', 
RQ=-RN-PM=y"-y', 
and z PQR = tt — © ; hence 

PB^ = P(^ + B<^-2PQ.BQ cos PQR 

=i (x" - x'Y + (/ - yy + 2 {x" - x') . if - y') cos m. 

If one of the points as P were the origin, so that x — 0, 
y = 0, we should have 

Pl^ = x"^ + y'"" + Ix'y" cos «. 
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Cor These formulae become much more simple when 
a) = 90®, or the axes are rectangular; in that case, since 
cos 0) = 0, 

or, if P be at the origin, 

8. In using these formulae, attention must be paid to 
the sigifhs of the co-ordinates. If 
the point P, for instance, be in 
the angle xOy\ the sign of its 
ordinate (y') will be n^ative, and 
we must write y" '\-y instead of 
y" — y' in the formulae ; this may 
be seen to agree with the figure, 
as JS$ will now = RN-¥ PM. 

The reader should draw figures, placing P and It in 
different compartments and in other varieties of position, 
that he may assure himself of the universal truth of the 
expressions obtained for the distance PR, 

Ex. To find the distance between two points whose co-ordinates are x = 2, 
y= - 3 and a5= - 5, y=6, the axes being inclined at an angle of 60^. 

Here «"-»'= -5-2= -7, y"-y'=6 + 3 = 9, 

and cos (a=l: hence, if d be the distance, 

€P=i9 + Sl-2,7. 9. J = 67, 
^=1^67. 

9. We have said that the student should, by different 
figures, convince himself of the universal truth of the formula 
of Art. 7 ; but a careful consideration of a few propositions 
in this manner will shew him that this is not necessary, and 
that the formula first obtained will, as in Art. 3, adapt itself 
to the changes of the figure. Thus, in the fig. of Art. 7, QR 
is the difference between the actual magnitudes of RN and 



JOINING TWO POINTS. 



Pilf, and must remain so, as long as P and Q are above Ox, 
that is, as long as both the ordinates are positive. If F falls 
below Ox, while jK remains above it, QR is the sum of PM 
and jKiV^ ; and this change is provided for by the change of 
the sign of PM. Hence, in Algebraic Geometry, we need not 
examine every modification of the figure, as in Euc. ii. 13 ; 
for any general figure that we draw consistent with the con- 
ditions of a problem, will lead us to a result which will be 
true for all possible cases comprehended in it. 

10. To find the co-ordinates of a 'point (hk), where the 
straight line joining two given points (x'y'), (x"y") is cut in a 
given ratio. 

Let P, Q be the two given 
points (xy), {x"y"), R the point 
(Jik) whose co-ordinates are 
sought, and let 

PR : RQ :: m : n. 

Draw the ordinates PM, 
BL, QN, and the Une PJEF 
parallel to OT; then 

PR PEML 
MQ^EF'LN' 

m _^x* --h 
n ■" h'-^x" ' 




or 



whence 



Similarly 



, ^ mx" + nx 
m-\-n 

j^_my" + ny 
m + n 



If m = n, or PQ is bisected in R, 

" 2 ' '*'- 2 
a result which is very frequently of use. 
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11. Polar Co-ordinates. 

Besides the method of expressing the position of a point 
that we have hitherto made use of, 
there is another which can often be 
employed with advantage. If a fixed 
point be given, and a fixed line OA 
through it, we shall evidently know the 
position of any point P, if we know the 
length OP and the angle POA, The 
line OP is called the radius vector, the 

fixed point is called the pole, the line OA the initial line; 
and this method is called the method of polar co-ordinates. 
We shall, for the sake of brevity, call the point whose polar 
co-ordinates are p and 6, 'the point {pd)' 

12. The sign — is applied to polar co-ordinates on exactly 
the same principles as those already explained in the case of 
rectangular co-ordinates. Thus, if p represent any distance 
measured from towards P, — p represents an equal distance 
measured from towards P'\ and, if 6 represent any angle 
measured from A towards P, —0 will represent an equal 
angle measured from A towards Q, We shall define the 
positive direction of p as that part of the line which marks 
the boundary of the angle 0, A few examples will make this 
clearer. 

Let a be any distance OP, measured from towards P, 
being the angle which OP makes with OA ; then 

Fig. 1. Fig. 2. Fig. 3. 
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Fig. 4. 



Fig. 5. 
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0-= r y p = a represents P in Fig. 1 ; 



0^ 



4'. 



TT 



2' 

Stt 

T 



/> = -« Fig. 2; 



^ = 






P = ~a Fig. 3; 

/o = -a Fig. 4; 

p = a Fig. 5. 

It is important to observe that the direction in which p is 

measured depends not only on its sign, but also on the value 

Stt 
of ; thus, when 0= -r ^^^ /o =— a, /o must be measured from 

to P as in fig. 3 ; and when 0= -r> P = ^^ P must be mea- 

stired in exactly the same direction. Again, when ^ = 0, p = a, 
and when ^ = tt, /> = — a, p must in both cases be measured 
from towards A. 

13. To transform polar co-ordinates into rectangular, or 
rectangular into polar. 

Suppose P to be the point whose polar co-ordinates 
OP[=p\ and angle POA {=0) are 
known. Take the pole as origin 
of rectangular co-ordinates, OA and 
a perpendicular through 0, as axes 
of X and y, and let OM (= a ) and 
PM{=y) be the rectangular co-ordi- 
- nates of P. 



y 



o 



M 
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Hence we have 

y = psin0, x = p cos 0, 

a;«+2^ = p», tan^ = ^. 

These equations will enable us to transform any equation from 
polar co-ordinates to rectangular, and vice versd. 

Ex. To transform the equation 

aV sin^ e = 2o6* cos - h^p cos* 
to rectangular co-ordinates. 

Multiplying by p we have 

a V Bin* d = 2a& V cos 6 - by cos'' ^, 

or oy=2a6V-6V, 

the initial line being now the axis of x, and the pole the origin. 

14. To determine the distance between two points whose 
polar co-ordinates are given. 

Let P, F be the two points, OP = p, angle POA = 0, 
OP' = p\ angle P'OA = 0'', then from y 

the triangle POP' we have 

PF'= OP "+ OP'- 2 OF. OP cos POP, 

or PP'^= />'^ + /o' - 2/j> cos ((9' - 0), 

which gives the required distance. 

15. We shall now shew how the method of co-ordinates 
may be applied to determine the position of straight lines and 
the form of curves, and we will begin with a few of the sim- 
plest cases. 

We have seen that the position of a point P is completely 
determined by two equations x = a, y = b. Suppose we have 
one only of these equations, x==ay given us ; then, evidently, 
if we draw a straight line Pilf parallel to Oy so that 0M= a, 
the equation a; = a is satisfied by every point in that line pro- 
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duced every way indefinitely. Hence the equation x = a, 
instead of representing a point, represents a straight line 
parallel to the axis oiy. In like manner the equation y =& 
represents a straight line parallel to the axis of x. Hence the 
point (oJ) may be considered as the point of intersection of 
the two straight lines represented by the equations a; = a, 
y = J, for at that point both equations are satisfied. 

Again, the eqijation a; = is evidently satisfied by every 
point in the axis of y, and may therefore be said to represent 
that axis ; and similarly, the equation y = represents the 
axis of X, The intersection of these straight lines is the point 
where both the equations a; = 0, y = are satisfied, or the 
origin. 

16. If, instead of two equations to determine x and y, we 
have a single equation, expressing a relation between them, 
(as, for instance, 2a; + 3^ + 9 = 0,) the position of the point P 
will be indeterminate ; for we 
may assign any values we 
please, OM, OM^, OM^, &c., 
to a?, and the equation will 
furnish us with corresponding 
values of y, PM, P^M^, P^M^, 
&c., where we draw the ordi- 
nate downwards if the value 
which we assign to x gives us 
a negative value of y ; hence 
we may obtain any number of 

points P, P^, Pj, &c., whose co-ordinates satisfy the equa- 
tion. We may take the points if, JIfj, M^, &c. as near as we 
please, and so get an assemblage of points P, P , P,, &c. as 
near to one another as we please. If the points are brought 
indefinitely near to one another, they will form a continuous 
line ; hence we may consider the equation to represent the 
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Hoe which passes through all the points whose co-ordinates 
satisfy it. 

Ex. Suppose the equation to be y — %-Zx; then, the unit of measure 
being known, if we take OM— 1, we have PM=5, and P is a point in the line 
represented ; if 0Mj = 2, PiM-j^ = 2, and Pj is another point ; by taking values of 
X between 1 and 2 we may determine any number of points between P and Pi. 
If 0M2 = B, P^M^^ - 1, and must therefore be drawn downwards ; if OM^^—i^ 
P^M^= -4, and must also be drawn downwards; by taking values of a; be- 
tween 2 and 3. or 3 and 4, we may obtain any number cf points between 
Pi and Pa or P^ and P^. If we take a negative value of x, or suppose 
OM^— - 1, we have P4 M^ — \l, and so on : hence the line represented by the 
equation will be that which passes through P, P^, &c. and all other points 
which satisfy the equation. 

17. An equation between x and y may give us more than 
one value of y for each assumed value of Xy or vice vers^ ; for 
example, the equation y'^ = Qx will give, for every value of x, 
two equal values of y with opposite signs, so that, for every 
position of if, we shall have two positions of P, and two lines 
will be traced out at the same time. 

When a point is restricted by conditions of any kind, to 
occupy any of a particular series of positions, that series of 
positions is called the locus of the pointy or the locus of the 
equation that expresses the conditions ; and the equation is 
called the equation to the locus, or the equation to the curve 
which passes through all the positions of the point. 

The curve then, or locus represented by an equation be- 
tween X and y, is the assemblage of all those points whose co- 
ordinates satisfy the equation ; hence, if x, y be quantities 
which, when substituted for x and y, satisfy the equation, the 
point {xy) is a point on the locus. 

18. Remarks similar to the above (Arts. 15 — 17) will 
apply to polar co-ordinates ; for, if p and 6 are connected by 
an equation, every value of 6 will, according to the degree of 
the equation, give one or more values of p, which must be 
interpreted according to the rules of Art. 12. 
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19. The following simple examples will shew the method 
of representing loci by means of equations. 

(i) To determine the Iocm of the equxtion y — TL-ifthe axes being rectangular. 

Let Ox, Oy be the axes; now when 05=0 in the equation, y= - 4 ; hence, 
if we take OD = i on the negative part of 
the axis of y, D will be a point in the locus 
(Art. 6). Again, when y = 0, as = 4 ; hence, 
if we take OT=i, on the positive part of 
the axis of x, T will be a point in the locus. 
Draw the straight line DT^ and produce it 
indefinitely both ways ; this will be the 
locus of the equation ; for take any point 
P in this line and let its coordinates be 
OM=x, PM=y; then, evidently, PM=M!tj 
fdnce the line makes an angle of 45^ with 
Ckc, and therefore 

PM=OM-OTy 
or y=x-i» 

Hence the co-ordinates of any point in the line DT satisfy the equation, and 
J)T is the locus required. 

(ii) To determine the loci of the equations y = x and y = - x. 

It is easily seen that, whatever be the inclination of the axes, the former 
equation is satisfied by every point in a straight line bisecting the angle yOx, 
and the latter by a straight line perpendicular to it, bisecting the angle I>Ox, 

(iii) To determine the locus of the equation x^ +y^= 9, the axes being rect- 
angular. 

This equation asserts (Art. 7) that the distance of the point (xy) from the 
origin is constant and =8. Hence the locus of the point la a circle whose 
centre is the origin and radius = 3. 

(iv) To determine the locus of the eqwxtion, 
p=p sec 6. 

Let be the pole, OA the initial line. 
Take OD=p, and draw DP perpendicular to 
OA; then, if P is any point on the line, 
OP- OD Bee POD, or if OP=p, and the 
angle POD =6, we have^=p seed for any 
point on DP \ henca DP is the locus. 
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(v) To determine the loci of the equations p—a constant, $=a constant. 

The first is evidently a circle with the pole for centre. The second is a 
straight line passing through the pole, and is the initial line, if ^=0. 

20. As examples of determining the equation to a curve 
from some known property it possesses, we may take the 
following. 

(i) To find the equation to the locuSf of which every ordinaie {PM) is greater 
than the corresponding abscissa (OM) by a given distance (6). 

The condition is evidently expressed by 
the equation y=x + b, and, if we take 
OD = OT=b, as in the figure, the line J)T 
will plainly be the locus of the equation, for, 
whatever be the position of P on the line, 
PM=MTy or y-x + b. 

(ii) To find the equation to the locus, of which every ordinate (PM) is a 
mean proportional between MO and MB, B being a point in Ox, and the axes 
being rectangular. 

Let OB = 2r and the angle yOxhe supposed = 90® ; then since PM^ = OM, MB, 

the equation is 

y^=x (2r-fl5) or y^=2rx-x^, 

21. It is evident then that the examination of any equa- 
tion between two unknown quantities must generally give 
rise to an assemblage of points, or a geometrical locus ; and, 
conversely, if we can, by knowing some property of a curve 
or the circumstances of its description, determine a relation 
between the co-ordinates of any point taken arbitrarily on 
the curve, that relation is the equation to the curve. 

If a problem relate to the position of a single point, and 
the data be sufficient to determine the position of that point, 
the problem is determinate ; but, if one or more of the con- 
ditions be omitted, the data which remain may be sufficient 
to determine more than one point, each of which satisfies the 
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conditions of the problem; the problem is then indetermi- 
nate. Such problems will in general result in indeterminate 
equations representing straight lines or curves, upon wh^ch 
the required points are situated. If, for example, the hypo- 
thenuse and one side of a right-angled triangle be given, the 
position of the vertex is fixed, for not more than one triangle 
can be described on the same side of the hypothenuse, with 
these data ; but, if the hypothenuse only be given, the ver- 
tex may lie anywhere in the circumference of the semicircle 
described on the hypothenuse as diameter; the problem of 
finding the vertex is then indeterminate, and the semicircle 
is said to be the locits of all the vertices of all right-angled 
triangles described on one side of the given hypothenuse. 

22. In the following pages we purpose to investigate 
those lines only which are represented by equations of the 
first and second degree between two variables {x and y). An 
equation of the first degree is an equation that involves no 
power of either of the variables higher than the first, nor 
their product ; its most general form is 

Ax + Bi/+ 0=0. 

An equation of the second degree contains no term in which 
the sum of the indices of the variables is greater than two ; 
its most general form is 

Ax^ + Bxy + Cf + Dx + Ey + F= 0. 
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EXAMPLES I. 

1. Find the points whose co-ordinates are (0, 1), (-2, 1), 
(-5,0), (-2,-3). 

2. Draw a triangle the co-ordinates of whose angular points 
are (0, 0), (2, - 3), (- 1, 0), and find the co-ordinates of the middle 
points of its sides. 

3. A line cuts the positive part of the axis of y at a distance 
4, and the negative part of the axis of as at a distance 3 from the 
origin : find the co-ordinates of the point where the part inter- 
cepted by the axes is cut in the ratio of 3 : 1, the smaller segment 
being adjacent to the axis of x. 

4. There are two points P (7, 8) and Q (4, 4) : find the dis- 
tance PQy (i) with rectangular axes, and (ii) with axes inclined 
at an angle of 60". 

5. Work Ex. 4 when P is (- 2, 0), © (- 5, - 3). 

6. The co-ordinates of P are x=2, y = 3, and of Q, x = 3, 
y = 4 j find the co-ordinates of j5,-so that FH : EQ :: 3 : 4, 

7. The polar co-ordinates of P are p = 5, 6 = 75", and of 
Q p = 4, ^ «= 15° ; find the distance PQ. 

8. Find the polar co-ordinates of the points whose rectangular 
co-ordinates are 

(1) x = jS, (2) x^- JS, (3) aj = -l, 

y= 1; y= i; y= i; 

and draw a figure in each case. 

9. Find the rectangular co-ordinates of the points whose polar ' 
co-ordinates are 

(1) p = 5, (2) p = -5, (3) p= 5, 

and draw a figure in each case. 
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10. Transform the equations 

X C03 a + y sin a = a, oi^ + xy + ^ = h', 

from rectangular to polar co-ordinates. 

11. Transform the equation p' = a' cos 29 from polar to rect- 
angular co-ordinates. 

12. A straight line joins the points (2, 3) and (-2; —3); 
find the co-ordinates of the points which divide the line into three 
equal parts. 

13. If ABC is a triangle, and AB, AG are taken as axes of 
X and y, find the co-ordinates (i) of the bisection of BG, (ii) of the 
point where the perpendicular -from A meets BGy and (iii) of the 
point where the line bisecting the angle BAG meets BG. 

14. Find the co-ordinates of the same points, when AB is 
axis of X, and a perpendicular from A axis of y. 

15. The rectangular co-ordinates of a point S are A and k, 
and a straight line FS is drawn, making an angle with the axis 
of x; shew that the co-ordinates of P are 

x = h+peo&0, y=:k + pfaxi6f 

where SP = p. 



CHAPTER II. 

General iL'qiuUion of the first degree. The straight line, 

23. The general equation of the first degree between two 
variable qua/ntities (x and j) represents a straight line. 

Every equation of the first degree is included in the form 

Ax + Br/+C=0 (Jl), 

Ay By and C being quantities which do not involve x and y ; 
they represent numbers, are always invariable for any par- 
ticular equation, and aye therefore called constants. Let now 

(^i^J* {^J/i)> {^zHzl ^ three points in the line (whatever kind 
of line it may be) represented by equation (^), and let the 
abscissae be in order of magnitude, and therefore, from {A), 
the ordinates also in the same order. Then, since the rela- 
tion among the co-ordinates is true for every point of the 
line, it is true for these three, and we have 

^a?, + %,+ C=0 (1), 

Ax,^-By,+ G=0 (2), 

Ax, + By^^-C^O (3), 

from (2) -(1) A{x,^x,)+B{y,^y,)^0, 
from (3) -(1) A{x,-^x,)+B{y,^y,)^0, 
which evidently gives us 
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Now, if P, ft R be the pDints (a?,yj, (a?,yj, {x^y^ and 
PLM be drawn parallel to 
Ox, equation (4) gives us 

BM_QL 

MP" LP ^ ^' 

hence the triangles PMR, PL Q 
are similar (Euc. vi. 6), and the angles RPM, QPL are equal, 
and therefore Q is on the straight line PR. In like manner 
it may be shewn that every other point in the line repre- 
sented by the equation 

Ax^-By^- (7=0 

is in the same straight line with P and i2. The line repre- 
sented is therefore a straight line. 

24. It has been already stated that A, B, C are fixed 
quantities for any particular line. They are, therefore, the 
quantities which distinguish one line from another ; for the 
same symbols x and y are used, not only in the same line for 
diflFerent points, but also for points in different lines. A little 
care and practice are sufficient to prevent this apparent am-, 
biguity from causing any confusion. 

For instance, 

Ax-\-By+G=^0 (1), 

ax + hi/ + c = (2), 

represent (except when one equation is formed from the other 
and therefore expresses no new relation between x and j/) two 
different straight lines, since A, B, C are different from a, b,c; 
but X and y, though the same in both, have not the same 
meaning in both, for in the first case x and y represent the 
co-ordinates of any point in (1), and in the second the co- 
ordinates of any point in (2). 

It is manifest that the position of the line- does not 
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depend upon the absolute magnitude of A, B, C, since, if we 
multiply or divide the equation by any constant, it will still 
represent the same line. It is seen, indeed, by dividing the 
equation by one of the constants A, B, C, that there are in 
reality only two independent constants involved; for instance, 
if we divide by A, the equation becomes 

B C ^ 
^ + 32^ + 2" ' 

B G 

where -j and ^ ^® *^® ^^^ constants that particularize the 

line ; and we shall see hereafter, that two conditions, which 
determine these constants, are sufficient and necessary to fix 
the position of a straight line in a plane. 

We shall hereafter, for the sake of brevity, often speak of 
"the line represented by the equation Ax + JB^ + C7= 0,** as 
" the line {Ax + By+ C)r 

25. The converse of the preceding proposition is equally 
true, that all straight lines are represented by equations of 
the first degree ; but, if we wish to reason about any par- 
ticular straight line, with reference to two fixed axes, we must 
have some data by means of which we may construct it, such 
as the position (with reference to the axes) of one or more 
points through which it passes, the angle it makes with 
either of the axes, its distance from the origin, &c., &c. ; and 
we shall find that, as we suppose these data to vary, the form 
of the equation [Ax •\-By •\- C = 0) iwdll vary too. We say 
fomty because, as the line itself is supposed to remain the 
same, and only the means by which we determine its po- 
sition to alter, it is plain that its equation must remain really 
the same also. 

We shall now proceed to examine some of the most ob- 
vious of those conditions which fix the position of a line 
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with reference to the axes, and find what form the equation 
will take in each particular case. We shall first deduce the 
forms firom the general equation {Ax + By -f- (7=0), and 
afterwards verify our results by independent geometrical con- 
siderations. 

26. (I) Let jOr be the line, and let the lengths DO 
and OT (which are called its intercepts 
on the axes) be the data to determine its 
equation. It is plain that these are suf- 
ficient to do so, as there can be only one 
straight line passing through D and T, 

Let then 02? = 5, Or=a. 

Now, in the equation 

J[a5-f-5y-f-(7=0... {A), 

G 
when a;=0, y = — "5 , which are the co-ordinates of the point D ; 

and 

wheny=0, a?=-^, T, 

Q 

and .•. --^ = OD = h, 

-~ = OT:=a; 

but equation {A) may be written in the form 

-^+•^=1 (1)' 

A B 
and therefore becomes 

-+! = !' 
a 
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for these data ; hence, if by dividing out we write any equa- 
tion of the first degree in the form of (1), the quantities in 
the denominators will be the intercepts on the axes. 

27. (II) Next let the data be the length of the perpen- 
dicular OEirom the origin onDT, and the angle JSJOoj which 
it makes with the axis of x. These being known, the point E 
is evidently known, and, as there can only be one line drawn 
through E at right angles to OE, these data are sufficient to 
determine the position of Dl\ 

Let OE=p, angle JS?Or= a, and i?Or=o), the known 
angle between the axes.' 

Then, as before, 

-^^OD, and .'. = ^2 

B cos (o) — a) 

-^=0r, and /. =-^, 
A cos a 

and therefore {A) becomes 

^+ — y- — =1. 
p p 




cos a cos (<» — o) 
or a; cos a + y cos (co — a) =^p. 

The coefficients of x and y in this equation are called the 
direction-cosines of the line. It must be carefully remembered 
that by a is meant the angle EOx which the perpendicular 
makes with the positive part of the axis of ar, i.e. it Ls the 
angle through which Ox must be turned towards Oy, in order 
that Ox may coincide with OEy with x on the same side of 
as ^ is ; for instance, if the data to determine the position of 
the line were OE = p, angle EOx = 180® -ha, E would lie in 
EO produced, at a distance = p from ; but p will in this 
case, and always, be a positive quantity, since the positive 



GENERAL EQUATION DETERMINED. 23 

direction of OE may be defined as that which marks the 
boundary of the angle a. 

Cor. 1. If 6) = 90^ or the axes be rectangular, the equa- 
tion becomes 

a? cos a + y sin a =^, 

a very useful form of the equation. 

Cor. 2. If the equation to any line be 

Ax + By-\- (7=0 (1), 

and the equation to the same line be written in the form 

a;cosa+y cos(g> — a) =p (2), 

or a;cosa + y sina=^ (3), 

according as the axes are oblique or rectangular, then, since 
equations (2) or (3) are really identical with (1), we see that 
-4, By and G are proportional to cos a, cos [to — a), and —p 
for oblique axes, and to cos a, sin a, and —p for rectangular 
axes ; and therefore, for the latter case, 

J_^^^_9. f4) 

COS a sin a p ^ '* 

equations which are often useful. For example, if we wish 
to write equation (1) in the form (3), we have from (4) 

sina__ ^ cosa__ J[ 

1 cos'a4sin'a _ ^' + jB' 

O 

since p is always a positive quantity. Therefore, from (4) 

A . B 

cosa = — , , 8ma = — . . „ . 

'^A' + Ji'' 'JA^+B 
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Hence equation (1) must be written, supposing G a positive 
quantity, 



A 



X 







>2^ 



V^» + £ 



(5). 



Hence, any equation may be written in the form of (3), 
by so adjusting the signs, that the term not involving x or y 
may stand, aa a positive quantity, as the right-hand member, 
and then dividing the whole equation by the square root of 
the sum of the squares of the coefl&cients of x and y. 

For instance, the equation 

Saj-4y + 7 = 
will be written 



3.4 7 



(6). 



We say that^ is always a positive quantity, because we have 
agreed above always to consider a as the angle which the 
perpendicular on the line, and not that perpendicular pro- 
duced, makes with the positive part of the axis of x. If we 
were to remove this restriction, p might sometimes be a 
negative quantity, as we have explained (Art. 12) in the case 
of polar co-ordinates. For instance, 
equation (6) represents a line DTy 

where sin^Oa?=r-, cos^Oaj = — -, 

o 5 

7 

and 0E=-, but the equation may 
be mitten 




3 
5 



4 
5 



^X-^tf = -j 



where we must take the angle KOx ( = 180® + BOx) whose 

4.8 7 

sine =-F> ^^^ cosine =-, and then measure 0E=-= in 
o o 5 
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what is now the negative direction of the perpendicular. 
This will evidently give us the same line DT\ but in the 
foUowing pages, when we speak of a line written in the above 
form, we shall always suppose p to be positive, 

28. (Ill) Again, let the data be the length of OD and 
the angle DTx, Now, although we can draw an infinite 
number of lines through D, there is only one that makes this 
particular angle with the axis of x ; for when we speak of the 
angle which a line makes with the axis of a?, we always mean 
the angle which the part of the line above the axis makes 
with the axis produced in a positive direction, i. e, the angle 
BTxy not DTO, These data then determine the line. Let 
OD = J, DTx = a, and DOx = eo, as before. 

Then-2=* 

A sma 

__ sin (ft) — a) , 
sm a 

.A sin a 

and .*. ^ = — 




B sin (ft) — a) ' 
but equation {A) may be written 

A G 

and therefore the equation becomes for these data 

sin a , 

^ sm(ft)-a) 

which is often written 

y = mx + b, 

the constant m being a short way of writing the constant 

sin a 

sin (ft) — a) * 
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Cor. 1. If 0) = 90**, or the co-ordinates be rectangular, 

m = tan a. 

Also m will be positive only when a is less than co. In the 
figure the dotted line has m positive ; in i> Tit is negative. 

CoR. 2. Every equation of the first degree may, by 
dividing by the coefficient of y and transposing, be written 
in the form 

where, for rectangular axes, m represents tana, and for 

oblique axes, m represents -; — -. r , and where, for all 

^ ^ sm (o) — a) 

axes, h represents the intercept of the line on the axis of y, 

and will be positive or negative according as the line cuts 

that axis above or below the origin. The constant m may 

be called the angular coefficient of the line. 

Cor. 3. If the distance OD = 0, or the line pass through 
the origin, we shaU have 

-1=0. 

and the equation to the line will be 

__ sin a 

^ sm (o) — a) 

Hence the equation to any line passing through the origin 
is of the form 

29. (IV) Next let the data be the point P' through 
which DT passes, and the angle DTx 
which it makes with Ox. Let the 
known co-ordinates of P' be x' and y\ 
and let /lDTx=^ol, DOx^co, as be- 
fore. 
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Then, siijce (xy) is a point on the line 
and.,-. A{x-x')-\'B{y-'y) =0, 

y-y _ ^. "^ 



but as before. 



""' x-ai- B' 



- A OD sin a 

and .'. -r7=7=r?F,= 



B OT sin (©-a)' 

- y — y' sin a 
hence - — —, = — — ; r , 

x — x sm (a> — a) 

or y-y ^ ^-^ 

sin a sin (o) - a) * 

CoR. 1. If 6) = 90®, or the co-otdinates be rectangular, 

sin (o) — a) = cos a, 
and the equation may be written 

sin a ^ cos a ' 
or more commonly 

y-y = w(aj-aj')> 
where w = tana. 

CoR. 2. If the given point be the origin and therefore 
X =0, y = 0, this equation reduces to 

y=^mXy 
as in IIL Cor. 8. 
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30. (V) Next let the data be the co-ordinates of the 
two pohjts P' and P" through which the line passes. Let 
the co-ordinates of P' be x\ y\ and of P' , x", y' ; then, since 
P" are points on the line, 

Ax ^By + (7 = c..(l), 

.-. Ax' +By' + (7 = (2), 

and -4a5" + Py'+(7 = (3); 

from (l)-(2) A{x ^x')+B{y -y) = 0, 

from (3) -(2) A{x"^x')+B(y"^y')^0, 

whence we have for the required equation 



tt 



y-y ^ y -y 

x^x' oi'-'oi 



Cor. If one of the points (a?'y') be the origin, the equa- 
tion becomes, since a?" = 0, y" = 0, 



or, after reduction, 



y-y _y 

X— X X 



y 



which is therefore the equation to a line passing through the 
origin and {x'y'), 

31. All these equations may be obtained independently 
from geometrical considerations, instead of being deduced 
from the general equation of the first degree ; thus 

(I) The intercepts OD — h, OT=^a being given. Let 
PM (= y), OM (= x) be the co-ordinates 
of any point P in the line; then the 
triangles DOT, PMT are always similar, 
whatever be the position of P, and we 
have a/ jir \ X. 

PM : MT :: OD : OT, 
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or - , 



QU ft 

whence - + t = 1> as before. 
a 

This equation will be easily remembered, as each variable 
stands over the intercept on its own axis. It is the same, 
whether the co-ordinates are rectangular or oblique. 

32. (II) Given the perpendicular (p) and the angle (a) 
it makes with the axis of x. Let P 
be any point in DT ; OM, PM {x, y) its 
co-ordinates. Draw M8 perpendicular 
to OE] then 

" (I), 



cosa = 



X 




and cos (o) — a) = cos 8EM 

8R 



and also = 



and .'. = 



RE 

8E + EE 
BM + BP' 

8E 



y 



(2); 



from (1) 08 = X cos a, from (2) 8E = y cos (© — a) ; 
•". aj cos a + y cos (o) — a) = 08+ 8E 

Cor. If yOaj be a right angle, we have 

08 . QT^T^ 8E 

cos a = — • sin^ = cos oICM = — , 
w y 
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and we obtain the equation 

X cos a H* y sin a =^. 

33. (Ill) The length OD (= h) and the angle DTx (= a) 
being given. 

Let OM (= x) and PM (= y) be the co-ordinates of any 
point P in the line ; through 
D draw DQ parallel to Ox 
to meet MP produced in Q ; 
then 

PQ ^ sinPDQ 

DQ BmDPQ' 

QM-PM sin (180° -a) 



or 



DQ 



sin (a — G)) * 
or ^= — 




sin a 



X sin (ce) — a) ' 



, sm a , 

whence y = -= — ; r .x + o, 

^ sin(6)-a) ' 

or y = twj: + J, 
as before. 

Cor. If y Oo? be a right angle, we have 

PQ 



DQ 



= iB.nPDQ, 
= tan (180" - a), 



,'. — ^ = — tana, 

X 

y = tan a,x + b. 

It will be observed, that, in the figure we have chosen, 
wi is a negative quantity, since sin (co — a) and tan a are both 
negative. If we take the dotted line^ the geometrical con- 
struction will shew that m is positive in that case. 
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34. (IV) The co-ordinates {Xy y) of the point P', and 
the angle DTx (= a) being given. 

Let P be any point {xy) on the line, and draw P'Q pa- 
rallel to Oxy to meet the ordinate of P in Q\ 

PQ BinPP'Q . > 



then 



or 



P^Q^sinQPP" 

y-y _sin( 180^-a) ^ 
x' — x^ sin (a — G)) ' 



hence ^ — ^ = — 



sin a 




o/ jur Jit SF\ X. 



x — x" sin (o) — a) ' 
as before (Art, 29). This equation may be written 

y—y' _ x — x 
sin a sin (o — a) ' 

P'P 

where each member of the equation is evidently = ; 

hence we may write the equation thus, 

s c ^: 

where. = ^4?^, o = ^i^(^^\ Z = PT, 
sm a> sm cd 

and where we must remember that s, c are constants for any 
given line, but Z is a variable quantity and equals the length 
of the line between the points (xy) and {xy). 

Cor. If the axes are rectangular, 



.y-y 



X —a? 



sin (180'- a) sin(a-90'')' 

and each member of tjie equation is equal to PP^*, hence we 
may write the equation 

y-y' ^ x-x' ^j 
s c ' 

where « = sin a, c == cos a, ? = PP\ 
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The geometrical meaning of this equation should be care- 
fully noted, as we shall frequently have occasion to use it 
hereafter. The formula will evidently make I positive or 
negative, according as the distance is measured from P' 
towards D or T, and, as sin a and sin o) are always positive, 
the sign of I is always the same as that of y — y\ 

It is also useful to observe, that, when the co-ordinates 
are rectangular, this equation connects the rectangular and 
polar co-ordinates of any point {xy), if we consider {x'y') the 
pole, and the initial line to be drawn through (xy) parallel 
to the axis of x ; for we have 

y = y' + 5?, X=^x' + d\ 

or, with the ordinary notation of polar co-ordinates, 

y=:i/-\-paiR0, x = x' + p cos 0, 

35. (V) The co-ordinates of two points P' {xy) and 
P" (xY) ^eing given. 

Let P be any point (xy) on the line ; and draw P'Q'Q 
parallel to Ox, to meet the ordi- 
nates of P and P" in Q and Q'; 
then 

PQ P"Q" 



// Tkf > 



QP' Q"P 

°' a;' -»"»'- a;"' 




nr y-y - y"-y' 

°^ x-x' x"-a!' 



as before. 

This equation may be written in the fonn 
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where m^^, — ^ 
X —a? 



y if the axes be oblique^ 



^ sin (cD — a) 
= tan a, if the axes be rectangular, 
"which agrees with the result of (IV). 

Cor. Since m — -. — 7 r, 

sm (© — a) 

/. m (sin 0) cos a — cos © sin a) = sin a ; 

.*. m (sin © — cos cd tan a) = tan a ; 

msina> 



/. tan a = 



1 + ^w cos a> 



86. We will now give a few numerical examples on the 
preceding Articles. 

Ex. 1. To find the equation to a line which cuts off intercepts on the axes 
ol X and y equal to 3 and - 5 respectively. 

Writing a =3, 6= - 6 in the equation of (I), 

- + 5=1, 
ah 

we have, for the required equation, 

X y 
3"5""^* 

Ex. 2. The perpendicular from the origin on a straight line =5, and 
makes an angle of 80^ with the axis of X] find the equation to the line (i) 
when the axes are inclined at an angle of 60^, and (ii) when they are rectan- 
gular. 

Writing « = 60'^, a = 80^, and p= 5 in the equation of (II), 

X cos a + y cos (w - a)=23, 
we have _ 

V3(a; + y) = 10, 

for the equation when the axes are inclined at an angle of 60^; and if the axes 

are rectangular, 

S6C0S a + y sin a=|>, 
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or AjSx + y = 10, 

is the equation required. 

Ex. 3. To find the equation to a straight line which makes an angle of 
135^ with the axis of Xy and cuts off an intercept = -^3 on the axis of y, (i) if 
the co-ordinates are rectangular, and (ii) if they are inclined at an angle 
of 46». 

(i) Writing 6= - 3, and m=tan 136<^= - 1 in the equation of (III), 

y = mx+h, 

we have, for the required equation, 

y^-a5-3. 

(ii) Writmg o=135«, «-a=45«-135«= -900 in the equation of (III), 

sina - 

*^ sin (w-o) 

we have, for the required equation, 

1 . c. 

I 
or y= — . a;-3. 

Ex. 4. To find the equation to a straight line which passes through the 
points whose co-ordinates are 

05=4, y=-^2, anda;=~3, y=~5. 

Writing 4 and ~ 2 for x and y', and - 3 and - 5 for ac" and /' in the 
equation of (V), 

y-y' _ y"-y' 

x-x ic"-a/' 

we have, for the required equation, 

y + 2^>-5 + 2 
a;-4 -3-4' 

or 73^-3aj+26=0. 

Ex. 5. To find the equation to a straight line which passes through the 
origin and a point whose co-ordinates are 

{c=3, y=-2. 

Writing 3 and - 2 for x' and y' in the equation of (V) Cor. 
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we have 

3y+2a;=0, 

for the equation required. 

37. We have hitherto considered those points in the 
line only whose co-ordinates are positive; but it may be seen, 
in every case, by noticing the direction in which the; co- 
ordinates are drawn, that the equation is satisfied by every 
point in the line, if produced indefinitely both ways. We 
will take the form of equation given in (III), with rectangular 
co-ordinates, and suppose 
the equation to DT to be 

y = mx + b, 

where h, as we have shewn 
above, is a positive quan- 
tity and = OD, and m is, 
for this line, a negative 
quantity, and = tan a. 

Hence, for the part between D and T, y is equal to the 
difference of the absolute lengths represented by b and mx^ 
as was shewn in Art. 33 ; but, if we take P on the other side 
of the axis of y, so that x is negative, the quantity rnx 
becomes positive, and y is now equal to the sum of the 
absolute lengths represented by mx and 6. We may easily 
see from geometrical considerations that this is the case ; for 
PQ is the quantity which now represents the absolute length 
of the quantity mx or tana.'J5^ (the signs being disre- 
garded) and QM^b; therefore FM or y, which = the ^um 
of FQ and QM, = the sum of mx and b. 

Again, if we take F on the other side of the axis of x, 
the ordinate will, as in the portion DT, represent the differ- 
ence of the absolute lengths of b and mx, since x is still 
positive and m is negative ; and here M' Q'= b, and F^=ihe 
absolute length of mx or of tana . DQ', and we see,. geometri- 
cally, that the ordinate F'M' i^the difference of these lines r 
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also it is drawn upwards or in the negative direction, as it 
evidently should be, since of the two quantities h and mx, 
whose difference it is, the negative quantity, mx or P Q, is 
the greater. 

38. In order to trace the straight line represented by any 
equation of the first degree, it is only necessary to determine 
two points through which the line passes. If we make a? = 
in the equation, the value of y will give the point where the 
line cuts the axis of y\ and if we make y = 0, the value of x 
will give the point where the line cuts the axis of x) the 
line joining these two points, and produced indefinitely both 
ways, will be the locus of the equation. 

!Bz. To trace the lines 

(i) 5y+8a;+15 = 0, 

^) 2y-5a; + 10=0. 

In (i), when x=% y= - 3, or the line 
<;uts t}ie axis of ^ at a distance OD (=3) 
below the origin; when y=0, x= -5, or 
the line cuts the axis of a; at a distance 
OT (=5) to the left of the origin. Hence 
the line DTj produced indefinitely, is the 
locus of equation (i). 

In ^), when a;=0, 3r= -5, and when 
y=0, x=2; 

hence, if we take 01/ =5, and 0T'=2, 

J/T" produced hidefinitely will be the locus of equation (ii). 

39. This method fails when the equation is of the form 

Ax + JBy = 0; 

for we have seen (Ai-t. 28. Cor. 3), that in this case the line 
passes through the origin, since it may be written in the 
form y = mx. It will only be necessary then to determine 
pn(^ more point in the line, the method of doing which -may 
be seen by the following examples. 
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To trace (i) Zx+ 4y = 0, 
fii) 2x-3y=0. 

In (i), - = - f , and the ordinate and 

abscissa must always have different signs, 

or the line will lie in the angles yOxf, 

l/Ox; hence, if we take 0M=4, PM=S, 

P is a point in the line, and PO produced 

indefinitely is the locus of equation (i). 

X 3 
In (ii), - = Q ) and the co-ordinates have the same sign, or the line lies in 

the angles yOx, y'Ox' ; hence, if we take 

OiJf' =3, P'Jf'=2, 

P' is a point in the line, and the locus will be traced by joining OP* and pro- 
ducing the line indefinitely both ways. 

40. The equations to two straight lines being given, to 
find the co-ordinates of their point of intersection. 

Since the co-ordinates of every point on a line must 
satisfy its equation, the co-ordinates of the point through 
which both the lines pass will satisfy both equations, or they 
will be the values obtained by solving the -equations as 
simultaneous. 

Ex. To find the co-ordinates of the point where the two lines, 

3y+4a5-ll = 0, 4y + Zx-10=0, 
intersect. 

The values of x and y, obtained by combining these two equations, are 
26=2, y=l, which are, therefore, the co-ordinates of the point of intersection 
of the lines. 

41. We remai'ked (Art. 24) that the variables x and y 
had not the same meaning in two different equations. If, 
however, we combine these equations in any manner what- 
soever, we tacitly introduce the condition, that the values of 
the variables are the same in each. All equations so obtained 
are therefore satisfied by the co-ordinates of the points which 
the loci have in common. It does not follow, that every point 
in the locus of an equation so obtained is one of the common 
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points of the original loci. We may combine in such a 
manner as absolutely to determine these co-ordinates, or we 
may obtain some relation between them, expressed by an 
equation, and, as this equation must represent some line, 
straight or curved, and is satisfied by the co-ordinates of the 
point or- points of intersection, it represents a line passing 
through those points. 

We will take two simple examples of this. 

(i) The values a? = 2, y=^l, which satisfy the equations 
Art. 40. Ex. 

3y + 4aj-ll = 0, 4<i/ + Sx - 10 = (1), 

will evidently s.atisfy the equation 

3y 4- 4aj - 1 1 + 4y -I- 3aj - 1 = 0, 

or y + ic— 3 = 0, 

which is therefore the equation to a straight line, passing 
through the intersection of the two lines represented by 
equations (1). 

(ii) Let the equations to two straight lines referred to 

rectangular axes be . . 

1 
y= 7nx + h (1), y = x+V ...... ..,(2), 

The geometrical meaning of these equations is (Art. 33) 

that the lines cut off intercepts on the axis of y equal to b 

and V, and that they make angles 0, 0' with the axis of a?, so 

related that 

tan^.tan^' = -l (3). 

Now, if and 0' be quantities whose value is absolutely 
known, we may treat (1) and (2) sua, simultaneous equations, 
and obtain definite values for x and y, the co-ordinates of the 
intersection of (1) and (2), in terms of the constants 0, 0', 
b, b\ But, if all we know about and 0' is that they are 
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connected by equation (3), it is evident that for every value 
of 6 there will be a corresponding value of ff^ and that each 
pair will produce a new point of intei-section. Suppose then 
that we combine (1) and (2), so as to eliminate this vai'iable 
quantity m, (which = tan 6, by Art. 33,) instead of one of the 
variables x or y. We obtain the equation 

{y-h) (y-b')+a? = (4). 

Equation (4) is a relation between the co-ordinates of the 
intersection of (1) and (2) ; and, as it represents a line of some 
kind, that line must pass through the intersection. But, 
whatever value and ff have in (1) and (2), we shall, by the 
same means, obtain equation (4), provided only that the 
relation (3) exist between them. Hence, (4) passes through 
every point of intersection which can be generated by the 
change of 0^ and is called the hciis of the intersection of (1) 
and (2). 

We may here remark that the student ccmnot be too careful 
in considering the geometrical msaning of every algebrq/ic step 
he takes. The very facility with which algebraic expressions 
are combined and manipulated is often the most serious 
drawback to his progress. 

42. In finding the co-ordinates of the points where two 
loci intersect, we shall sometimes fall upon impossible, and 
sometimes upon infinite values of the variables. We gather 
from the former that the loci do not meet there, and the 
latter will often give us some information about the geome- 
trical position of the loci. For instance, from the equations 

y=smx+b (1), y^m!x + V (2), 

we obtain, for the abscissa of the intersection, 

aj= r' 
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If we suppose b and h' to remain the same, while m' ap- 
proaches indefinitely near to m in value, the value of x 
becomes indefinitely great, and we infer firom this that the 
lines become parallel, which is evidently true by Art. 28. It 
is in accordance then with the algebraic result, to say that 
parallel straight lines meet at infinity; but it must be clearly 
understood what this means. 

Suppose 2>r and IT T' 
to be the two lines, and \// 
draw jyZ parallel to 2)2! \ ^^ 
Then, if we suppose Oiy ih 
( = V) to remain the same, ^ ^ 
and the point of intersec- 
tion Pto move along DT '■^ ^d ^r^ ^^ 

to an infinite distance, the 
line I/T' tends to coincide with D'L as its limiting position. 
The equation of the second degi-ee will furnish similar exam- 
ples, where it is very important to bear in mind this expla- 
nation. 

43. If the equations to two straight lines be 

Ax+By + G =0 (1), 

A^x + By+G'^O (2), 

the equation 

{Ax + By+G)']-k{A'x + By+G')=^0 (3), 

where k is any constant quantity, positive or negative, will 
represent a straight line passing through the point where (1) 
and (2) intersect ; for it is an equation of the first degree, 
and therefore represents a straight line ; and the co-ordinates 
of the point of intersection of (1) and (2) satisfy both those 
equations, and, therefore, evidently satisfy (3) ; hence the point 
is on the line represented by (3). 
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Thus we see that the equations 

{Ax + By+G)-S(Ax + B'2,+ C')=^0, 

represent two straight lines passing through the intersection 
of the lines 

Ax + By+C=-0, A'x + B'y+G'==0. 

Since A? is an arbitrary quantity, undetermined by the 
nature of the problem, equation (3) will represent a system of 
lines fulfilling one condition only, viz. that of passing through 
the intersection of (1) and (2). udny individual of the system, 
particularized by the fulfilment of a second condition, can 
have the appropriate equation assigned to it by giving the 
proper value to k. For example, if any line of the system 
passed through a point {x'y'), we should obtain the value of k 
for that line from the equation 

{Ax' + By + C) + k{A'x' + B'y'+G')--0, 

and^ substituting this value in (3), we should have the equa- 
tion required. 

Also, generally, if the equations to two curves be 

5=0, S'^O, 

where >ff and S' stand for expressions involving x and y, the 

equation 

8 + kg = 

will represent a locus passing through the points of intersec- 
t'on of the two first-mentioned curves. 

Hence, if any equation involve an arbitrary constant k, in 
such a manner that the equation may be written in the form 
8+k8^ = 0, that equation will represent a series of loci 
which pass through the points of intersection of 

^^=^0,. 8'=0. 
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Ex. 1. The equation 

8y+4ar-ll + i:(4y+8fl5-10)=0, 

or (3 + 4A;)y+(4 + 3ife)a;-ll-10ife = 0, 

will, according as we give different yalues to Jc^ represent a series of straight 
lines passing through the point (aJ ae 2, y = 1,) which is the point of intersection 
of the two lines represented by 

8y+4aj-ll = 0, 4y+3a;-10 = 0. 

Ex. 2. The equation y = mx+'b may be written 

(y - 6) - maj = 0, 

and, if m is indeterminate, this will represent a series of lines passing through 

the intersection of the lines 

y-6=0, a;=0, 

or cutting off an intercept =h from the positive part of the axis of y, as we 
have already seen (Art. 28). 

Ex. 3. The equation 

y-y* -m (a5-«0=aO 

represents, if m is indeterminate, a system of lines passmg through the inter- 
section of the lines 

y-y'=0, a;-aj' = 0, 

as we saw in Art. 29. 

44. To find the general equation to the straight line, 
referred to polar co-ordinates. 

Writing a? = p cos ^, y^psmO (Art. 13), in the equation 

we have 

Apcoie-^Bpmid+G^O 

for the general polar equation. 

45. It is easily seen that, as in the case of rectangular 
and oblique co-ordinates, tte form 
of the general polar equation to the 
straight line will vary according to 
the data which determine the po- 
sition of any particular line. The 
following data present the equation 
under its most convenient form. 
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Let DT be the line, and let the perpendicular* 0J?'(=/>) 
from the pole, and the angle IIOT{=a) which it makes with 
the initial line, be the da,ta to deteripaine its position. Now if 

Apc630 + Bp8m0+ C±-0 (1), 

be the equation io DTy we have, since JS^pa) is a point on 

the line, 

-4pcosa + ^sina+ (7= .(2). 

From (1) and (2) 

/> sin ^ — j9 sin a _ A . . 

pco&O — pcosa B ^ '' 

G 

But from (1), when ^ = 0, P'^~"Ay *^® "point T, 

C 
andwhen^ = 90', p = --g, D] 

and /. -5=C>A -3 = 0^^, 

A_OD_ , 
.\ ^-^y-cota; 

and therefore, substituting in (3), 

p sin ^ . sin a —p sin* a = - p cos ^ . cos a +^ cos* a ; 

/. pcos [0 ^d) =p, 
or p =jp sec (^ — a) ; 

the polar equation for the above data. 

Cor. This equation may be deduced at once from the 
equation to the straight line in the form 

X cos a + y sin a =^, 

by writing pcdsO for x, and psin^ for y, the data being 
exactly the same in the two cases^ 
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46. The equation of the preceding Article may be ob- 
tained very simply from geometrical considerations; for, if P 
be any point {p0) in the line, we have 

OF == OE . aec FOE, 
or p =2> sec {0 — a). 

If a = 0, or OE be taken for initial line, the equation is 

p =jp sec 0. 



EXAMPLES II. 

1. Draw the lines whose equations are 

(1) y = 5aj + 2, (2) y-7 = 5a; + 3, (3) 7y-3a; = 0, 

(4) 6-a; = 2y, (5) |+|y=2, (6) 2a;+3 = 0. 

2. Find the equation to the straight line which passes through 
the pomts (2, 5) and (0, - 7). 

3. The co-ordinates of the angular points of a triangle being 
giveu, find the equations to the three lines, each of which bisects 
two of the sides. 

4. Two lines make each of them an, angle of 45® with the 
axis of a;, and their intercepts on the axis of y are 6 and 8 ; find 
the equation to the straight line which is equidistant from the 
two, the axes being rectangular. 

5. Find the equation to a straight line on which the perpen- 
dicular from the origin = 6, and makes (1) an angle of 45®, and 
(2) an angle of 225® with the axis of as, the axes being rect- 
angular. 

6. Determine the point of intersection of the two lines 
(3y - a: = 0) and (2a: + y = 1). 
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7. Find the equation to the straight line which passes through 
the point of intersection of the straight lines 

a? - 2y - a = 0, a + 3y - 2a = 0, 

and is parallel to the line 3a? + 4y = 0. 

8. Find the equation to a straight line which is equidistant 
from the two lines represented by the equation y = mx + c ^ c, 

9. Find the equation to the straight line that joins the 
points of intersection of the two pairs of lines 

2a; + 3y - 4a = 0, I a; + 6y - 7a = 0, 'i 

2a; + y - a = 0, J *^ 3a; - 2y + 2a = 0. J 

10. Find the length of the perpendicular from the origin on 
the line a (a; — a) + 5 (y - 6) = 0, and the portion intercepted by 
the axes, which are rectangular. 

11. The rectangular co-ordinates of two points are 3, 5 and 
4, 4 respectively; find the equation to a straight line which 
bisects the distance between them, and makes an angle of 45° with 
the axis of x, 

12. Find the equation to a straight line which passes through 
a given point {ah)y and makes equal angles with the axes. 

13. Find the equations to the diagonals of the parallelogram 
formed by the four lines x^a, x^a, y = h, y = 6'. 

14. A straight liue^ inclined to the axis of x at an angle of 
150®, cuts the positive axes of rectangular co-ordinates in A and 
£ ; find the equation to a straight line bisecting AB and passing 
through the origin. 

15. Find the equations to the four sides of a square, the co- 
ordinates of two of its opposite angular points being (2, 3) and 
(3, 4), the co-ordinates being rectangular. 

16. Find the distance of the origin of caoi*dinates from the 

X V 

line o + 5 = ^» *^® *^®3 being rectangular. 
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17. Find the equation to a straight line wliich passes through 

the intersection of the lines aj = a,- a; + y + a = 0, and through the 
origin, : 

18. The axes of co-ordinates being inclined to each other at 
an angle of 60°, find the equation to a straight line parallel to the 

line (a; 4- y = 3a), and a distance from it equal to ^aj3, 

19. Shew that the lines y = 2x + 3, y = 3x-hi, y = 4a; + 5, 
all pass through one point. 

20. Find the value of m in order that the line (y = thx + 3) 
may pass through the intersection of the lines (y = a;4-l) and 
(y=2a;+2). 

21. A straight line cuts off intercepts on the axes, the simi 
of the reciprocals of which is a constant quantity ; shew that all 
straight lines which ful£l this condition pass through a fixed 
point. 

22. A straight line slides along axes of x and y, and the dif- 
ference of the intercepts is always proportional to the area iij 
encloses ; shew that the line always passes through a fixed point. 

23. If the distance of a point from the origin = twice ii^ 
distance from the axis of x, shew that it always lies in one of 
two straight lines that pass through the origin ; axes rectangular. 

24. Find the cosine of the angle which the line {Ax + By+ C) 
makes with the axis of x, the axes being inclined at an angle 
of 45*^. ^ 

25. If a line cuts the (rectangular) axes of x and y at equal 
distances from the origin, and a line be drawn from the origin, 
dividing it in the ratio m : n^ find the tangent of the angle which 
this latter line makes with the axis of a?. ^ 

26. An equilateral triangle whose side = a has its vertex at' 
the origin, and its sides equally inclined to rectangular axes.; find 
the co-ordinates of the angles, and thence of the point bisecting- 
the base. * " ' * .v ^ 
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27. Shew that the three lines which bisect the angles of an 
equilateral triangle meet in a point, taking two of the sides as 
axes. 

28. The base of a triangle and the line joining the bisection 
of the base with the vertex being axes, form the equations to the 
lines which join the bisection of the other sides with the opposite 
angles, and find their co-ordinates of intersection. 

29. Find the polar corordinates of the point of intersection 
of the lines <p = 2aseolO — ^ j> and ] p = a sec f d — - j I, and 
the an^le between them. 

30. Trace the line whose polar equation is 

p = 2acos(0+ A, 

31. Shew that the polar equation to a straight line, passing 
through the points {pff)y (p'^% is 

p'psin(d'-e) + pV8in(«''-^ + pp"sin(«-^0 = O. 
What is the geometrical interpretation of this equation ? 

32. Shew that the three straight lines 

^ + % + C7=0, A'x+Fy + Cr = 0, A''x + B''y + Cr'=0, 
will meet in a point,- if 



CHAPTER in. 

The Straight Line continiLed. — Angles. — Perpendiculars, — 
Equations representing straight lines, 

47. To find the angle between two straight lines whose 
equations are given, the a^es being supposed rectangular. 

Let tan TFT'^t, and let the equations to DT, UIT be 

y = mx + &, y = m'x + b\ 

since any equation may be written in 
this form ; then (Art. 33) 

w = tani)Ta?, 7i»' = tan ZXr'a?, 

and tan TPT = tan {DTx -UTx), 

m — m 

or ^=T-; 7, 

1 + mm 

which determines the angle TPT\ 




r\ as 



Cor. 1. Hence we see that, if w* = w', tan TPT' = 0, or 

1 

the lines are paralleL Also, if W = , tan TPT' =qo , or 

the angle TPT' is a right angle. 

The condition then that the two lines 

y = mx + J, y = m'x + V 
should be parallel, is 

and that they should be perpendicular to each other, is 



m = . 

m 
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Cor. 2. If the two lines are 

Ax + Bi/+G=0, A'x + B'i/+G' = 0, 

the conditions of parallelism and perpendicularity are re- 
spectively 

A_J^ A__ff 

B'B" B" A!' 

hence two straight lines are perpendicular , if the coefficients of 
X and y are interchanged, and the sign of one of them changed. 

Ex. To find the angle between the lines 

2y+a5-H=0, 3y-a;-l = 0, 
the axes being rectangular. 

Here m= - J, m'=i) and, if a be the angle between the lines, 

tan a="-*^^=-l. 
or a=1350. 

48. The condition of parallelism, deduced in the last 
Article, is evident independently, and we have, in fact, as- 
sumed it in previous Articles ; for m and m are the tangents 
of the angles which the lines make with the axis of x, and 
those angles are equal, if the lines be parallel. The condition 
of perpendicularity may be proved independently; for if we 
consider TPT' a right angle, we have 

m' = tan D'Tx = - cot BTx 



m' 



*49. To find the angle between two straight lines, the axes 
being oblique. 

Let the lines be as before 

y = 7waj + &, y = m!x + V; 
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making angles a and a with the axis of x ; and let the angle 
between the axes be ©. Then (Art. 35, Cor.) 

m sin ft) ^ , m sin o 

tan a = -r-- , tan a = 



1 + m cos G> * 1 4- wi' cos o ' 

hence, if /8 be the angle between the lines, 
tan /8 = tan (a - a') 



m sin ft) m sin w 



1 4- wi cos 0) 1 + w' cos 0) 



1 + 



mm' sm* g> 



(1 + m cos 0)) (1 + m' cos ©) 
(m — m') sin <o 



1 4- (wi + w') cos Q) + mm ' 

Hence the condition of parallelism is as before m = w'; and 
the condition of perpendicularity is 

1 + (w + m') cos G) + mm' = 0. 

The condition of perpendicularity is much more complicated 
when the axes are oblique than when they are rectangular, 
as, indeed, are all formulae in which angles are involved. 
For this reason we shall choose rectangular axes in the 
solution of questions concerning angles, and shall not extend 
the remaining Articles of this Chapter to the case of oblique 
co-ordinates. 

50. To find the equation to a straight line which shall 
make a given angle with a given straight line (y = mx + b), 
the axes being rectangular. 

Let a be the given angle, and let tan a = f, and let the 
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equation to the given line [DT) be 

y — mx + b (1), 

and the equation of the required line 

y = m!x + b' (2), 

where m is to be found by the con- 
ditions of the problem. 

Then, since the required line may 
lie either as PQ or PB, we shall have, by Art. 47, 
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t=: 



m —m 



1 + mni 



I y 



or = 



1 +i»m' 



Hence 



, m ±t 
in =1— = — ^, 



and the required equation is 



m±t ,, 



(3). 



where V still remains undetermined, as an infinite number of 
lines may be drawn fulfilling this condition. 

If we add another condition, that the line should pass 
through a point P {x'y), the equation will be (Art. 29, Cor. 1) 



y^y'^ndix-- x) 

m±t f ,. 



(4). 



and it may be seen from the figure, that there are, generally, 
two straight lines fulfilling these conditions. 

CJoB. 1. If ^ = 0, or the problem be to find ihe equation 
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to a straight line which passes through a given point and is 
parallel to a given straight line, the equation is 

y — y' = m{x — x). 

Cor. 2. . If #= oo, or the problem be to find the equation 
to a straight line which passes through a given point and is 
perpendicular to a given line, the equation is 

« m + 1 t "^ 1 

for L _- = 



1 i- mt 1 _ m 

- + ni 
t 



if t becomes = oo . 



Ex. To find the equation to the straight lines which pass through the 
point (1, 2) and make an angle of 45® with the line 

8a5+4y+7=0. 

3 
Here, m= - -r , t=l; hence, according as we take upper or lower signs in 
4 

equation (4), we have 

7^-05-13=0, y+ 705-9=0, 
for the required equations. 

51. The equation obtained in Cor. 1, is the same 
as that of Art. 34, where its geometrical meaning is ex- 
plained. 

The geometrical meaning of the equation of Cor. 2, may 
be seen thus : 

Let DThe the given line (y^mx + b), F (ajy ) the given 
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point, through which the line 
IfT is drawn perpendicular 
to DT^ and let P be any other 
point [xy) on IfT'\ then, if 
P'R be drawn parallel to Ox 
to meet the ordinate PM in 
jB, we have 

PTt 

J^ = tan PT'x = - cot JDTx, 

or, since tani)raj = 7w, 




y-y ^ ^ 

x — x' m' 



52. To find the length of the perpendicular from a given 
point (xy') on the line (Ax + By + C = 0), the axes being 
rectangular. 

The equation to a line passing through (a? y') is (Art. 34) 

^ = 2^' = z (1), 

where I is the distance of any point {xy) from the fixed point 
{xy'), and if this line be perpendicular to {Ax + By+C==0), 
we have (Art. 47) 

5-3 (^)- 

since the two lines make with the axis of x angles whose 
tangents are, respectively,^equal to 

8 , A 
- and — jz. 
B 

If we substitute for x and y from (1) in the equation to 
the given line, the resulting equation will refer to the point 
where the two lines intersect, and we shall have for the 
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distance {I) from {x'y) to that point, i, e. for the perpendicular 
from {xy) on the given line, the equation 

A{cl + x) + B{8l + y) + C==0, 
or {Ac + Bs)l + Ax' + By + ^0 (3). 

But, since 8 and c are the sine and cosine of the angle 
which the line (1) makes with the axis of aj, 

from which and from (2) we have 

A B 



^/A' + B^' ""V^-H-^'' 

hence from (3) 

according as we take c and s with the lower or upper signs. 

As we are now considering the magnitude only of the 
perpendicular, the algebraic sign with which it is affected is 
immaterial. We shall see hereafter that it is sometimes 
necessary to select the appropriate sign for I; but for this 
purpose we shall use a geometrical construction, and the 
equation to the line in a less general form. 

CoR. 1. Since Ax + By' + (7 is the only part in (4) 
that varies with the position of (a?'y')> ^^ follows that the 
Ax + Bi/+Co{ any point (xy) varies as the distance of the 
point from the line Ax + By+C=0, 

CoR. 2. If the point {x'y') be the origin, x =0, y' = 0, 
and we have, for the distance of the line from the origin, 

I ^__ 
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Ex. To find the length of the perpendicular from the point {x= 3, ^=5) on 
the line (3y-7a5+ 9 = 0). 

3x5-7x3+9 3 



V7*+aa ^58* 

5S\ To find the area of a triangle in terms of the co- 
ordinates of the angular points, the axes being rectangular. 

Let the co-ordinates of the three points be (xy), {x'y), 
{x'y"). The equation to the line joining {pdy*) and {x"y") is 
(Art. 35) 

and the perpendicular upon this from the point {xy) is 
(Art 52) 

(y-y-){x"-x)-{x-x'){f- y') 

and the distance between {xy') and (x"y") is the denominator 
of this fraction. But this perpendicular multiplied by this 
distance is double of the area of the triangle. Hence 

± 2 Ks^ - y) (^" - x') - (^ - ^0 (y - y')} 

is the area of the triangle, the upper or lower sign being 
used, according as the expression is positive or negative. 

If the three points (xy), {x y'), {x" y") are in the same 
straight line, the area becomes = 0, which gives, as it ought, 
the equation of Art. 35. This gives an easy way of remem- 
bering the formula. 

For the case of oblique axes see Chap. iv. Ex. 8. 

54. To find the length of the perpendicular from a 
point (x'y') on ilie line (a; cos a -hy sin a =2?), the axes being 
rectangular. 

^ From Salmon's Conic Sectiom, 
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Let 2)rbe the line 

X cos a 4- y sin a =^, 

and P the point {ocy). Draw a 
line RS through P parallel to DT, 
and draw PQ, OEH perpendicular 
to the lines DT and R8\ then the 
equation to RS must be 

X cos a + y sin a = OH 

=p suppose ; 

but since (a/y ) is a point in R8, we have 

aj' cos a + y sin a =p. 

Now PQ = EE^p-p, 




.'. P^ = a?' cos a + y sin a—p, 



and is known* 



If the point {xy) be on the other side of the line as P', 
the length of the perpendicular P Q will evidently be ^p—p, 
or =p — aj'cosa— y sina. Hence, we may deduce the fol- 
lowing rule. 

If the equation to a line be x cos a + y sin a = j?, where 
p is a positive quantity, the length of the perpendicular from 
{xy) is 

+ {x' cos a + y' sin a — p), 

the upper or lower sign being used, according as we cfo or efo 
not pass through the line to reach the origin from the point 
{x'y'). 

65. Thus we see that the x cos a + y sin a — p of any 
point (xy) is negative or positive, according as {xy) is or is 
not on the origin side of the line, and vanishes when {xy) is 
on the line. Hence when we have once adopted a certain 
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name for a line, such as x cos a + y sin a — ^, we may say that 
the line has a positive and a negative side ; the positive side 
being that on which the perpendicular is written with the 
same sign as the adopted name. The origin side is negative 
in Art. 54 ; if we called the line p — x cos a — y sin a, the 
origin side would be positive. The sign of the origin side, 
then, is the sign of the expression which we liave called the 
name of the line, when x and y each = 0. 

It Ls easy to see that the results of Arts. 52 and 54 
differ in appearance only; for, if the equation 

Ax-\-By-\- (7=0, 

is written in the form a? cos a + ^ sin a — ^ = 0, 
it becomes (Art. 27, Cor. 2.) 

^ ^ g n 

X , y , =0: 



and the perpendicular on this line, obtained by Art. 54, coin- 
cides with the result of Art. 52. 

56. The reasoning of the preceding Article supposes 
that the equation can be written in the form 

aj cos a +y sin a — /? = 0, 

where p is a positive quantity, and a is defined by Art. 27, 
CJor. 2 ; but, when the line passes through the origin, this 
definition of a evidently fails, and the equation Ax + By = 0, 
written in the form required, is either 

^ x+-j=£^v = (1), 



^A^ + B" ^A' + B^ 

A B ^ 
or ~ ■ , — , y = (2). 

^A' + Jf ^A^-hB" 
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Let AB be this line, parallel to DT\ and in the equation 
let A and B be positive, since, in accordance with the figure, 
they must be of the same sign. If then we regard AB 
as a Une which has moved parallel to itself from some other 
position, such os DT, till it has approached indefinitely near 
to 0, the angle a will be defined as before. Let us write the 
equation in form (1) ; then we may regard AB as a line which 
has come from a position where it has cut the positive part 
of the axis of y, as JDT for example, since this must be the 
case in any figure, when sin a, the coefficient of y, is posi- 
tive ; hence, now that it has moved indefinitely near to the 
origin, the whole positive part of the axis of y is on the 
positive side of the line, namely, the side remote from 0. 
Hence we obtain the following rule. Write the coefficient 
of y positive ; then the positive part of the axis of y is on 
positive side of the line. 

57. It has already been shewn (Art. 43) that the equa- 
tion 

Ax + By+C-{'k{A'x-]-B'y + C') = (1) 

is the equation to a straight line passing through the inter- 
section of the lines 

Ax + By + C=0, A'x + B'y-\'C' = (2), 

Now equation (1) admits of a very simple geometrical inter- 
pretation, if the lines (2) be written 
in the form 

ojcosa+y sina— p = (3), 

a? cos yS + ^ sin yS — J = (4) ; 

for let EK and EB be the lines (3) 

and (4), and suppose the origin 

somewhere in the angle opposite to KEB, so that the positive 

and negative sides of the lines are as in the figure. Then, if 
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we taJke any point, as P, {xy*), the perpendiculars PK and 
PR will be represented (Art. 54) by the expressions 

X cos a-\-y' sin a —p, x* cos fi + y smfi — q, 

and the equation 

x' cos a + y' sin a — p — A (ic' cos yS + y ' sin /8 — j) = (5) 

asserts that 

PK _Jc 

PR " i ' 
and hence the locus of the point P, or of the equation 
X cos a + ysina — p — A? (ic cos yS + y sin y8 — j) = ... (6) 

is a straight line passing through the intersection of (3) and 
(4), and such that, if perpendiculars be dropped from any 
point in it upon the lines (3) and (4), those perpendiculars 
will be to one another in the ratio of k to 1. Hence also the 
sines of the angles which (6) makes with (3) and (4) are in 
the ratio of A; to 1. 

58. It will now be seen why we have (Art. 54) con- 
sidered so carefully the signs of the perpendiculars, or rather, 
investigated a method by which 
we may always be able to write 
the expressions for them, so that 
those expressions shall represent 
positive quantities; for if the 
lines in question he DT and 
i>' T", it is evident that the rea- 
soning of Article 54 will give us, 
for the point P {xy'), if its per- 
pendiculars onDT and D'T' are 
as A; to 1, the equation 

X cos g 4- y sin o^ — p __^ 
x' cos ^ + y' sin )8 — J 1 
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or X cos a +y sin a —p — A; (a; cos yS + y sin /8 — g') = 0. . .(7) 

as the equation to PR ; whereas the point Q would, under 
the same circumstances, give us the equation 

X cos a + y sin a — p __ A 
- (x cos )8 + y' sin )8 - q) ""!' 

or ajcosa + ysina— ^4-^ (a; cos yS + y sin /8 - q) =0...(8) 
as the equation to QR, 

Cor. If A; = 1, or the perpendiculars are equal, equations 
(7) and (8) will represent the lines which bisect the angles 
Z^'^Tand D'RD, These lines are easily seen to be at right 
angles, by the condition of Art. 47, Cor. 

59. In order to select the proper equation for any par- 
ticular line passing through Q, where the ratio of the perpen- 
diculars or sines, is given, the following rule, which may be 
readily deduced from Art. 58, is universally true. 

If from any point in the required line, we have to pass 
through hoth or neither of the given lines to reach the origin, 
the equation is of the form (7), but if only one, it is of the 
form (8). 

The equations to the lines, if given in any form, may (Art. 
27, Cor. 2) be reduced to the form here used, and the above 
test applied. Arts. 54 — 59 are equally true for oblique axes, 
if (Art. 32) we use the equation ajcos a + ycos (g> — a) =^ ; 
but in that case the reduction of any equation to the re- 
quired form is more complicated. 

60. Equations (6) and (7) (Arts. 45, 46) usually present 
some difficulty to the student, because we use the same sym- 
bols, X and y, to represent the co-ordinates of the point P 
and the co-ordinates of any point on the given lines. In 
these articles, we have endeavoured to avoid this difficulty, 



INTERSECTION OF TWO STRAIGHT LINES. 



61 



by first calling the co-ordinates of P x* and y, considering 
P as one fixed point. When we have obtained relations 
(5) between these co-ordinates, by means of the conditions 
of the problem, we may, evidently (Art. 21), write x and 
y for X and y'y in the equation to the . locus of P, with- 
out any fear of confusion. We shall hereafter frequently 
speak of the perpendicular from the point {xy) on the hne 
X cos a + y sin a — ^ = 0, bearing in mind this explana- 
tion. 

Ex. To find the eqyuitions {axes rectangular) to the lines which bisect the 
supplementary angles between the two lines, 

y- /v^Sa;— 5=0, JSy-x+6js=0. 

Let DJRf D'R be the lines, which will evidently lie as in the figure ; then, 
comparing their equations with the equation x cos a+y sin a=p, 

and writing them in that form, we have 
(Art. 27, Cor. 2) 



for DR, 



lot D'R 



n/3 



x+ly=i, 



jx-^%=3V3. 



Hence the equation to the bisector PR, from 
any point of which we must pass through 
neither or both of the lines to reach the 
origin, is 




n/3 



Jz 



ix-^^y.Z^=.^x + iy- 



6 



or 2y-2a;=llV3-23. 

For the bisector RQ, where we pass over one only. 



or 2a;+2y= -23—11^3. 

61. Equations representing straight lines. 

We shall now notice a few particular cases, where equa- 
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tions of a degree higher than the first may be interpreted by 
means of the preceding articles. 

If we have the equations to two straight lines 

Ax + Bi/+ (7= 0, A'x + B'y + (7' = 0, 

it is evident that the equation of the second degree 

{Ax + By+ C) . {A'x + B'y+ G') = 0, 

will represent both the lines, for the co-ordinates of any 
point in either of the lines, substituted in the equation, will 
make one of the factors vanish, and the equation will be 
satisfied. Similarly, if we multiply together the equations 
to n straight lines, we shall obtain an equation of the nth 
degree which represents them all. Conversely, if any equa- 
tion of the nth. degree can be separated into n factors of the 
first degree, it represents n straight lines. 

62. To find the condition that an equation of the second 
degree should represent two straight lines. 

Let the equation of the second degree, in its most general 

form, 

Ax'-\-Bxi/+ Cf + Dx + Ey + F=0 (1), 

be written as a quadratic in y, 

Ci/'' + {Bx + E)i/ + Aa? + l)x + F=0] 

Solving this equation, we have 

_ -{ Bx + E )±'J (Bx + Ef--4ia{Ax' + I)x + F ) 
^"* 2(7 

The expression under the root becomes 

{B''-4iAC)x'' + 2{BE-2CD)x + IP'^iCF, 

and, in order that equation (1) may break up into two equa- 
tions of the first degree, it is sufficient and necessary that 
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this expression should be z, perfect sqvxire, that is with respect 
to X, for the constants in the root may be surds or imaginary ; 
hence the condition is 

{BE-- 2CJDy=- {ff - 4^(7) (Z*- ^GF). 

If the quantity under the root do not contain x at all, the 
equation will represent two parallel straight lines; for, in 
this case, the coefficient of x in the right hand member of the 
equation, which is (Art. 28, Cor. 2) the angular coefficient 
of the lines, is not affected by the alteration of the sign of 
the miical. These lines are imaginary,' or the locus im- 
possible, when the quantity under the root is negative. 

Ex. 1. The equation 

y» - 3fley + 2a5' + 3y - 4a;+ 2 = 0, 
Biay be written 

y«-3(a;-l)y+2(flc-l)«=0; 

Solving for ^, we have Che equations 

y-2a;+2=0, y-a;+l=0, 

which are the equations required, since the original equatioii is obtained bj 
multiplying these two equations together. 

Ex. 2. The equation 

y«+2a^ + 3flc« + 6a; + 2y+3=0, 
when solved becomes 

y+flc+l±V-^(«+l)=^> 

which represents two imaginary lines, which may be said to intersect in the 
only point for which the equation is satisfied, viz. 

y+a;+l = 0, a;+l=0, orai=-l, y=0. 

Ex. 3. The equation 

4a5» + Sacy + 4y« + 3a; + 3y = 
represents the two parallel lines, 

y+a5=0, 4y+4a8+8=0. 
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63. The equation 

Aa? Jt Bxy •{■ Cy^ ^ 0, 
may be written 

^.^(|) + o(|)'.a 

SolviDg this a quadratic in -, we obtain 

'iCy^-'{B^^lB^'- 4 A 0) x, 2(7y = - (5+ V£«-4^(7)a?, 

which represent two straight lines through the origin, possible 
and diflferent, possible and coincident, or imaginary, according 
as £*-4^(7> = <0. 

Similarly every homogeneous equation of the nth degree 
may be written in the form 

and will have n roots, possible or impossible, 

X X 

which will give n straight lines, possible or imaginary, pass- 
iDg through the origin. 

64. The equation 

Aa?+Bx+ C=0 

will give two solutions of the form x = constant, and will 
therefore represent two straight lines, possible or imaginary, 
parallel to the axis of y. In like manner the equation 

Ay^ + By+ (7=0 
represents two straight lines parallel to the axis of a?. 

Similarly any equation of a higher degree, which involves 
only one of the variables, will represent a series of straight 
lines, possible or imaginary, parallel to one of the axes. 
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65. If an equation of the second order can be written in 
the form 

{Ax + By+ Cy + {ax + bi/ + c)' = 0, 

it can be satisfied by those values only of x and t/, which 

make 

Ax + By + G=iO, and ax + hy + c = 0; 

for otherwise we should have the sum of two positive quan- 
tities equal to zero. Hence the locus is a point, or may be 
considered as two imaginary lines 

Ax + By+ C± V^ {ax + bi/ + c)=0, 
which intersect in a real point. 

66. If an equation of the second order can be written in 

the form 

{Ax-¥B7j+Cy + {ax + by + cy = -F, 

where P is positive, it can be satisfied by no real values of 
X and y, since the sum of the two quantities on the left-hand 
side can in no case be negative ; the locus is therefore entirely 
imaginary. 

*67. To find the angle between the lines represented by 
the equation 

Ax^ + Bxy + Cy'=0 (1), 

the axes being rectangular. 

If the lines are y=^fix and y = iix^ and 6 the angle be- 
tween them, then (Art. 47) 

tan^ = ,^^f^,; 

also (Art. 63) ji and fi are the roots of the equation 

Gn^^-Bm-\'A^O (2), 

5 
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where m is written for ^ : hence 

X 

~~ \JJ» ~^ fJf J = "yy f f^H* ^^ ^> ••• •••••• \^Oj y 






and 1 + fifi = ^ ^ , , 



/. tan^ = -^ — :i tt-^- 

A+ G 

Cor. If instead of (1) the equation representing two« 
straight lines were 

Aa? + Bxy+ Gy^ + Dx + Ey + F=0 (4), 

it could be written in the form 

(y-^-^)(y_^'aj-/3') = (5), 

or fifJLa!'-Qju + fJL)xy+y'' + Px+ Qy + B^O (6), 

where P, Q, and R are constants. Hence, if (4) and (6) are 
in reality the same equation, 

fifi _ fi + ijf _1 
A " B " G' 

which equations for fi and fi are the same as (3) ; hence 
fi and fi are as before the roots of 

CW^+5m + ^ = 0, 

and the lines represented by (4) are parallel to those repre- 
sented by (1), and contain the same angle. 
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Cor. 2. The straight lines represented by (1) are coin- 
cident, and those represented by (4) are parallel, if 

in which case 

Ax^^£a)y+ Cy^ 

is a perfect square. They are at right angles, if u4 + (7=0. 

*68. To find the equation to the straight lines which bisect 
the angles between the straight lines 

Ax" + Bxy + Cy» = (1), 

tiie axes being rectangular. 

Let the lines (1) be y — /xa? = 0, y — fix = 0, where fi and 
fi are the roots of the equation Cm^ + Bm + -4 = 0. Then 
the equations to the bisectors are (Art. 59, Cor.) 

or, when expressed as one locus, 

{y -fixy (y-fixY _ 

or, simplifying and dividing by fi — fi, 

y^ Qi + fi) -{■ 2xy {l-fifi) - a?' (/^ + m') = ^^ 
or, (Art. 67) 

a^-'^^^xy-y'^rO (2). 

The condition (Art. 63} that the lines (2) should be real 
is {A — Oy + B^>0; hence the bisectors are always real, 
whether the original lines are real or imaginary. They are 
at right angles by Art. 67, Cor. 2. 

5—^ 
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EXAMPLES IIL 

1. Find tlie equation to the straight lines which pass 
throu<^h the point (1, 3) and make an angle of 30® with the line 
{2y — a; + 1 = 0) ; axes being rectangular. 

2. Draw the lines represented by the equation 

(2y-a; + c).(32/ + a;-c)=0, 

and determine (1) where they intersect, and (2) at what angle ; the 
axes being rectangular. 

3. Find the equation to a straight line which passes through 
the point (c, 0) and makes an angle of 45® with the line 
{px — ay^ ah) ; axes being rectangular. 

4. Find the equation to a straight line which is perpendicular 
to the line (8y + 5a; — 3 = 0), and cuts the axis of y at a distance 
= 8 from the origin ; axes being rectangular. 

5. Find the cosine of the angle between the lines 

(y-4a; + 8 = 0) and (y-6a; + 9 = 0); 
axes being rectangular. 

6. Find the angle between the lines (4y + 3a3 + 5 = 0) and 
(405 — 3y + 6 = 0) ; axes being rectangular. 

7. Find the equations to the straight lines which pass through 
the intersection of the lines (y = 2a; + 4), (y = 3a; + 6), and bisect 
the supplementary angles between them ; axes being rectangular. 

8. What is the geometrical signification of the equations 
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I 

9. Find the equations to the straight lines which bisect the 
angles between the lines (12a; + 5y = 8) and (3aj — 4y = 3); axes 
being rectangular. ^ 

10. Shew that the lines represented by the equation 

6y* + a:y — 2a; + y — a^ — 1=0, 

are inclined to one another at an angle of 45"; axes being rect- 
angular. 

1 1. The equation Sy* — Zxt/ — 205" — 3y + 6a; = 0, represents two 
straight lines at right angles; axes being rectangular. 

12. The equation y* — 2oet/ sec6 + af = 0, represents two straight 
lines inclined to one another at an angle 0; axes being rect- 
angular. 

13. What is the inclination of the co-ordinate axes, when 
the lines represented by y*~-x'=0, are perpendicular to one 
another ? 

14. The equations to two straight lines are 

x + Zi/^a=0 (1), y-a; + a = (2); 

find the equations to the straight lines which pass through the 
intersections of (1) and (2), so that the ratio of the sines of the 

inclination of each to (1) and (2) may be as 1 : J 5. 

15. What must be the inclination of the axes in order that 
the lines {xy — 3y — 2aj + 6 = 0) may include an angle of 135° 1 

16. Find the equations to the two straight lines which pass 
through the origin and divide into three equal pai'ts the distance 
between the points in which the axes of co-ordinates are intersected 
by the line {x + y = l). 

17. Find the distance of the point of intersection of the lines 
(3a; + 2y + 4 = 0), (2aj + 5y + 8 = 0), from the line (y = 5aj + 6); the 
axes being rectangular. 
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18. Shew that the Ax + Bt/ + C of a point (icy) changes sign, 
when (xy) crosses the line {Ax + By + C), and that the origin is on 
the positive or negative side of this line, according as (7 is positive 
or negative. 

19. On which sides of the line 3a; — 2y = 1 do the points (1, 2), 
(3, — 4) lie ] Shew that they lie on the same side of the line y = 3a;. 

20. The perpendicular from a point (a/^) on the line 3a; + 3 = 4y, 

is — (4^^ — 3a;' — 3). On which side of the line does {x'y') lie 1 
o 

21. Shew that the equation (3a; + y) (2x — 3y + 8) = 4, repre- 
sents a locus which lies entirely in two of the angles formed by the 
lines (3a; + y = 0) and (2a;-3y + 8 = 0). 

22. Determine the loci represented by the polar equations 

(i) tf-<5i = 0. . (ii) sin(^-a) = 0. 

(iii) (p — a) (p* — a' — ap tan sin 0) = 0. 

r 

23. Find the angle between the ]ines 

c d 

- = costf-2sind, -~costf + 3sinft 

P P 

24. Interpret the equations : 

(i) sin 2^=0, (ii) cos 3^ = 0, (iii) tf' + ae" + j8fl + y = 0. 

25. Find the area of the triangles whose angular points are 

<i) (0, 6), (a, 0), (a, b) ; (ii) (a, 2a), (2a, 3a), (3a, -4a); 

(iii) (0, 0), (a;, y) {x\ y^ 

26. Find the area of the triangle contained by the three 
straight lines 

3a; + 4y = 12, 4a; + 3y=12, a; + y = 3. 



CHAPTER IV. 

Transformation of Co-ordinates, 

69. When the position of a point or the equation to a 
curve is given with reference to any particular system of co- 
ordinates, it is frequently necessary to find that position or 
equation with regard to some other system. We have already 
shewn how to pass from rectangular to polar co-ordinates, and 
the converse, and we shall now shew how we may perform 
other transformations, such as altering the origin, passing 
from rectangular to oblique co-ordinates, and others of the 
same nature. 

70. To transfer the origin of co-ordinates to a point 
(x'y') mthout altering the direction of the axes. 

Let (yXy O'Yhe the new axes, respectively parallel to Ox 
and Oy, the old ones; let the co-ordi- 
nates of any point P, referred to the 
old axes, be x, y, and, when referred 
to the new, X, Y\ 

OR = x\ 0'5 = y, and 
PM^FM'+O'B, OM^O'M'+OR, 

OT y=Y+y\ x = X-{-x. 
These formulae are true for rectangular and oblique axes. 

Hence, to find what the equation to any locus becomes, 
when the origin is transferred to a point (xy), the new axes 
remaining parallel to the old, we must write x + x for x, and 
y + y' iovy. 
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Ex. To find what the equation 

becomes, when the origin is transferred to a point whose co-ordinates are 

«=!, y=-2. 
Writing aj+ 1 for x, and y - 2 for y, we obtain the equation 

71. To find what the co-ordinates of a point become, if 
the axes, being rectangular, are turned through a given angle 
(a), the origin remaining the same. 

Let Ox, Oy, OM, PM be the old axes and co-ordinates of 
any point P, OX, OY, OM', PM' 
the new ones ; let angle XOx = a, 
and let the old co-ordinates be x, y, 
the newX, Y\ then, iiM'R,M8 
be drawn parallel to Ox, Oy re- 
spectively, we have 

0M=08-RM, 
PM^PB + M'S, 

or, since angle BPM' = angle XOx = a, . 
a; = JT cos a — Fsin a, y = Fcos a + Xsin a ; 

hence, to find what the equation to any locus becomes, when 
referred to the new axes, we must write 

x cos a — y sin a for x, and y cos a + a? sin a for y. 

The student should remember this figure, and be able to 
write the formulae readily from it. 

Ex. To find what the equation Q?-y^-=c? becomes, when the axes are 
moved through an angle of 45^. Here, 

1 




M S a^ 



sma^cosas 



and we must write 



n/2' 



— (aj - y) for X, and -y- (a; \y) for y \ 
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heace^ the eqaation becomes 

(a:-y)»-(a:+y)«=2a«, 
or2ajy+a*=0. 

72. To find what the co-ordinates of a point become 
when the axes are champed from one oblique system to another y 
the origin remaining the same. 

Using the same notation as in Art. 71 and a similar figure, 
we have 

sm {xy) sm [anf} 

or ^sin (yx) =Xsm{Xx)-h Ysiii{ Yx), 

where by sin (xy) we mean the 

sine of the angle which the axis of 

X makes with the axis of y, and 

by sin (Xx) the sine of the angle which the axis of X makes 

with the axis of x ; and so with the rest. 

Similarly, OM^OS+M'R 

sm \xy) sm (xy) 

or X sin {xy) = X sin {Xy) + Fsin ( Yy). 

Cor. 1. These formulae include the particular cases, 
where we wish to pass from rectangular to oblique, or from 
oblique to rectangular axes. The signs are those appropriate 
to the figure, where {xy), {Xy), (Yy) are all measured on the 
same side of Oy, and {yx), {Xx), {Yx) on the same side 
of Ox. It must be remembered that, in speaking of the 
angles made by the axes, we mean the angles made by their 
positive directions, and that {xy), {yx) are the same angle. 

It is very rarely necessary to make a transformation 
such as the above ; and for those which actually occur it is 
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generally easier to obtain from the figure the formula re- 
quired, than to adapt those which we have obtained above. 
We will give a simple case which is often useful 

7a. To transform an equation from a rectangular to an oblique system, the 
axis of X remaining the sam^e, and the new aaeis ofj being inclined at an angle 
(a to the axis of x. 

Using the same notation as before, and a 
similar figure, we have 

0M= OM'+M'M=^OM'+PM' cos PM'M, 

or aj=X+ Fcosw; 

TM^PW sin PM'M, ovy= Fsin «. 

Similarly, if the transformation were from 
the axes Ox, OT to Ox, Oy, we should have 

X=x—ycotUf y=yco8ecw, 

74. If we wish to transfer the origin to a point (xy) 
and then change the direction of the axes, we have only to 
add X and y to the formulae of Arts. 71 — 73. Thus, if the 
changes of Arts. 70, 71 have taken place, 

x = x + Xcos a — Ysin a, y = y' + Fcos a + Xsin a. 

75. The student must bear in mind that we make no 
change in the locibs, by changing the origin or axes. The 
assemblage of points represented by the new equation is pre- 
cisely the same as that represented by the old, but the man- 
ner in which the axes are placed with regard to them is 
changed, and therefore the equation, which expresses this 
relative position, is not the same as before. 

We may notice also that the degree of an equation cannot 
be altered by transformation. For let Ax^}/^ represent any 
term of an equation of the rt^ degree, where 2? + y = w : then, 
since (Art. 74) the old co-ordinates in terms of the new are 
expressions of the first degree only, we should have 

AxY = ^ (ora;' + m + c) ' {d^ + erj +/)', 
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and no term resulting from this multiplication can be of a 
higher degree than p + q or n. Hence, the equation cannot 
be raised. It, consequently, cannot be depressed ; for, if that 
were possible, we might, by re-transforming it, raise it, which 
has been proved to.be impossible. 

76. In the case of polar co-ordinates, if we wish to turn 
the initial line through an angle a, we must write d + a for 
in the equation, since the new is less than the old 
by the angle a. 



EXAMPLES lY. 

1. Transform the origin to a point {a b) in the equation 

2. Transform the equation 

oj* cos' a — y* sin' a = a' 
by turning the (rectangular) axes through an angle a. 

3. Transform the equations x-\-r/ = c and a;' — y' = 0, by turn- 
ing the (rectangular) axes through an angle of 45^ 

4. If both systems be rectangular, and the equation to the 
old axis of y referred to the new axes is a? — y = 0, the old and 
new axes are inclined to one another at an angle of 4:5°, 

5. Transform the equation y' + 4ay cot a — 4ax = 0, from a 
rectangular system to an oblique system inclined at an angle a, 
retaining the same origin and axis of x, 

6. Transform the equation 2af — 6xy + 2^* = 4, from axes in- 
clined at an angle of 60°, to the right lines which bisect the 
angles between the axes. 
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7. Transform the same equation to rectangular axes, retain- 
ing the old axis of x, 

8. Shew by the transformation of Art. 73, that, when the 
axes are inclined at an angle <i>, the expression of Art. 53 for the 
area of a triangle must be multiplied by sin o). 

9. If the origin and axis of x are taken as the pole and 
the initial line, and the angle between the axes is <i>, shew that 
we may transform from Cartesian to polar co-ordinates by the 
formulae 

8in(<i) — tf) sin tf 
x = p ^ '-, y = p- . 



CHAPTER V. 



Geometrical Applications, 



77. We shall now give a few examples of the applica- 
tion of the formulae we have obtained to the solution of 
geometrical problems. In attempting to solve these pro- 
blems algebraically, the student will find that much depends 
upon a judicious selection of the origin and axes, and the 
application of the proper equations and formulae. He should 
in every case consider the problem well before he attempts 
the solution, and form a definite plan before he begins. He 
may very possibly not be able to carry out his original 
scheme, but his attempts to do so will probably suggest 
some method by which he may solve the problem ; and he 
will, at any rate, avoid a practice very common to begin- 
ners, of working without any definite aim, and, consequently, 
introducing and combining equations and formulae that only 
serve to embarrass him, without in any way aiding him in 
the solution. 

78. To shew that the perpendiculars dravm from the vertices on the opposite 
sides of a triangle meet in a point. 

Let ABC be the triangle, CD, BE, AFthe perpendiculars, and assume Ax, 
Ay as rectangular axes; let the co-ordinates 
of Cbe AD^xfy CD^y", and let AB=x'\ 
Now the proposition is proved, if we can 
shew that the abscissa of the point where AF 
and BE intersect is =2:', for they will then, 
evidently, intersect in CD. In order to shew 
this we must find their equations, which 
we shall obtain (Art. 50, Cor. 2) by observing that they each pass through 
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a given point and ore peipendicular to a given line. We must then first find 
the equations to the lines A C, BC, to which they are perpendicular. 

Since ^C7 passes through the origin and the point C (xfi/), its equation is 
(Art. 30, Cor.) 

(1); 



2^=?*- 



and since BE passes through B {x '0) and is perpendicular to (1), its equation 
is (Art. 60, Cor. 2) 

y=-^(x-aj") (2). 

Also, since repasses through the points B(x"Q) and C (xfi/), its equation is 






(3); 



and since AF passes through the origin (0, 0) and is perpendicular to (3), its 

equation is 

x'-af 

y= — ^« (4). 

At the point where (2) and (4) intersect, their ordinates must be identical ; 
hence, equating their values, we must have, at that point, 

*' / 'A Oil -^ 

whence, at the point of intersection, x=x^, which proves the proposition. 

The student may exercise himself by solving this problem with DO as axis 
of y instead of Ay : then, assuming DOt X>A, DB to be known, he may express 
the equations to AC and CB in terms of the portions of the axes they cut off 
(Art. 26). It will then remain to prove that AF and BE intersect in a point 
whose abscissa =0. 

79. To shew that the three perpeTidiculara through the middle points of the 
sides of a triangle meet in a point. 

Using the same axes and notation as in the last problem, we must find the 
co-ordinates of the three middle points Jf, 
Jf ', M'* ; we can then find the equations 
to the two perpendiculars MP, M"Py 
from the condition that they each pass 
through a given point and are perpendi- 
cular to a given line; if we then shew 
that the abscissa of their point of inter- 
section =^ if', we shall have proved that 
they intersect in the perpendicular from M' , 
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The co-ordinates of Jf are evidently 5^ , ^ ; also (Art. 10) the co-ordinates 

of My the point of bisection of the line contained between the points B (o/'O) 

and C {a!y')j are 

as' +05" y' 



«= 



2 ' ""2' 



As before, the equation to ACia y^'^x and the equation to M'^P which 

passes through Jf' ^ ( o* 9 ) > '^^ ^ perpendicular to ^1(7, is 

y' ^' ( ^'\ 



Also, as before, the equation to BC is 

3/ 



y 



X -X 



tAx-x'^ 



(2); 



and the equation to MP, which passes through M ( 
dicular to (2), is 



aZ+fl/' / 



|- j and is perpen- 



y 



a/' / x'+x'\ 

7- (- -^) 



2 / v~ 2 



(3). 



At the point where (1) and (3) intersect, their ordinates must be identical ; 
hence, equating their values, we have 

ar' / x\ o'-ac" / xf-\-x"' 



«' / x\ o'-aj" / a/+a;n 



which gives a; = — , as the abscissa o! the point of intersection; but this ab- 

scissa belongs to some point in the perpendicular from M', which proves tl^ 
proposition. 

80. In ike figwre of Euc. i. 47, if KB and, FQ he produced to meet in My 
and MA produced to meet BC in jT, shew that MT is perpendicular to BC, 

Take AB, ulC produced indefinitely, as axes of x and y, and denote the sides 
of the triangle opposite to -4, ^, C by a, ft, c; jg 

then the co-ordinates of M are x= -ft, y=i -c, 
and the equation to MA, which passes through 
the origin and M^ is (Art. 30, Cor.) 



also the line BC cuts off from the axes of x 
and y intercepts =c and b respectively ; hence 
(Art. 26) its equation is 



JT 



A 



M 



B 



a 
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^ y n ft , 

c h ' ^ c 

which, by Art. 47) represents a line perpendicular to MA, 

81. A line is drawn parallel to the base of a triangle, and its extremities 
joined transversely to the base; find the locus of the intersection of the joining 
lines. 

Let ABC be the triangle, CB the 
base, and £D parallel to it. Take AB, 
AC as axes, and let AB=b, AC=^c, 
AE^e, AI>=d; then the equations to 
£B and CD are 

>h^ «• ^^^ (^>' 

also (Euc. VL 2), -= (3), 

c e 

from (1) e=^; from (2) d=~ : 

O — X C— V 




c-y 



from(3)^=^^^-*> 



c by {c-y)* 
whence c^* - b^y^ — be {ex — by)-=0, 

or {cx-by) (ca;+6y-6c)=0 (4). 

Now (4) represents two straight lines, 

be be 

The former of these is a straight line passmg through the origin and the 

b c 

bisection of £C, for the co-ordinates of that point, ^ = o» ^"^o* s^^l^y the 

equation; and it is evidently the locus required. The latter represents the 
base BC, which is not the locus of the intersections of £B and CD, 

82. The result of Art. 81 should be noticed. As is fre- 
quently the case in the solution of algebraical questions, we 
have arrived at two results, one which we were seeking, and 
another which does not satisfy the geometrical conditions of 
the problem. Asr shewn in Ai-t. 41, the values of x and y 
which satisfy equations (1) and (2) with the condition (3), 
will satisfy (4) ; and therefore (4) represents a locus, which 
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passes through all the points where (1) and (2) intersect, as 
d and e vary. It does not follow that every point, whose co- 
ordinates satisfy equation (4), should be one of these points 
of intersection. 

83. The sides containing a given angle are in a given ratiOy and the vertex is 
fixed; supposing the extremity of one of the sides to move in a given straight line, 
to find the locus of the extremity of the other. 

Let OA^ OB be the two sides, where 
OB=n.OA, andlet angle AOB=a, Let A 
move on the straight line AD ; it is required 
to find the locus of B, Take OB {=p), the 
perpendicular from ojiAI),aa initial line, 
and let OB=p, angle BOB =^6 ; then 

OA = OB sec AOB=p sec (^-o), 

and OB=-n , OA, or p=np sec {0 - a), which 
is therefore the polar equation to the locus 
of P, It represents (Art. 46) a straight 
line at a distance =np from 0, the inclination of .this distance to OD being a. 




84. A straigTU line is drawn from a point O, cutting two other straight lines 
EA, KB in the points A, B, and in the straight line OAB a point P is taken, so 
that OA, OP, OB are in harmonic progression; find the locus of P. 

The condition to be satisfied is 



= ^^ + 




OP OA^OB' 

Draw any initial line Qx, and let the 
equations to KA, KB be 

-=acos^+6sin^, -=a'cos^ + & sin ^, 
P P 

since the general equation of Art. 44 may, 

by dividing and transposing, be written in 

this form. Then, if the angle BOx=df 

1 1 

-^=acos^+&sin^, ^=a'cos ^+6'sin^, 

2 

.% -^ = (a+a')cos^+(& + 6^8in^, 

and, writing p for OP, we have the polar equation to the locus of P, It^a 
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(Art. 43) tbe equation to a straight line passing through the intersection of 
KA and KB ; for it is equivalent to 

(--aco8^-6sin^j + (--a' cos ^-6'sin ^j = 0. 



EXAMPLES V. 

1. In the fig. of Euc. l 5, if JBG, CF meet in H^ shew that 
AH bisects the angle BAC, 

2. In the fig. of Euc. i. 47, shew that AL, BK, FO intersect 
in one point, and that, if BG and CH be joined, the lines will be 
parallel. 

3. Prove algebraically Euc. vi. 2. 

4. Let Ax bisect any straight line CD in ; draw CB, cut- 
ting Axin. B and AD produced in ^ ; join DB and let it meet AG 
produced in F, and join FE ; FE shall be parallel to DC, 

5. In two given straight lines, drawn from a point 0, take 
points P, ^ in one, and P', ^ in the other, so that OF, OQ, OF', 
OQ^ are in harmonical progression ; shew that the locus of the 
intersections of FQ^ and FQ is a straight line bisecting the angle 
between the given lines. 

6. Shew that the locus of a point, the algebraic sum of whose 
distances from the sides of a polygon is constant, is a straight line. 

7. Taking the requisite data to fix a parallelogram in a plane, 
by equations to its sides, prove that the diagonals bisect each 
other. 

8. MANF is a parallelogram, having a given angle at A, and 
also its perimeter a given quantity : shew that the locus of P for 
all such parallelograms is a straight line. 

9. The three bisectors of the sides of a triangle, drawn from 
the opposite angles, meet in a point. 
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10. The hypothenuse of a right-angled triangle is made to 
slide between two perpendicular straight lines ; find the locus of 
the right angle. 

11. Given the base and the difference of the squares of the 
sides of a triangle ; find the locus of the vertex. 

12. Given the base and the sum of the sides of a triangle ; 
if the perpendicular from the vertex on the base be produced 
through the vertex till its whole length equals one of the sides, 
shew that the locus of the extremity of the perpendicular is a 
straight line. 

13. If Aos, Ay be two straight lines, and through any point F 
there be drawn straight lines FF^Q^, FF^Q^, &c. meeting ^a; in 
Pj, P^, &c., and AyiTL Q^, Q^, &c., then, if -4Pj, AF^, <fcc. are in 
harmonica! progression, so also are AQ^, AQ^, &c. 

14. AB, AC are two straight lines given in position; a 
straight line DE meets them in 2), Ey respectively, so that 
AB + AE is- a constant length ; also DE is divided in the point 
P so that DP bears a constant ratio to EF ; the locus of P is 
a straight line. 
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♦CHAPTER VL 

The Straight Line with Abridged Notation. 

85. We have shewn (Art. 43), that the equation 

Ax-\-By+G-\-h{Ax + B'y\-C')^Q (1) 

can by varying h be made to represent any straight line 
passing through the intersection of the lines 

Ax-\-By-\-G^Q, A'x + B'y+ C'=^0 (2). 

Let the symbols L and M stand for 

Ax + By+C and A'x + B'y + C ; 

then equations (2) are written i = 0, M=0, and equation 
(1) is written L + kM=0, The lines i = 0, Jif=0 are 
usually called ' the line (L),* ' the line (3f )/ and their point 
of intersection is called ' the point {L, M),' 

Instead of the equation L + kM=0, it is often more 
convenient to use the symmetrical form Zi + iwif = 0. This 
will obviously not affect what has been said above, since we 

have simply substituted the arbitrary ratio y for the arbi- 
trary constant h 

86. Since (Art. 47) the equations to parallel straight 
lines may be wiitten so as to differ only in their constant 
term, any straight line parallel to (i) can be written in the 
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form i + c = 0, where c is a constant. The lines {L + c), 
(L — c) are parallel to and equidistant from (i). 

K any number of lines (X), (JIf ), (JV), &c. be parallel, 
then the equation 

lL-\-mM-\-nF-\-&.c.^Q (1) 

will represent a straight line parallel to them ; for (i), (if), 
{N)y &c. will be of the forms 

^a: + % + (7=0, -4a? + 5y + (7'=0, ^a: + 5y+(7"=0, &c. 

and equation (1) becomes 

^a? + i^y+ i + 7n + n + &c. "' 

which represents a straight line parallel to the given lines. 

Again, if (i), [M), {N), &c. pass through one point, (1) 
will generally represent a straight line passing through that 
point ; for the co-ordinates of the point make i = 0, Jf = 0, 
N^ simultaneously, and therefore satisfy (1). We say 
generally, because I, m, w, might be such as to make the 
left-hand member of (1) vanish identically. 

87. The following example will shew how equations to lines may be found 
in this system of Abridged Notation. 

If (Zi), (M)f (N) he the sides of a tnangle ABC, opposite (o A, B, C, and 
points D, E, F be taken in {L\ (3f), (N\ respectively, to shew^ that the sides 
of the tria/ngle DEF may he represented hy 

I ' m ' n 

vhere I, m, n are constants. 

We may write the equations 

to CF, L+mM=0, to AD, M+nN'^O, to BE, N+ IL=0 ; 
and we have for the points 

L + mM=0 



Z=0 ) iJf=0 ) 

* M+ niV=0 J ' ^' N+ iZ=0 ) ' ^* 
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Hence the equation to DE is, since it passes through i>, of the f onn 
M+nN^lcL^O (1); 

and, once it passes through E, it is of the form 

N+lL + VM=0 (2); 

and^ since these forms are identical, we have 

whence h=ln, 2/=-, and (1) and (2) each become 

n 

N+lL + — = 0. 
n 

Otherwise, after writing equation (1) we may proceed thus. Since (1) 
passes through E, the values M=0, N+lL=0 satisfy the equation, and there- 
fore, substituting for N and M, we have, as before, 

Similarly it may be shewn, that the equations to the other sides may be 
written as stated above. 

88. If the equation to a straight line be written in the 

form 

p — x cos a — y sin a = 0, 

so that (Art. 55) the origin is on the positive side of the line, 
it is usual to employ one of the Greek letters for its abbre- 
viated form a = 0, so that all points, for which the expression 
a is positive, are on the origin side of the line. Let /3 = 0, in 
like manner, be written for 

J — a: cos )8 — y sin )8 = 0. 

Then we have shewn (Art. 54) that the a and fi of any 
point are its distances from the lines (a) and (fi). We have 
shewn also (Art. 58) that the equations 

are capable of a simple geometrical interpretation, and that 
they represent two straight lines drawn through the inter- 
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section of (a) and (/3), so that the perpendiculars dropped 
from any point of either of them upon the lines (a), 0^), are 
to one another as ^ : 1. 

Particular attention must be paid to the position of the 
origin, and the rules laid down in Art. 59 for determining 
the sign of k. The positive and negative signs in the figure 
of Art. 58 are now reversed ; but, exactly as in that article, 
for all lines which lie in the same angle as the origin and 
in the angle vertically opposite, the form is a — AjS = ; for 
lines which lie in the other two angles the form is a+Jc^ = 0. 
The student must be careful to bear in mind, that these 
remarks apply to the particular form of equation only, which 
we denote by (a), (fi), &c. Many problems occur, as above 
(Art. 87), where it is not necessary to introduce any limita- 
tion as to the forms of the equations or the position of the 
origin. 

89. We have shewn in Art. 58, Cor., that, when k = l, 

equations (7) and (8) of that article represent the bisectors 

of the supplementary angles between the lines ; hence the 

equations to the bisectors of the angles between (a) and 

(/3) are 

a-/3 = 0, a + i8 = 0. 

A little consideration will shew that the lines (a — A?)8), 
{koL — ^) are equally inclined to the line (a — )8); as are 
also (a + kfi), Qct. + ^) to the line (a + /3). 

90. The properties of the Harmonic Pencil will serve 
to illustrate this part of the subject. 

Def. Any four straight lines meeting in a point are 
called a pencil of four lines, and a straight line drawn across 
the pencil is called a transversal, A pencil is called har- 
monic if it divides any transversal liarmonicatly, that is, so 
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that the whole line is to one extreme segment, as the other 
extreme segment is to the middle part. The four points, 
where a transversal meets the pencil are called a Range. 

Let OA, 00, OB, 
OD be any pencil, 
and AGBD a trans- 
versal; then we shall 
shew that the ratio 

AD BD . 

-jp -7- -jrr^ is constant, 

in whatever way AD 
be drawn across the 
system. If we denote 
the angles ^50,^ CO, 
ADO, by 5, G,D,we 
have 

AD AD AO sin AOD sin (7 




AC AO AC smD sin AOG' 
BD BD BO sin BOD sin (7 



BG BO BO" sinD sinBOC 
AD BD sinAOD sinAOO 



(1); 



''AC BG" sin BOD ' sin BOG 

which is a ratio independent of the position of AD, and is 
called the anharmonic ratio of the pencil. When the right 
hand member of equation (1) = 1, the transversal is harmoni- 
caUy divided, and the pencil is harmonic. We then have 



AD : AG=BD : BG 



(2), 



and, if we consider AD, AB, AG as the first, second, and 
third quantities, respectively, equation (2) asserts that the 
first is to the third as the difference between the first and 
second is to the difference between the second and third, and 
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the quantities are therefore in hannonical progression. The 
lines KO, KA, KP, KB, in the figure of Art. 84, form an har- 
monic pencil. 

91. The lines 

form an harmonic penciL 

Let OA, OB, be the lines, a = 0, )8 = 0, then, if we 
suppose the origin somewhere in the angle A OB, the lines 
a-A^ = 0, a + *i8 = will (Art. 88) lie as 0(7 and OD 
respectively. Then we have 

smAOO ^ J sin AOD 
sin BOG SIR BOB' 

therefore, from Art. 89 (1), 

AB : AC=-BB : BO. 

92. Art. 91 is equally true, if the lines are 
i==0, Jf=0, i-A;if=0, L + kM^O; 

for (Art. 27, Cor. 2) we have L = \a, if = /i/8, where \ and fi 
are constants ; hence the equations 

L-kM^O and L + kM=0, 

may be written 

Xa - kfil3 = and \a + kfi^ = 0, or a-k'^^^ and aL-\-k'^ = 0, 

where k' is written for :^. These lines therefore form an 

harmonic pencil with (a) and (/9), that is with (i) and {M), 
The student must be careful not to assume that (L — M), 
{L + M) bisect the angles between (L) and (if); they do, 
however, form an harmonic pencil with them. 
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93. If (Jj), (M), {N) be three straight lines, and we can 
find three ccmsta/nts I, m, n, such that 

lL + mM+nN:=0 (1), . 

identically, then all the three lines {L), {M), (N), pass through 
one point, or are parallel. 

For, since (1) is true identically, we have L=—-yM—-jN 

identicaMy, and therefore Zr = is the equation to a straight 
line passing through the intersection of {M) and (N), if they 
meet, or (Art. 86) parallel to them, if they are parallel. 

Ex. (1) The three straight lines that bisect the angles of a triangle meet in a 
point. 

Taking the origin of co-ordiDates within the triangle, let a=0, /3=^0, 7=0 
be the equations to the three sides ; then the equations to the straight lines 
bisecting the angles are 

a-/3=0, /3-7=0, 7-a=0, 

Here Z=m=n=], and the lines therefore meet in a point. 

Ex. (2) If, through the angular points of a triangle, there be drawn any 
three straight lines meeting in a point, then three straight lines, drawn through 
the same angles, equally inclined to the bisectors of the angles, will also meet 
in a point. 

The 6rst three lines may be represented by 

la-mp=0, mp-ny=0, ny-la=iO, 
putting -J for h &c. 

Then (Art. 89), the equations to the other three will be 

ma-'lp=iO, np-my=-0, ly-na^O, 

and multiplying these by — 7 , — , and 7- , respectively, they become 

ml nm In 

«-£=o 2-^=0 ^--=0 

I m m n n t 

and therefore we see that these also pass through one point. 
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Ex. (3) The straight lines joiniDg the angular points of a triangle with the 
middle points of the opposite sides intersect in one 
point. Let ABC be the triangle and the origin as 
before within it : let a = 0, /3 =• 0, 7 = be the 
equations to BC, CA, and AB, Then if D be 
the middle point of BC, the equation to ^Z> is 

^ sm CAD 

sin CAD CD . sin BAD BD or CD 

but : — 7=r- = TTi> *°^ : — iT^^ Tn » 

sm C AD am B AD 

sin CAD __ sin G 
•'• SnTeJi) "■ siuTS ' 

and the equation io AD becomes 

p am B-y sin C= 0. 
Similarly the equations to the other two lines are 

7 sin (7-a sinil = 0, a sin ii -/3 sin ^=0, 
and these three lines evidently pass through one point. 

Ex. (4) It maybe shewn in the same manner, that^ if AD he perpendicular 
to BC, its equation is 

p cos ^ - 7 cos C= 0, 

and that those of the other perpendiculars are 

7 cos C- a cos -4=0, a cos -4-/3 cos -8=0, 

and these three pass through the same point. 

94. Trilinear Co-ordinates, 

The distances a, A 7 of a point from the three sides of 
a triangle, formed by the lines (a), 08), (7), are called the 
Trilinear Co-ordinates of the point, and the triangle is called 
the Triangle of refereifice. By paying attention to the signs 
of a, P, y, the position of a point may be defined by these 
distances, and the properties of lines investigated by means 
similar to those employed in the Cartesian System. In this 
system it is usual to consider a as positive, when P is on the 
same side of BC as A, and as negative when on the other 
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Side, SO that the trilinear co-ordinates of a point within the 
triangle of reference are all positive. It will be seen that this 
is equivalent to considering the origin within the triangle, 
and the symbols a, &c. to stand for ^ — a? cos a — y sin a, &c. 

95. We proceed to shew the relation that must exist 
between the trilinear co-ordinates of 
a point. Let ABC be the triangle a 

of reference, the lengths of whose 
sides are a, 5, c. Take any point P 
within the triangle, and join it with 
the angular points; then the dis- 
tances of P from BC, ACy AB are a, ^, 7, the trilinear co- 
ordinates of the point, and the areas of the triangles PBC, 
PGA, PAB aie 

aoL J)8 cy 
"2' T' ~2' 

Hence, if A denote the area ABC, we have 

aa + Ji8 + C7 = 2A, 

as a constant relation that must always subsist between the 

quantities a, jS, y. If the point be taken outside the triangle, 

the same relation will be seen to hold, by giving the proper 

sign to Of, 13, y. It is clear that any point on BC gives 

a = 0, which is therefore the equation to BO; similarly )8=0, 

7 = are the equations to CA and AB, The point whose 

trilinear co-ordinates are a, ^, 7 may be called the point 

2A 
(pL^y) : thus the point A is the point — , 0, 0. 

Ex. To find the trilinear co-ordinates of the points of intersection in the 
Examples to Art. 93. 

In Ex. 1 we have at the point of intersection a=p=y; 
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a ~ b ~~ c ^ a + b + c * 

2A 

^ ' a+b+c 



Id Ex. 2 we have in like manner 



aa ^bp cy aa + bp + cy ^ 
<d " bm~ cn~~ al + bm + cn * 



.-. " = -*?= ^ = 



2A 



I m n al + bm + c%' 
The method is exactly the same for Ex. 3 and 4. 

96. By means of the relation proved above (Art. 95) any 
equation in trilinear co-ordinates can be made homogeneous, 

by multiplying each term by -^ — -^ ^ raised to a suitable 

power, since this quantity = 1. Thus, the equation to a 
straight line parallel to the line la + m^ + ^7 = 0, 

is (Art. 86) ?a + m^ + W7 + A; = 0, 

or as an equation homogeneous in a, ^, 7, 

2A (Za + W2^ + 717) + fc (aa + 57 + C7) = 0. 
Again, the equation a' + A^S + ife = becomes 
4AV + 2AAi8 (aa + 5^8 + 07) + A;(aa + 5^8 + 07)' = 0. 

97. The equation to any locus can be transformed from 
Cartesian to Trilinear co-ordinates, without altering the de- 
gree of the equation. For (Art. 75) the axes may be made to 
coincide with two sides of the triangle of reference, GB, CA, 
without raising or depressing the equation ; then, if x, y and 
a, )8 be the co-ordinates of any point P in. the two sys- 
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terns, respectively, and the angle 

ACB = (o, we have x = 13 cosec ay, 

y=acosectt); hence any equation 

in X and y may be written as an 

equation of the same degree in a, 

13, and can be made homogeneous 

in a, 13, 7, by the method of Art. ^ 

96. Hence the Cartesian equation to any straight line can 

be transformed into an equation of the form 

la + ml3 + ny = 0, 

that is to say, the general equation of the first degree in tri- 
linear co-ordinates can be made to represent any straight 
line, by giving suitable values to I, m, n. 

98. Conversely, with one exception, every equation of 

the form 

Id + m^ + wry = 0, 

will represent a straight line ; for it may be written 

n n c 

and by writing a = a?sintt), /3 = ysina), as in Art. 97, we 
have an equation of the first degree in x and y, with CB, CA 
for axes. This will always represent a straight line, unless 

I a m h ^ ^ 

- = -, — = - or 6 : m : w = a : o : c. 
n c n c 

Cor. If the lines {L), (M), (N), are the sides of the 
triangle of reference, then, since (Art. 92) we may write 

IXjol + mfifi + nvy =: ior IL + mM + nN^^O, 

it follows that any straight line can be represented by the 
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latter equation, and that it will always represent a straight 
line, unless tX, : mfju : nv = a : b : c. 

99. We shall now examine the meaning of the equation 
aoL + b^ + cry=0, or a sin J. + )8 sin B + 7 sin (7 = 0, 

since these two are equivalent. 

The equation is in itself impossible, since we have already 
proved that aa + b/S + cr/ is a constant quantity and cannot 
= 0. But we saw (Art. 26) that the line {Ax + % + (7 = 0) 

cuts oflF intercepts on the axes — -j , "" d > hence, if A and 

B become very small, the intercepts on the axes are very 
great. Let A and B each = 0, then the intercepts become 
infinite, and the line is altogether at an infinite distance from 
the origin. We may express all this shortly by saying that 
the equation (7=0, that is, a constant = 0, represents a 
straight line at infinity, and assign the same meaning to the 
equation la + m3 + ^7 = 0, when the ratios I : m : n approach 
indefinitely near to the ratios a : b : c. The direction of the 
line is wholly undetermined ; and it must be clearly under- 
stood, that the equation, impossible in itself, can only be ' 
used as a limiting form, to which possible equations may 
continually tend. 

100. To find the condition that the two straight lines 

Za + m/8 + 717 = (1), 

ra + m'^ + w'7 = (2), 

should be parallel. 

Suppose a third straight line 

Xa + /A/3 + 1/7 = (3) 

to pass through the point of intersection of (1) and (2). 
Then for this point (1), (2), (3) are true simultaneously ; and 
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a relation between the constants may be found, by solving 

a B 

(1) and (2) for -- and - , and substituting the values so 

found in (3). Now suppose \ fi,v to become a,hy c; then 
the line (3), and therefore the point of intersection of (1) 
and (2), has moved oflF to an infinite distance, and the re- 
lation obtained is the condition of parallelism. It will be 
found to be 

[mn* — rnn) a + {nV — nl) b + (im — Vm) c = 0. 

101. To find the equation to a straight line which passes 
through the points (a'^V), (a"i8'V). 

Let the equation to the line be 

la +ml3 +ny =0 (1) ; 

then Za +w/3' + n7 =0 (2), 

and Za"+7ni8"+7i7"=0 (3). 

Eliminating n and m successively from (2) and (3), we 

have 

I m _ n 

and the required equation is 

OSy - ^'y') a + {y'a" - ^'a ) /3 + (a')8" - a"/3') 7=0. 

102. To find the angle between the straight lines 

a-A;/S = 0, a-i'/3 = 0. 

If (a) and (/S) be taken as the axes of x and y respec- 
tively, it is shewn in Art. 97, that the Cartesian co-ordinates 
of any point (xy) in either line are in the same ratio as the 
perpendiculars, a and /3, upon the lines ; hence the equations 
to the lines referred to these axes are 

y=^Jcx, y^lcx\ 
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and by Art. 49, if a and ^ contain an angle (7, the angle 
between the lines is found by the equation 

,. X- (Jc.-k')smO 

'^ ! + (& + &') cosC+M'' 

and the condition of perpendicularity is 

l + (i + A')cos(7+M'=0. 

Ex. To find the angle between the stnught lines 

From the relation aa + 6/3 +C7= 2 A, we may, by sabstituting for 7, write 

the equations 

{te-nd) a + (mc-nJ) ^+2»A=0,. 

(Z'c - n'a) a + (m/c - w'6) /3 + 2wA = ; 

and the equations to lines parallel to these through C, are found by omitting 
the term 27iA in each. The angle (4>) between these is the angle required, and 
the value of tan (<l>) is found to be 

{ {Ic - no) {m!c - n% - {mc - nb) (J/c - w'a) } sin C 

(fc - na)(Vc - n'a) + (mc - 7hb){m'<i - n/b) - { {le - na)(m/c - n'b) + {mc - nb){l^c - n'a) jcosC * 

which becomes, after a reduction which requires care but presents no difficulty, 

{mmf - m^n) sin J. + {rW - n'Z) sin -B + (Im' - Z'm) sin O 
U + mm! + nn' - (mn' + m'n) cos J. - (nZ' + n'J) cos B - (Im/ + I'm) cos C ' 

The lines are parallel, if the numerator of this fraction yamshes, and per- 
pendicular, if the denominator vanishes. Th» former result agrees with Art. 
100. 



103. Let A, B, Py D be any four points in a plane ; then three pairs of 



straight lines can be drawn, so that 
each pair includes all four points. 
Let these pairs be BQ, AC; BE^ 
FEy BDy AF. The figure is now 
called a complete quadrilateral, and 
its properties furoish a good illustra- 
tion of this subject. 

Let ABO be the triangle of re- 
ference ; then we may write the 
equation to BD 

Zo-W7=0 (1), 
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since it passes through (c^ y), and any yalue may be given to the arbitrary 

ratio -J . Similarly the equation to AF may be written 

w^-»y=0 (2). 

Hence the equation to FB since it passes through F, the intersection of 
(a) and (mp-wy), may be written 

mp'-ny + ha=0 (8), 

and since it passes through D, the intersection of (fi) and {la^rvy), when p»0 
in (8), la=7vy: hence substituting for and y, we have 

-la + hi=^0 or Js=ly 
and the equation to FE is 

Za+mj3-n7 = (4). 

Similarly the equation to 00, which passes through C (a, p) and O 
(la-wy, m/S-wy), is 

Za-m/3=0 (6), 

and the equation to (7£> which passed through C (a, p) and ^ (2a + mjS - ny, y), is 

* 

Za+mi3=0 , (6). 

Hence (Art. 91) CB, CA, CG, OE form an hannonio pencil^ for theu 

equations are 

= 0, /9=0, la-mp^Oy 2a + m/3=0. 

We leave it to the student to prove that EB, EF, EO, EC and 6F, OD, 
QCf OE form harmonic pencils. We might with equal propriety have used 
the abbreviations L, M, N instead of the trilinear co-ordinates a, p, y. 

We have throughout this Chapter, for the sake of sim- 
plicity, used the equation of Art. 32 in the form 

a? cos a + y sin a —p =5 0, 
but the form for oblique axes, 

a? cos a + y cos (© — a) —p = 0, 
would have been equally applicable. 
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EXAMPLES VI. 

The triangle ABG is supposed to be the triangle of reference. 

1. Find the equation to a straight line through the vertex A 
of a triangle, parallel to the base £G. 

2. Find the equation to the straight line joining the middle 
points of AB, AG. 

3. Find the equation to the straight line passing through the 
point (a jS'y'), and parallel to (Za + mfi + wy = 0). 

4. Find the equation to the straight line joining the feet of 
the perpendiculars from A and B on BG and AG respectivelj. 

5. If the lines represented hj the equations 

{a-h'){a-hp) + {b'-a)y = 0, 

(6-6')(a-a)8) + (a-5)y = 0, 

intersect in the line a — aP = 0, shew that the following relation 
holds among the constants : 

{a'+b'){a + h) = 2{aV + db). 

6. Find the co-ordinates of the point of intersection of the 
lines la + mfi + 7*y = and I'a + mfi + nfy = 0. 

7. Find the condition that the three points 

(a'iS'y'), (aTVO, {'^"TVl 
may lie on one straight line. 

8. Shew that the straight line, drawn through A parallel to 
BGf and the bisector of BG from A, form an harmonic pencil 
with AB and AG. 

9. Find the trilinear coKxrdinates of the point in which the 
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straight lines meet, which are drawn from the angles of the 
triangle ABGy to bisect the opposite sides. 

10. In Art. 87 find the condition that ADy BE, CF may 
pass through one point. 

11. Find the equation to a straight line bisecting BG at right 
angles. 

12. The straight lines bisecting the three sides of a triangle 
at right angles meet in a point. 

13. Form the equation to a perpendicular to BC from (7. 

14. Find the perpendicular distance of the point (a^S'y') 
fipom the line (Za + mP + wy = 0). 

15. The straight line joining the middle points of the sides 
of a triangle is parallel to the base. 

16. Shew that any straight line may be expressed by the 
equations 

= r= = 7» 

I m n 

where {o!^y) is a fixed point on the line, r the distance between 
(a)3y) and (a'^S'y'), and I, m, n numerwaUy proportional to the 
sines of the angles which the line makes with BG, GA, AB, 

17. If the line la-\-mp-{-ny= 0, is drawn across the triangle 
of reference, shew that I, m, n cannot all have the same sign. If 
it meets AB, AG, not produced, in M, N, find the lengths of 
AM, AN. 

18. From the angles A, B, C of any triangle are drawn three 
straight lines AA\ BB\ GG\ bisecting the angles ; through A, B, G 
are drawn three straight lines perpendicular to AA', BB^, GG\ to 
meet BG, GA, AB, produced, in G, H, K\ 0, J7, K are in one 
straight line. 

19. ABG is a triangle, B and E are points within the tri- 



EXAMPLES VI. 101 

angle, such that the angle ABE^CBB^ and BOB = ACE \ shew 
that BAB = GAE. 

20. Interpret the equations 

a + )8 + y=0, j8 + y-a = 0, a + y-.j8 = 0, a + j8-y=0. 

21. The four angles of a quadrilateral ABCB are bisected by 
four straight lines ; the bisectors of A, B meet in E, of -5, G in jP, 
of G, B ixx G, of Ay B ia H. Prove that the directions of EG and 
FH pass through the intersection of the directions of AB, BG, and 
ABy CB respectively. 

22. From the angles of a triangle ABG straight lines are 
drawn through a given point within the triangle to meet the 
opposite sides in EyF^G; FG, GE, EF are produced to meet BGy 
GAy AB, 'mF,QyB; shew that P, ^, ^ lie in one straight line. 

23. If two similar triangles have their homologous sides 
parallel, the straight lines which join the equal angles meet in a 
point 

24. Shew that the result of Ex. 32, page 47, may be obtained 
by means of Art. 93. 



CHAPTER VIL 



The Circle. 



104. We have seen (Art. 61), that the general equation 
of the second degree 

may sometimes represent two straight lines. Before ex- 
amining generally all the loci represented by it, we shall 
shew that certain particular forms of it are capable of being 
interpreted, and will represent circles. We shall afterwards 
see that the circle is a particular case of a class of curves 
represented by the general equation; and that the forms 
which we interpret are particular cases of one of the classes 
of equations into which we shall divide it. We adopt this 
plan on account of the simplicity of the circle, and because 
the reader is already familiar with its principal properties, 
geometrically treated. 

105. To find the equation to a circle whose centre cmd 
radius are given, the co-ordinates being recta/ngviar. 

If C (ah) be the centre of the circle, P any point (xy) on 
the circumference, and CM be drawn 
parallel to Ox to meet the ordinate of y 
Pin R, we have 

CIP + PIP^CP\ 

or (x — ay + (y — by = r', 

where r = the radius of the circle. 
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This follows directly from Art. 7 ; and in fact the equa- 
tion only asserts, that the distance between the points (ab) 
and (xy) is constant and equal to r. 

If the co-ordinates be oblique, and inclined to one another 
at an angle = ay, we have, since angle CBP now = 180*^ — o), 

(a;-a)^+ (y-5)' + 2 (a; - a) . (y- &) cos© = 7^; 

but we shall seldom have occasion to use this equation. 

106. Expanding the general equation to the circle re- 
ferred to rectangular axes> we have 

a? + y'-2ax-2by + a* + V'-f^=^0; 

and hence it appears that the general equation to the circle 

is of the form 

a? + y^ + I)x-\'Ey + F=0, 

D, E, ^ being any constants. The equation 

may be reduced to this form by dividing by A, and is there- 
fore the most general form that the equation can assume, 
when the co-ordinates are rectangular. 

107. Hence if we can reduce an equation to the form 

a? + f + I>x + JEh/ + F=0, 

we may always interpret it ; for, adding "j- "*■ IT *^ ^^^^ 
sides of the equation, we have 

I. If -T- "*■ IT "" ^ ^ positive, this is the equation to a 
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circle, the co-ordinates of whose centre are 

a; = — -^j y = — -5-,and whosera(iius==(-T- +-2" —-^j . 

II. If the quantity "T" "*" "Z"" '^ be = 0, the equation 

may be considered to represent a circle with an infinitely 
small radius, or (Art. 65) two imaginary straight lines 



X 



+I+^(y+f)=o. -+|-V^(y+f)=o. 



which intersect in the only real point for which the equation 
is satisfied, namely the point ( — «- > "" 9" ) • 

Z)" W 
III. If -- + -7- — ^ is negative, there are (Art. 66) no 

values of x and y that can satisfy the equation, and the circle 
is imaginary. 

Ex. 1. The equation o^ + y*- 2a! + 4y + 1 =0, may be written 

(«-!)«+ (y+2)» = 4, 

which represents a circle, the co-ordinates of whose centre are x—l^ y= -2, 
and whose radius =2. 

Ex. 2. The equation a^ + y* + 2«-6y + 10=0, may be written 

(a; + l)» + (y-8)»=0, 
a circle, the co-ordinates of whose centre are x= - 1, ^=8, and whose radius =0. 

Ex.8. ac^+y' + 2« + 6y + ll=0, or(a; + l)* + (y + 8)'=-l, represents an 
imaginary drde. 

108. If in the equation {x - aY + {y-iy^t", 0=0, J=0, 
or the centre of the circle be origin, the equation becomes 

af + y'^r^. 

If a =5 r, J = 0, or a diameter be chosen as axis of x, and 
its extremity as origin^ the equation becomes 

a5"-2raj + y' = 0; 
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and similarly, if the axis of y be a diameter, and the origin 
at its extremity, the equation is 

109. It may be observed here, that in the circle, as well 
as every other curve, if the origin is on the curve, there will 
be no term which does not involve either a? or y ; for the 
equation must be satisfied by the values x = 0, y = 0, which 
cannot be the case, if there be a term which does not vanish 
when a, aad y vanish. 

110. If we expand the equation to the circle (Art. 105), 
referred to oblique axes, we obtain 

a?+^+ 2 cos ay.xy — 2 (a + 5 cos o)) a? — 2 (& + a cos o)) y 

+ a'+ 5'+ 2db cos © - 7^= (1). 

Hence, if the inclination of the axes be a>, the general 
equation to the circle is 

x* + t^ + 2coso).xt/ + I>x + Ey + F=^0 (2), 

where B, E, Fsne constants. 

CoR. In order then that the general equation 
Aa?+ Bxy + Gf + Dx + Ey + F'^0, 

may represent a circle, we must have 

A=C, 5=2^ cos®, 

where a> is the angle between the axes ; for then, by dividing 
by A, the equation can be reduced to the form of (2). 

Ex. To determine the inclinalioii of the co-ordinate axes, in order that 
the equation 

may represent a drcle, and to find the magnitude of its radios. . « 
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Comparing the equation with equation (1), we have the equations 
2co8w=-l, a* + 6*+2a6oo8«-«^=0, 
2 {a + hooBw) =l;=&2 (&+a cos ta), 

from which we obtain 

2 * 1. 

o 

111. The equation 

»'* + ^ = ^ 

will give us a well-known property of the circle ; for it may be 
obtained by eliminating k, by means of 
multiplication^ from the equations 

y = A(ii?-r) (1), 

y = ^l(a. + r) (2), 

where ^ is a constant andperfectly arbitrary. 

But these equations evidently represent lines which 

(i) pass through the extremities of the diameter QB, which 
is the axis of x ; for (Art. 43) equation (1) represents a line 
passing through the intersection of the lines y = 0, a? — r = 0, 
which is the point R ; and (2) passes through the intersec- 
tion of y = 0, a? + r = 0, which is the point Q. 

(ii) intersect in the circle, since by eliminating k between 
them we have the equation to the circle ; and 

(iii) are at right angles to one another by Art. 47 ; and 
they represent all lines which fulfil these three conditions. 
Hence we see that the locus of the vertices of all right-angled 
triangles on QR as base, is the semicircle QPB. 

112. To find the equation to the circle referred to polar 
co-ordinates* 
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Let Ox be the initial line, the pole ; let the co-ordinates 
of the centre C be the known quan- 
tities p', ff, and of any point P in the 
circumference, p, ; then 

CO'+P(7^2C0.JP0.cosPOG==CP', 

or p''+p*-2p>cos(^-^')=^* 
which is the polar equation required. 

It will be seen that this is the formula of Art. 14, and only 
asserts that the distance between the points, whose polar 
co-ordinates are p, 0, and p, 0', is constant and equal to r. 

Cor. 1. The two values of p which may be found from 
the equation 

p^-2p'coB{0-ff).p + p'^-r' = O, 

are the two distances from the pole of the points P, P', 
where the radius vector, which makes an angle with Ox, 
cuts the circle. The product of the roots of this equation 
(Appendix) =:p'* — r*, a quantity which does not change for 
diflferent values of 0. Hence the rectangle OP. OP' is constant 
for all positions of OP, When the roots are equal, or the 
line touches the circle, as OB, we have 

p'^-r'=Oi?. 
Hence OP. 0F=^ OIP, as in Euc. m. 35, 36. 

Cor. 2. If p' = 0, or the centre be pole, the equation 
becomes p = r. 

Cor. 3. If p' = r, and 0' = 0, or a diameter be the initial 
line, and one extremity of it the pole, the equation becomes 

p = 2r cos 0, 

The reader will do well to verify by geometrical figures 
the results obtained here and in Art. 108. 

113. In the foregoing articles we have assumed one only 
of the well-known geometrical properties of the circle, viz. that 
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the distance from the centre to the circumference is constant, 
and from this property we have deduced the equation. Most 
of the following articles will admit of being proved in a very 
simple manner by those properties of the circle with which 
the reader is familiar; but we prefer to deduce our proofs 
from the equation alone, because this method is the same as 
that which we shall use in the case of other curves ; and it 
is desirable that the student should perceive, that all the 
properties of the circle may be obtained from its equation, 
without any previous acquaintance with the curve. It will, 
however, be an exercise very profitable to the student, if he 
endeavour to deduce the equations of the following articles 
from any of the properties of tangents, &c. which he may find 
in Euclid. 

114. To Jind the length of a straight line drawn from a 
point (x'y') to meet the circle. 




Let PQBS be a line whose equation is 



c 8 

drawn from the point P{x'y') to cut the circle 

a5?-f.y*s=:r^.... 



(1), 



(2). 
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Now, if we substitute for x and y from (1) in (2), the 
result will be a quadratic in I, the two roots of which will be 
the distances PQ, PR of the point {x'y) from the points 
where PS cuts the circle. As we have drawn the figure the 
two values of I are (Art. 34, Cor.) negative ; if P were to lie 
between Q and R, one root would be positive and the other 
negative: if P were to lie in R8, both roots would be positive. 
Making the substitution, we have 

therefore, since s' + c' = 0, 

P + 2(caj' + 5y)Z+aj'» + 2^''-r' = 0....;....(3), 

or Z*+CZ + J?=0, 

an equation which will always give two values for I ; hence 
every straight line meets the circle in two real, coincident, or 
imaginary points, according as the roots of (2) are real and 
unequal, real and equal, or imaginary. 

115. If the points of section Q, R, become coincident, by 
Q remaining fixed, till R, moving along the curve, approaches 
indefinitely near to Q, the line will be a tangent according to 
Euclid's definition ; for it is of indefinite length, and meets 
the curve in one pomt only. We shall, however, find it con- 
venient to adopt language similar to that used in Algebra, 
and to speak of two coincident points, just as we speak of 
two equal roots, and do not call them cmc root. We shall 
then take the following as our definition of a tangent, since it 
is found more convenient than Euclid's, when we treat curves 
by Algebraic methods. 

Def. If two points be taken on a curve, and a chord 
drawn through them ; then, if the first point remains fixed. 
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while the second, moving along the curve, approaches indefi- 
nitely near to the first, the chord in its limiting position is 
called the tangent to the curve at the first point. 

116. We shall have occasion to consider the following 
particular forms which equation (3) of Art. 114 may assume. 

If i2 = 0, the point {x*y) is on the circle, and one value 
of I becomes = 0. 

If i2 = and ^ = 0, both values of I become = 0, and the 
line passes through two coincident points of the circle and is 
a tangent. 

If Q = 0, the roots of the equation are (Appendix) equal 
and of opposite signs, and {pcy) is therefore the middle point 
of the chord. 

117. To jmd the equation to a straight line touching the 
circle at a point (x'y*). 

Let P8 (fig. Art. 114) be the line 

^^^y^^l ..(1), 

C 8 ^ ^* 

cutting the circle 

a^+f^f^ (2), 

in the point Q (pdy). Then for the distances (Z) between 
{xy') and the points of section of the line and circle, we 
obtain as in Art. 114, the equation 

P + 2(ca/ + 5y')Z+aj'*+y"-r«=0, 

or ? + 2(ca;' + 52/)Z=0 (3), 

since {xy') is on the circle, and therefore 
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Equation (3) gives us 1 = 0, (as it should, for (pcfj/) coin- 
cides with one of the points of section), and also 

l + 2{cx' + 8y)=0, 

the value of I in which is the distance QR. But, if we sup- 
pose the point It to move up to Q, this distance vanishes, 
and the line becomes a tangent at Q {x*y*)\ and we have, as 
the condition that (1) should be tangent, 

ca;' + «/«0... (4). 

Eliminating c and 8 by means of this equation and the 
equation to the line, we have 

(a?-aj>' + (y-y)y' = (5), 

or a»'+yy-(i»''+y") = o, 

whence xod + yy* = r^, 

which is the equation to the tangent at the point {xy*). 

We leave the reader to obtain this equation geometrically, 
by means of known properties of the tangent. For example, 
he will find it easy to shew, from Euc. in. 16, Cor. that 

0? — 0?' _ y 

y-y ^" 

which gives us equation (5) of this article. 

118. If we transfer the origin to any point (— a, — J), so 
that the co-ordinates of the centre are a and b, we must 
write in the equation to the tangent, by Art. 70, 

a?- a, oj'-a, y-5, y'-h for a, ^yy,y\ 

respectively, and the equation becomes 

(a:-a)(;u'-a) + (y-6)(y'-&) = r«. 

119. If the problem be to find the equation to a tangent 
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which makes a given angle with the axis of a:, we must elimi- 
nate X* and y\ instead of c and 5, from equation (1). 



We have from (4), 



8 ^ X 



whence ^-^ = -^ , or ^ = ^2> 

from which and from (4), we have 

y = + re, oj' = + r^ ; 
whence from (1) 

cy — ao; = (cy' — 5a:') = + r (c* + «*) = + r ; 

or, if - = w, where m is the trigonometrical tangent of the 
c 

angle which the tangent makes with the axis, we have 

y = mx ± r Vl + m\ 

120. We may obtain the above result as follows. Let 

i/ = mx + h, a?*+y'=/, 

represent a straight line and a circle ; then, if we find values 
of X and y which satisfy both these equations, these will be 
the co-ordinates of the points, where line and circle intersect. 
Eliminating y between them, we obtain 

a? + (mx -\-by = 7^, 

the roots of which equation are the abscissae of the points of 
intersection. If the line is a tangent, these roots are equal, 
and we have (Appendix) 

whence J« = r* (1 + w*). 
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which is the condition of tangency obtained above. Hence, 
as before, the equation to the tangent, which makes with the 
axis of X an angle = tan-* m, is 

y = mx ± r Vr+ w', 

the double sign referring to the two tangents at the ex-» 
tremities of any diameter, which are parallel. 

It may occur to the student, that we have here used a 
necessary f but not a sufficient condition of tangency, since the 
abscissae of the points of intersection would be equal, if the 
line were a chord parallel to the axis of y. But in this case 
the equation to the line would be of the form a? = a constant, 
and we could not obtain our result by the .elimination 
of y. 

Cor. 1. Hence the condition that any line y = mx + h 
should touch the circle ic* -f- y' = r*, is 

^ If this condition be written 

h 



= r. 



it asserts that the^. perpendicular from the centre on the line 
y = mx + J is equal to the radius. Hence, more generally, 
the condition that the line 

Ax + By+C^O (1) 

should touch the circle 

(a?-a)«+(y^J)»=r« (2) 

is that the perpendicular from the point {ah) on (1) should 
be equal to the radius of (2). That is (Art. 52) 

Cob. 2, Hence the equation to the tangent^ in terms 
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of its distance from the centre, and the angle a which that 
distance makes with the axis of x, is 

a? cos a + y sin a = n 

121. To determine the eqtiations to the tangents drawn to 
a circle from any point (x'/). 

Let the equation to the tangent be 

y — »wJ=±r^/l+w*; 

then, since it passes through (x'y), the co-ordinates of that 
point satisfy the equation, and we have 

or (a/'-r^m«-2a?ym + y"-y^ = (1), 

a quadratic to determine the two values of m, in the equa- 
tions to the two tangents which can be drawn to the circle 
from (xy). If fi and fi be the two roots, the required 
equations will be (Art. 29, Cor. 1) 

y-y'^/iix-x), y-y'=/EA'(a:-a') (2). 

Cor. Solving equation (1), we have 

whence we see that the values of m are real, if oj'* + y'* > r\ 
or the point is outside the circle; they are equal, when 
x'^ + y^=^f^y or the point is on the circle; and they are 
imaginary, when aj'" + y'*<r*, or the point is within the 
circle. Hence we say, that from a/ny point {x*y), there can 
be drawn two real, coincident, or imaginary tangents to the 
circle. We do not attach any geometrical meaning to the 
term 'imaginary tangent.' We simply mean to say, that, 
even when /jl and fi' are imaginary, equations (2) can be 
formed, which satisfy the conditions of tangency, and are 
satisfied by the co-ordinates of the point (a?y}. In Art 62, 
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Ex. 2, we have a numerical example of imaginary lines which 
pass through a real point. 

122. The straight line drawn through any point in a 
curve, perpendicular to the tangent at that point, is called 
the Normal. 

In the case of the circle, if the point be {x'y), the equa- 
tion to the normal is 

where m must (Art. 47) have a value, the reciprocal of the 
value found in the case of the tangent, and must be of a 

different sign; hence, (Art. 119) w = ^, and the equa- 
tion is 

which, after reduction, becomes 

the equation to a straight line passing through the origin ; 
hence every normal in the circle passes through the centre, 
as is proved in £uc. IIL 19. 

123. To find the equation to the chord joining the points 
of contact of two tangents from any eoctemal point (x'y'). 

Let P' {xy) be the external point, and let PP" be the 
line whose equation is required. 

Now the equation to P'P", the 
tangent at P" (x'Y), is (Art. 118) VL— — 7^ 

XX +yy =r^, 

and, since this line passes through 
P' (x'y'), the co-ordinates of P' satisfy 
the equation ; hence 
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hence the values aj = a;", y^y" satisfy the equation 

xx'\-yy^7^, 

or P"(aj'y) is a point on the line it represents; and by 
exactly similar reasoning, P, the other point of contact, is on 
this same straight line ; hence 

XX* + yy* = n^ 

is the equation to the chord joining the points of contact of 
tangents drawn from the point {xy) ; for it is the equation 
to some straight line, and both P and P" have been proved 
to lie in it. 

Cor. Hence, to draw tangents to the circle from any 
external point {xy'), we have the two equations 

XX* -Vyy' — 7^, a? + y^ — r^, 

to determine the co-ordinates of the points of contact. These 
equations will always give two points, corresponding to the 
points of intersection of the line and circle. 

124. A chord of a circle is drawn through a fixed point 
(x'y'), and ta/ngents are drawn at the points where it cuts the 
cirxile ; to find the equation to the locus of the intersection of 
these tangents, when the chord is turned about the point (x'y'). 

Let P' be the point {xy), P'QR the chord, and let 
the tangents at Q and 5 intersect in 
P'' {x'y') ; it is required to find the 
locus of P", as the chord turns about 
P'. Considering P'B as the chord join- 
ing the points of contact of tangents 
drawn from the point {x"y"), its equa- 
tion is (Art. 123) 

xx" + yy''=r\., (1); 
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but, since it passes through P' {x*y*) we have 

x'x'' + yy^r^ (2); 

but (aj'y) is any point in the required locus, and ita co- 
ordinates satisfy the equation 

xod -)r yy* ^ 1^ ....(3) ; 

hence the co-ordinates of every point in the locus satisfy 
this equation, which is therefore the equation required. The 
locus is therefore a straight line. It is^ evidently perpen- 
dicular to the line (xy* — yoi = 0), i. e. to the line joining the 
centre to the point (pilJ). 

125. The reasoning of the preceding Article is very often 
perplexing to the beginner. The diflSculty commonly arises 
from the use of the co-ordinates of P" (aj'y) as constants in 
equation (1), and afterwards as variables in equation (3). 
We should bear in mind that, although P" is a moveable 
point, we do not examine its position during its motion, but, 
taking it in any cme of its several positions, we obtain a rela- 
tion between its co-ordinates, while in that position. The 
relation so obtained is equally true for all positions, and is 
therefore the equation to the locus of the point. Thus, equa- 
tion (2) is a relation obtained between the co-ordinates of 
a certain point P". Equation (3) declares this relation to 
be true for all points determined by the same law as F'\ 

126. TheUne 

ocx' + yy'=^r\ 

is called the polar of the point {xy") with regard to the 
circle 

and the point (x'y') is called the pole of the line.. These 

^ This statement must be omitted, when we refer to this proof in the ease 
of other curves. 
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terms must not be supposed to have any such meaning, as 
they have in Art. 11. As the equation to the polar is one 
of the greatest importance, and will be frequently used in 
the following pages, we will define its exact meaning in all 
cases. 

(1) The position of the point P' (Art. 124) is not sub- 
ject to any limitation ; hence, wherever the point {xy') may 
be, the equation aac' + yy'^r* represen£s the locus of the 
intersection of tangents drawn at the extremities of chords 
which all pass through {x*y'). 

(2) If the point be without the circle, this locus is 
(Art. 123) identical with the chord joining the points of 
contact of tangents drawn from {xy'), 

(3) If the point be on the circle, the locus is also 
(Art. 117) the tangent at the point (a?y). 

In the following figures, P is the point (x'j/), and RQ is 
the line {xai + yy' « r"). 

Let P be vnthin the circle ; then, if 8T, ffT^ce chords 




drawn through P, and the tangents at their extremities meet 
in R and Q, iZQ is the locus, and the polar has the inter- 
pretation (1) only. 
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Let P be without the circle ; then the polar has the inter- 
pretations (1) and (2) ; that is, RQ is the chord of contact <rf 
tangents drawn from P, and also, if any chord P8T be drawn, 
the tangents at S and 2^ intersect in RQ. 




Let P be on the circle ; then the polar is the tangent at 
P. It has also the interpretation (1) : for, if any number of 
chords be drawn from P, as P8y P8\ the tangents at the 
extremities of those chords intersect in the line RQ, This is 
evident, since RQ\s itself one of the tangents in every case. 
It has also the interpretation (2), for the chord of contact 
now coincides with the tangent. 



127- If we define the points of contact of tangents 
drawn from (a?y ), to be the points whose co-ordinates, real or 
imaginary, satisfy the equations (Art. 123, Cor.) 



^ + yy = ^> a^ + y' = y^. 



(i)> 



then, even when {x'y) is within the circle, the polar may be 
said to be the chord joining the imaginary points of tangency. 
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We attach no geometric meaniDg to the term 'imaginary 
point ;' we simply mean that the imaginary values of x and y, 
obtained from equations (1), satisfy the real equation 
aa' + yy = r», which, is obviously true. In this sense then, 
real lines may be said to contain imaginary points. Thus 

the line 2a?=3y contains the imaginary point (3V— 1, 2V— 1) 
and an infinite number of others. We saw before (Art, 121) 
that imaginary lines might contain real points. 

128. We saw (Art. 124) that the polar of a point {xy") 
is perpendicular to the line joining (xy) with the centre. 
Also^ if Pbe the point (x'y), QR the polar [xx •\-yy' ^ii^)^ 
and CLR the perpendicular from C7, we have (Art. 52) 



€R^ 




but CP=(aj''+y'^*, CL = r, 

.% CR.CP^CV\ 

hence we have an easy geo- 
metrical construction for the 
polar ; for, if in GF or GP pro- 
duced (according as GP> or 
< CX) we take a point i2, so 
that 

CR : CL^CL : CP, 

and through R draw RQ perpendicular to GR, RQ will be 
the polar of P. If SP is perpendicular to OR, 8P is the 
polar of R. This is a particular case of the property proved 
in the next article. 

129. If any point (x'y') be taken on the polar of the 
point (x"y"), th&n the polar of (x'y') shall pass through 
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For the equation to the polar of (a^'y) is 

and the Condition that {x'y*) should lie oh. this line^ id 

but this is also the condition to be fulfilled in order that the 
polar of (pdy)^ whose equation is 

should pass through the point {pd'j/'). 

Cob. Any straight line (Aa>\-By-\- (7=0) can be written 
in the form 

which is of the form axc' + yy — »'* = 0, and is therefore the 
polar of a point ^r* — T7-; hence the preceding propo^ 

sition may be thus enunciated : If points he taken in any 
straight line, the polar s of these points will all pass through 
a fixed point This fixed point is, from above, the pole of 
the straight Une, 

130. The polar of the intersection of two straight lines is 
the straight line which joins their poles. 

Let AP, BP be the two lines 
intersecting in P, and let A\ J5' 
be their poles. Then, since the 
point P is taken upon AP, the 
polar of A\ therefore the polar 
of P passes through A'. Simi- 
larly the polar of P passes 
through B 'y therefore A'B ig 
the polar of P. 
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131. If in the equation to the tangent, 

we write a?', x for x, x' and y\ y for y, y\ respectively, the equa- 
tion remains unchanged. A careful examination of the proofs 
of Arts. 123—127, 129, 130, will convince the student that 
they aU depend upon this property of the equation, and that, 
if the equation to the tangent of any curve possesses this 
property, all the above theories of poles and polars are true 
for that curve. It is very important to see this clearly, as 
we shall not repeat the proofs. 

132. To find ike locus of the middle points of any system 
of parallel chords in a circle. 

Let ^:i^=yry'=? 

c s 

be the equation to any one of the chords of the system, (x'y') 
its middle point; then, for its intersection with the circle, 

(^ + y* = 0> "^^ have, as in Art 114, 
* 

P+2(caj' + «y')Z+a^'* + y'*-^=^0, 

I being the distance from the middle point {x'y') to the points 
of section of line and circle : hence the roots of this equation 
are equal and of opposite signs, and therefore (Appendix) we 
have 

a relation which is true for the coordinates of every middle 
point, since c and s are the same for every chord of the 
system, and therefore the equation 

cx + sy^^O 

is the equation to the locus of the middle points, and evidently 
represents a straight line through the centre and perpen- 
dicular to the chords, a result agreeing with Eua m. 3. 
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133. The equations to two circles are given ; to find the 
eqtuition of the straight line which joins their points of inter- 
section. 

Let the equations to the two circles be 

a^+f + Bx + Ey + F^O (1), 

aj'+^+i7aj + JSry + J?' = (S); 



then, by Art. 43, if k be any constant, 

is the equation to some locus passing through the points 
where (1) and (2) intersect, since it is satisfied by those values 
of X and y which satisfy (1) and (2). The equation may be 
written 

{l+h)a?'\-{l+k)y'-\-{Di-kD')x+iE^kE')i/ + F'{-}er:=-0, 

which evidently represents a circle (Art. 107) since it can be 
reduced to the form 

a? + y' + Px+Qy + R=-0, 

by dividing hj 1+k. 

If A? = — 1, or (2) be simply subtracted from (1), the 
equation becomes 

{D--I)')x + {E^E)y + F^r^O, 

which is therefore the equation to a straight line passing 
through the intersections of (1) and (2), 

Cor. Equation (3) may be made to represent any parti- 
cular circle which passes through the intersection of (1) and 
(2). For suppose that it passes through some othet point 
{xfy) ; then, if the values x' and y' are substituted for x and 
y in (3), we shall have an equation to determine the value of 
k in the circle which we wish to represent. The circle is 
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now completely detennined, as we should expect, since only 
one circle can be described through three points, ie. about 
a triangle. 

*134. Let the equation to any circle (Art. 106), referred 
to rectangular axes, be 

aj' + y* + i)aj + % + ^=0 (1); 

then (Art. 107) it can be written in the form 

{x-aY+{y-hf-f> = (2), 

where the point [ah) is the centre, and r the radius. Let 8 
denote the left hand member of (1) and (2) ; then, since 
(a? — aY + (y — 6)* is the square of the distance of any point 
{xy) in the plane from the centre (a J), it is evident (Euc. 
L 47) that 8 is the square of the length of the tangent drawn 
from [xy) to the circle. It is easily seen that 8 is positive, 
zero, or negative, according as {xy) is without, on, or within 
the circle. 

*135. We have seen, by Art. 133, that, if 8 and 8' are 
syn^bols standing for the expressions 

a? + y* + Dx + JEy+F; a?-{'y^+ D'x + E'y + F\ 

so that 

5=0 (1), i8' = (2) 

are the equations to two circles, then the equation 

8-8' = (3) 

is the equation to a straight line, and that, if the circles 
intersect, the points of intersection will lie on (3). But (3) 
is a real line, whether the circles intersect or not, and in the 
latter case is satisfied by the imaginary values of the co- 
ordinates of intersection. In either case it possesses the fol- 
lowing important property with regard to the circles ; if, from 
any point of it, straight lines be dravm to touch both circles, the 
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lengths of those lines are equal ; for the squares of the lengths 
of the tangents to (1) and (2) from any point {xy) on (3) are 
(Art. 134) equal to S and S' respectively, and (3) asserts 
that these are equaL The line (3) is called the Radical Axis 
of the two circles. 

*136. The three radical axes belonging to three given 
circles meet in a point. 

Let the equations to the three circles be 

5=0, S'^O, ff'^0; 

then the equations to the radical axes of these circles taken 
two and two together, are 

>Sf-5' = 0, ff^8" = 0, 8"^ 8^0. 

At the point where the straight lines represented by the 
first two of these equations intersect, we have 

hence 8''- 8=0; 

that is, the third straight line passes through the intersection 
of the first two. 

*137. If in the equation to one of the circles, 

we suppose r to vanish, the circle is reduced to the point 
{ah) ; hence if we subtract this from the other equation, the 
radical axis is now a straight line, such that the tangents 
from any point of it to the circle are equal in length to the 
distance of that point firom a given point (oJ). 

If both radii vanish, and both circles become points, the 
radical axis becomes a straight line, every point in which 
is equally distant from two given points. 
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The student will find it easy to prove, that the radical 
axis is perpendicular to the line joining the centres of the 
two circles, and is consequently the common tangent, when 
the circles touch. 

* 138. If there be two unequal circles which do not inter- 
sect, there will evidently be two points, on the indefinite 
straight line joining their centres, from each of which a pair 
of tangents common to the two circles may be drawn. The 
points will lie, one between the centres, and the other ex- 
terior to the smaller circle. They are called the Centres of 
Sim%litvde\ 
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1. To find the centre and radius of the circle 

05* + y" - 6 a; + 4y + 4 = . 

2. Investigate the line or lines represented by the equation 

3. Find the common chord of two circles 

(a;-l)' + (y-2)'^6, (» - 2)' + (y - 3)« = 8. 

4. To find the equation to a straight line which passes 
through the centres of the two circles 

a* + 2aj+2^« = 0, y* + 2y + iB* = 0. 

5. To find the equation to a circle having for its diameter the 
line joining the points of intersection of the line, y = mx, and the 
circle, y* = 2rx — af. 

^ The properties of these points are discussed at length in Salmon's Conic 
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6. Find the equation to the circle^ the diameter of which is 
the common chord of the circles 

7. What is represented by the equation 

aj(a;-2) + y(y-4) + 8 = 0? 

8» Find a relation between the coefficients of the equation 

in order that (1) the axis of x^ and (2) the axis of y, may be 
tangents to the circle. 

9. To find the inclination to the axis of x of the tangents 
drawn from any point {xy') to the circle whose equation is 

10. To find the relation between the quantities a, 5, r, in 

X 11 

order that the line - + ? = 1 may touch the circle «* + y" = r*. 

ah'' ^ 

11. To find the equation to a circle, the centre of which 
is at the origin of co-ordinates, and which is touched by the line 

y = 2a5+3. 

12. To find the intercepts on the axes of co-ordinates of 
the tangent to a circle (»* + y* = r*), drawn parallel to a given 
straight line, (a; cos a + y sin a =^). 

13. If 2a', 2a' be the inclination of two radii of a circle, 
a^ + y' = r*, to the axis of Xy to find the equation to the chord 
joining the extremities of the radiL 

14. If the pole always lie on a line 

and the equation to the circle is aj* + ^ = r", the equation to the 

polar is 

(aa;-r*)cosfl + (5y-r*) sinfl = 0, 

where Q is any angle. 
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15. If the pole of a straight line with regard to the circle 
fic* + y* = r' lie on the circle aj' + y's^r*, the polar will touch the 
circle 

16. Find the equation to the circle which has each of the 

1 2 

co-ordinates of the centre = ~ „ , and its tudius = -7= , the axes 

being inclined at an angle of 60*^. 

17. Prove that the circles 

05* + y" = (c + a)*, (aj - a)* + y* = c*, 
have only one common tangent, and find its equation. 

18. Find the locus of the middle points of chords drawn from 
the extremity of the diameter of any circle. 

19. If circles be described on the sides of a triangle as 
diameters, they will intersect in the points where the perpen- 
diculars from the opposite angles meet the sides, or the sides pro- 
duced. 

20. Find the locus of the vertices of all triangles which have 
a given base, and a given vertical angle. 

21. Prove Euc. iii. 31, from the resulting equation. 

22. Tangents are drawn to a circle aj" + y* = r*, at two points 
(o/y'), (as'y ) ; to £nd the distance of a point (hk) from a straight 
line passing through the centre and the intersection of the two 
tangents. 

23. To find the equations to straight lines touching a circle 

aj" + y»=10, 
at points, the common abscissa of which is unitj. 

24. Find the equation to a straight line touching the circle 
and parallel to a given line y = mx + c. 
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25. To find the equation to the straight line passing through 
the origin of co-ordinates, and touching the circle 

26. To find the length of the common chord of the circles 

(aj-a)»+(2/-6)' = r', (» - 6)» + (y - a) = r». 

27. Find the area between the two circles 

28. To find the length of the chord of a circle as* + y" = r* made 

OS ti 

by the straight line - + 7^= 1. 
•^ ah 

29. If from a given point *S^, a perpendicular be drawn to th^ 
tangent PF at any point P of a circle, of which the centre is (7, 
and, in the line MP at right angles to CS and produced if 
necessary, a point Q be taken such that QM=JST, to find the 
locus of Q. 

30. Given the equation to a circle, and the chord of a circle; 
shew that a perpendicular let fall upon the chord from the centre 
bisects the chord. 

31. Find the diameter of the circle 

a^ + y^ + 2ocy cos iii = ax+hy. 

32. In the equation Ax + By + G=^0, if (7 is constant, and 
A and ^ vary, subject to the condition -4* 4- 5* = a constant, the 
equation represents a series of tangents to a given circle. 

33. Find the equation to the circle which passes through the 
points (0, 0), (- 8a, 0), (0, 6a). 

34. To find the locus of middle points of chords which pass 
through a given point. 

35. If on any radius vector through a fixed point 0, OQ be 
taken in a constant ratio to OP^ find the locus of Q, 
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36. The circles represented hj the equation 

(n + 1) . (x* + y*) = aa; + n5y, 
where n is arbitrary, have a common chord. 

37. Prove algebraically that the angles in the same segment 
of a circle are equal, and that the angle in a semicircle is a right 
angle. 

38. Two sides of a triangle are b and c, and they include an 
ang^e A ; if these sides be taken as axes, the equation to the cir- 
cumscribed circle is 

aj" + y* + 2ajy cos -4 — 5a5— cy = 0. 

39. Given the base and vertical angle, to shew that the locus 
of the point of intersection of the perpendiculars from the angles 
on the sides is a circle. 

40. Given base and ratio of sides of a triangle; shew that the 
locus of the vertex is a circle. 

41. When will the locus of a point be a circle, if the square 
of its distance from the base of a triangle be in a constant ratio 
to the product of its distances from the sides ? 

42. When will the locus of a point be a circle, if the sum of 
the squares of the three perpendiculars from it on the sides of a 
triangle be constant ? 

43. Find the locus of a point, the square of whose distance 
from a given point is proportional to its distance from a given 
right line. 

44. Given the base of a triangle, and m times the sqiiare of 
one of its sides ^ n times the square of the other = a constant ; 
find locus of the vertex, find centre and radius of resulting circle, 
and where it cuts base. 

45. Find the equations to the circles which touch the three 
lines 

a5 = a, yss25, y = 26'. 
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46. The locus of the centres of all circles inscribed in all 
right-angled triangles on the same hypotenuse is the quadrant 
described on the hypotenuse. 

47. The equation to a circle is y* + a;* = a (y + a?) ; what is the 
equation to that diameter which passes through the origin of co- 
ordinates ? 

48. To find the equation to a circle referred to two tangents 
at right angles, as axes. 

49. If through any point of a quadrant whose radius is B, 
two circles be drawn, touching the bounding radii of the quadrant, 
and r, r be the radii of these circles, rr = UK 

50. To find the equations to the straight lines which touch 
both the circles 

51. To find the equation to the circle which touches the 
three straight lines 

x = 0, y = 0, -+^=1. 

a 

52. To find the equations to two circles, which touch rect- 
angular axes of X and y, and pass through a given point (ab), 

53. The straight lines joining the angles of a triangle with 
the points in which the escribed circles touch the opposite sides, 
meet in a point. 

54. In any circle draw a chord AB ; from the middle point 
JS of the lesser segment draw any straight line cutting AB mC 
and meeting the circumference in i) ; join AD, and in AD take 
AP=zAG', find locus of P. 

b6. The axes Oaj, Oy cut a circle in points -4, A\ B, JBt re- 
spectively; to compare the values of a;, y, at the intersection of the 
chords AB^ AB, 

56. Determine the magnitude and position of the circle 

p*-2p(cosd + 73sine) = 5. 
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57. Find the locus of a point, such that, if straight lines be 
drawn to it from the four corners of a given square, the sum of 
their squares may be invariable. 

58. AGB is the segment of a circle, and any chord -4(7 is 
produced to a point P, so that AG : CP in a giveu ratio ; re- 
quired to find the locus of P, 

59. Find the equation to a straight line which cuts a given 
circle, when the lines drawn from the points of intersection to the 
centre contain a right angle, and one of them is inclined to the 
axis of a; at a given angle. 

60 . Two straight lines revolve uniformly in one plane about 
one extremity, the one moving twice as fast as the other. Find 
the locus of their point of intersection, supposing them to begin 
to move together in the same direction, from the straight line 
joining their fixed extremities. 

61. If any number of circles touch one another in one point, 
all their polars, which correspond to a common j)ole, pass through 
a single point. 

62. To find the locus of the pole, when the polar of a given 
circle always passes through a given point. 

63. In the sides AB, AG of a given triangle ABG^ take 

MB AN 
two points if, JT, such that -rT>= iTrv , and shew that the circle 

AM iV6 

described about the triangle AMN will always pass through a 

given point. 



CHAPTER VIII. 
General Equation of the Second Degree* 

139. The equation of the first degree has given U6 but 
one species of line, viz. the straight line* We saw, in . the 
case of the circle, that an equation of the second degree may- 
represent a curve limited in every direction, and the case 
where it represents two straight lines, shews us that it may 
represent loci extending to infinity. These are but particular 
cases of the equation of this degree, of which the most 
general form is 

Ax"" •\- Bxy '\- Gy" -^ Dx-\- Ey + F=Q, 
Our object in the present chapter is to interpret this 
equation, which for brevity we shall write <l>{xy) =0; and 
we shall shew how, by a proper selection of origin and axes, 
we may in every case reduce it to a foim, from which we 
shall be able to trace the locus, and deduce its most re- 
markable properties. It will be shewn in a future chapter, 
that much of this can be accomplished without reduction of 
the equation ; and properties so established have the ad- 
vantage of applying to every particular form that the locus 
may assume ; but the proofs are of necessity more cumbrous 
and difficult to a beginner, than those which we are about 
to use. 

140. If a point be so situated with regard to a locus. 
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that all chords of the locus drawn through the point, are 
bisected in it, the point is called the centre of the locus. 

Suppose G to be the centre of a locus and the chord 
PCQ to meet the locus in P 
and Q ; then (7P= GQ, and, if 
we take C as the origin of co- 
ordinates, it is evident that the 
co-ordinates of Q are the same 
as those of P, but with opposite 
signs; i.e. if the co-ordinates of 
P be Xy y', the co-ordinates of 
Q are — x\ — y\ and this is true whatever be the position 
of P. Hence, the centre being origin, for every point (a;y'), 
whose co-ordinates satisfy the equation, there will be a cor- 
responding point (— x', — y'), whose co-ordinates also satisfy 
the equation. From this it follows, that, when the centre ia 
the origin^ the equation will not be altered by writing — x, 
-- y for X and y. 

Also, if for every point P [xy) there is a corresponding 
point Q{—x, — y), the origin is the centre; for, since the 
triangles PGM, QCNYfiU be equal in every respect, CP=GQ; 
and, since the angles PCM, QCiVare equal, CPand CQ are 
in the same straight line; therefore every chord passing 
through G is bisected. Hence, conversely, if an equation 
is not altered by writing — x and — y for x and y, the origin 
is the centre of the locus. 

Now the equation ^ {xy) = cannot remain unaltered, 
as above, unless the terms Dx and Ey vanish from it ; hence 
if we select the centre of the locus for origin, we shall 
simplify the equation by getting rid of these two terms. 

141. In order, then, to find the centre of the locus, we 
must transfer the origin to a point {x'y), and then observe 
what values of x', y\ make the new coefficients of x and y 
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vanish. These values will be the co-ordinates of the centre 
with reference to the original axes. 

Writing (Art. 70) x-\-x' for x^y-Vy for y in the general 
equation, we have 



^■Bx 



or Aa^ + Bxy + Cy' + 2Ax x + 2Cy' y + <l>{xy) = 0, 

+ By' 
+ D 

where <^ (xy) = Ax'^ + Bx'y' + Cy^ + JDx' + Ey' + F. 

Hence the co-ordinates of the centre, with reference to 
the original axes, will be determined by the equations 

2^a;' + %'+i> = (1) 

2Cy' + Bx' + E^0 (2). 

These two equations will, in general, give one and only one 
value of X* and y' ; hence, lod of the second degree have in 
general one, and only one, centre. 

Its co-ordinates are found, by solving the above equations, 

to be 

,_ BE-2CD ,_ BD-2AE 

Equations (1) and (2) may be thus remembered. For (1), 
take those terms only of the general equation, which involve 
X ; multiply each term by the index of a: in it, and diminish 
that index by unity. Equation (2) may be obtained similarly, 
by substituting y for x in the above tule^. Thus the equa- 
tions for the centre of the locus represented by 

3a? + 2xy + Si/'-Uy + 2S=^0, 
are 6aj+2y = 0, and 2aj + 6y-16 = 0. 

^ The reader of the Differential Calculus will see, that the equations of the 
centre are obtained by differentiating the equation ^(a^) = with respect to 
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142. The calculation of tlie value of ^ {xy), when {xt/') 
is the qentre, may be thus facilitated ; 

2<l>{xy)=-{2Ax+By+D)x''\'{2Gy'+Bx'\-E)y+Dx'+Ey-\-2F', 
but these two first terms are each = 0, when (x'y) is the 

.\2<l>{xy) = Dx'+Ih/[-^2F; 

hence the equation <f> {xy) = 0, becomes, when the origin is 
transferred to the centre, 

that is, we can transfer the origin to the centre, by sub- 
stituting the halves of the co-ordinates of the centre, for x 
and y respectively in the terms Dx and Ey, 

Ex. The equations for the centre of 

8a^ + 2ay-h3y«-16y+23=0, 
are 6a5+2y=0, and 2x + 6y-16 = 0; whence 05=-!, y=3 are the co-ordi- 

nates of the centre ; and writing - for y in the term - 16y, we haye for the 

reduced equation, 

143. "We see then, that it will be always possible to find 
one, and only one, pair of values for the co-ordinates of the 
centre, except when JS* — 4^(7=0. Hence the loci of the 
second degree may be divided into two classes : (i) loci which 
hme a centre, where jB" -- 4iA G is not zero ; and (ii) loci which 

X and y. The equation 0(ajy=O) when the origin is transferred to a point 
(a5y)» is («' +»> y' +y) = 0, or, by a familiar expansion, 

-f terms which involve higher differential coefficients and therefore vanish ; 
hence, in order that the terms of the lirst degree in x and y may vanish, we 

must have -r^ = 0, ,- > = 0. 
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in general have not a centre, or rather, whose centre is in- 
finitely distant, where J5^ — 4^(7=0. It will be seen in 
Art. 157, why we say ' in general/ 

144. We shall first consider the case of Central Loci. ' 
We see by Art. 141, that, in the case of central loci, the 

general equation may, by taking the centre {xy) of the 
locus as origin, be reduced to 

We next proceed to inquire, whether, by any change in 
the direction of the axes, we can get rid of the term involving 
xy, as it will be seen hereafter, that this will greatly facilitate 
our inquiries into the form and properties of the curve. 
Now it is manifest, that, if we can so transform the axes as 
to get rid of the term involving xy, the equation will be left 
iai the form 

Px' + Qf + R^O, . 

where, if any value be given to one of the variables, the 
Other will have two equal values with opposite signs; hence, 
in this case, each axis will bisect all chords parallel to the 
other. 

145. We have not hitherto supposed the axes necessarily 
rectangular; but the generality of our reasoning would not 
have been afifected by such a supposition, since, if they had 
been oblique, by transforming them to rectangular axes, we 
should (Art. 75) have obtained an equation of the same 
degree, and of the same form as the one we have assumed. 

We shall now, for the sake of simplicity, suppose such a 
change, if necessary, to have been made, and the axes to 
be rectangular; then, if we turn them round through any 
angle 6, we must (Art. 71) substitute in the equation 

Ao^'\-Bxy-^Cy' + 4>[x'y') =0.. (1), 

for x, xcosB — ysmd'ftoTy, xsiaO+y cos ft 
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Substituting, and arranging^ the terms, we have 



A cos'^ 
+ 5sin^cos^ 



a? — 2 A sin (9 cos ff\xif + A sin'd 

— ^sin^cosd 
+ Ccos'd 



+ Bco^0 

~5sin«d +Cco6'0 ...(2). 

+ 2(7sin5cosd 

If now we put the new coefficient of ary = 0, we obtain 

B 



3^+*(^y)=o. 



tan 25 = 



(3), 



A--G 

an equation from which we may determine the angle 0, 
through which axes must be moved, in order that the term 
involving xy may vanish. 

As the tangent of an angle may have any magnitude, it 
follows that this equation will always give real values for 20. 
There will be an infinite number of solutions ; for, if 2a be 
one value of 20 which satisfies the equation, then the equa- 
tion is satisfied, if 25 = titt + 2a, where n is any integer. 

Hence the values of are expressed by -o- + a, and we 

obtain a series of angles 

«» 2 ' •"■ + «> -g-H-a, &C. 

The only difference, that will be made by selecting dif- 
ferent values of 0, will be, that the axis of x and y in one 
case may occupy the position of the axis of y and x in 
another, or the positive and negative directions of the axes 
may change places. Hence, when the centre is origin, there 
exists one system of rectangular axes, and one only, about 
which the curve is so situated, that each axis bisects all 
chords parallel to the other. Also there can be no such 

^ The student will find these transformations easy to write, if he will 
arrange the framework as above, and then insert the co-efficients of 26*, xi/, &o., 
as they occur in the expansions. 
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139 



system with any other origin ; for a straight Kne bisecting a 
system of parallel chords, must pass through the centre, 
which is the bisection of one of them. These axes are 
called {he axes of the curve. We shall see hereafter that 
their position is that of the figures. 






Cor. If we have jB=0, and A = C, the new coeffi- 
cient of ary vanishes for every value of 0, and tan 20 becomes 
indeterminate. Hence in this case we may take any rect- 
angular axes whatsoever, without introducing the term xy 
into the equation. This agrees with Art. 106, for the curve 
is then a circle. 

*146. The axes of the locus, then, make angles and 
90° + with the axis of x, where is determined from the 
equation 

tan 2^ = -jZl; > 

hence, the centre being origin, the equations to the axes are 

y — x tan d = 0, y + a? cot d = 0, 

or, as one locus, 

y* + (cot ^ - tan ^) a?y - aj* = 0, 

or, since cot — tan = : — 7^ = 2 



tan 2d 



B ' 



aj»-2— g— a?y-y* = 0. 
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The student will observe that this is (Art. 68) the equa- 
tion to the straight lines which bisect the angles between 
the straight lines represented by 

a coincidence which will be hereafter explained. 

147. We have shewn (Art. 141) that the coefficients of 
the first three terms of the equation j> {xy) = 0, are not 
altered by a transfer of the origin ; we shall now shew, that, 
when the axes are moved through an angle 6y and the new 
coefficients denoted by A', B\ G \ we have the relations, 

^'+C' = ^ + (7, £'^-4^'C" = jB^-4^a 

From equation (2) of Art. 146 we have 

^'^^cos'^^ + jBsin^cos^+asin'^, 
C = ^ sin* ^ - ^sin ^ cos ^ + Ccos'^ ^ ; 

r, A + C'^A + C, 

A'^C' = B^m29+{A--C)cos29\ 

.\ iA'C = {A'+Cy-{A'^Cy 

= {A + (7)»- {J? sin 20+ {A- C) cos 20]\ 

Also B" = {B cos 2^ - (^ - C) sin 20]' ; 

.-. B"-^A'C'=^B'+{A-Cy'-{A + Cy==B'''^Aa 

This result is very important, because we shall shew that 
the nature of the curve depends upon the sign of JS' — 4-4 G. 

148. The preceding article furnishes us with an easy 
method of arriving at the actual values of A' and G\ For, 
since the equation can be reduced to the form 

^v+cy+^(a?y) = o, 

jB' is = 0, and we have 

A'+G' = A + C, -iA'C'=B'-iAC; 
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hence, since -4' and (7' are the roots of the equation 

they are the roots of 

z'^{A + C)z —^ = 0, 

an equation which need not be remembered, since it can 
easily be written down from the reasoning above. 

The above method does not enable us to say, which of 
the roots is A' and which C\ If we simply wish to find the 
nature of the locus, without accurately fixing its position 
with regard to the new axes, this uncertainty is not im- 
portant ; for the two equations 

will represent the same locus, the axes of x and y respec- 
tively in the one being called the axes of y and a; in the 
other. 

149. If we wish to select the appropriate roots for J\! 

and G\ we may proceed as follows. As in Art. 147, we 

have 

^'-C"=(^-(7)cos2^ + 5sin2^ (1). 

And, from the value of tan 20 in Art. 1*46, 

0=(.4-(7)sin2^-.Bcos2d (2). 

Squaring and adding (1) and (2), we have 
{A^Cy=^{A-Gf+R, OT A'-C'=^±'^{A + Cy+B'-'4iAa 

If we determine to take for 20 the smallest positive angle 
that satisfies equation (3), Art. 146, the value oi Jl — C must 
be taken with the sign the same as that of B. For, if we 
eliminate cos 2^ between equations (1) and (2), we have 

jB(^'-(7')=sin2^{(4-.(7)^+jB«},' 
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But 20 must be less than 180®, since for angles between O'* 
and 180®, the tangent passes through every possible value ; 
hence sin 20 is positive, and so also is {A — Cy + B\ It 
follows then that A'-- C is of the same sign as B. 

Hence, according as ^ is positive or negative, 

A'+C=A + G, A'- C'= ± V(^+ Cy+B'^^AG; 

whence ^' = |{4 + (7± V(^ + C')* + J5»-4^(7}. 
That is to say, A' is the root of the equation 

which is taken tuith the radical of the same sign as B. 

150. We see then, that the equation (f> (xy) = 0, may, in 
the case of central loci, always be reduced to 

We shall now divide these loci into two classes. 

Cl^iss I. 5® — 4iA negative. Since the sign of this 
quantity remains the same after transformation, and the 
coefficient of ay is now =0, —iiA'C must be negative, i.e. 
A' and C must have the same sign, and the equation may be 
written in the form 

where P and Q are positive quantities. We shall now have 
three cases. 

(i) If JZ is positive, we have a locus not yet investigated, 
which is called an Ellipse. 
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(ii) If JZ = 0, the locus (Art. 65) is the two imaginary 
straight lines 

which meet in the real point a? = 0, y = ; or, as will appear 
hereafter, is the Ellipse indefinitely diminished. 

(iii) If B is negative, the equation (Art. 66) can be satis- 
fied by no real value of x and y, and the locus may be called 
an imaginary Ellipse. 

The circle belongs to this class ; for its most general equa- 
tion may (Art. 110) be written, so that A=^ (7=1, and 
£=2 cos 6); hence jB*— 4-4(7=4 cos'g) — 4, which is always 
negative. It is in fact a particular case of locus (i), when 

JP=Q. 

Class H. JB^ — 4iAC positive. Here —4^' (7' must be 
positive, i.e. A^ and C must have diflferent signs, and the 
equation may be written in the form 

where P and Q are positive. In this case the sign of R will 
make no diflferencei in the nature of the locus, since the equa- 
tion Qy^ — Pa? = R will represent one of the same form, the 
axis of X in the former equation having the same position 
with reference to the locus, as the axis of y in the latter. 
Hence we have two cases. 

(i) When R is not = 0, we have a locus not yet investi- 
gated, which is called an Hyperbola. 

(ii) When -B = we have the two intersecting straight 
lines 

^Fx + '^Qy^O, VPa-V^y=0. 
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ISi. The fbliowing example will illuBtrate the preceding uiiclea. Let the 
propceed equation be 

6z' + 23!y + 5ff'-12x-12j = (1). 

Hero B'-iAC^-se, or {Art. 150) the locus belongs to Class I. The 
equatioua of the centre are (Art. 141), 



iriisDce x—y= 1. If then we transter the 
origin to a point C, so that 0!li= CM= 1, 
C will be the centre, and the equation with 
the new axes Ci!, Cj/, paraUel to the old 
ones, ie found (Art. 142). by writing i=j, 
9 = i in the laat two terms of (1), to ba 
ei« + 2iy + 5j»-I2 = (2). 



y 



Next, if (Art;. 145) wotaketan2fl=2:r(7=5T5="' "" h*" 2fl= 
e = 4£° ; hsDce, if the axea are turned through i5\ equation (2) becomes 

J'3:' + (rj»-12 = (3), 

where .4' and (7 are (Art. 14S) the roots of 

z'-10z + 24=0. 
If (Art. 149) we take .J ' with the positive sign of the radical, unce S is ] 
Uve, (3) becomes 



33?1-V-6 = 0. 



TMsis 



seen to be the locus which (Art. 1 50) wa have called an EUip*e; 
and its poiition with regard to the new axes will he seen bereafier to ba that 
of the figure. Aa the original equation contained no absolute tenn, it is evi- 
dent (Art. 100) Hiat is a point on the locus. 

*152, We may also shew that 5" — iA'C is of the same 
sign as B' — 4.4 0, after any transformation. Suppose the 
axes to be rectangular, and we wish to make them inclined 
at an angle a>. Let the axis of x remain the same, and let • 
the axis of j/ he moved through an angle 90" — a>, as in Art. 
73 ; then we must write 
forar, x + i/cosa; for y. 



yBiaa 



* From Salmon'a Conk Stetiom. 
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in equation (1) of Art. 146. In this way we obtain the 
equation 



Aa? + 2u4 cos to 



xy-\-A cos' ft) 
+ jB sin ft) cos ft) 
+ (7 sin' ft) 



/+^c^y)=o.. 



Hence B'^ - 4^' O' = (5» - 4^ (7) sin' «, 

and, since sin' to is positive, the proposition is proved *for 
this transformation. It follows that it is true if we change 
from oblique to rectangular, and then to any other system of 
oblique axes. Hence it is true for any transformation. 

153. ClcLSS III. We shall now consider the case where 
-B' — 4u4(7= 0. We saw (Art. 143) that in this case the co- 
ordinates of the centre become generally infinite ; hence we 
cannot destroy the terms Dx and Ey, by removing the origin 
to the centre ; but, if we proceed as in Art. 145, and move 
the axes through an angle d, the new coefficient of xy will 
vanish, when 

tan2^ = -i — 7-, 
A — C 

for the introduction of the terms Dx and Ey will not affect 
the proof. But, since (Art. 147) 

-B"-44'(?' = 5'-4-4O=0, 

if B' = 0, either A or C must = 0, and the equation will 
assume the form 

ay+iXa^+^'y+i^'^o (1), 

where we have supposed A' to vanish. If we supposed C to 
vanish, the equation would not represent a different form of 
locus, but one having a situation with regard to the axes of x 
and y, similar to the situation of the supposed locus, with 
regard to the axes oiy and x respectively. 
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If we transform the origin to a point {xy*), equation (1) 
becomes 

and, if we take for x' and y' the only pair of values that can 
be obtained from the equations 

2Cy + -E' = 0, Cy'^ + jyaS + E'Tf + F'^O, 

the equation assumes its simplest form, namely, 

G'y^ + iyx^O, ox y^^Lx. 

Precisely as in Art. 145, it will be seen that there is one 
system of rectangular axes, and one only, which gives the 
equation to the locus in this form. The axis of a; is now 
called the aosis of the parabola, and the origin of co-ordinates 
is called the vertex. 

If 2/ = in (1), the equation becomes 

Gy + E'y + r=^0, 

which represents (Art. 64) two straight lines parallel to the 
new axis of x, which are real and diflferent, real and coinci- 
dent, or imaginary, according as 

Hence, when £* — 4-4 C = 0, we have 

(i) A locus not yet investigated, which is called a 
Parabola. 

(ii) Two parallel straight lines. 

(iii) ^ Two coincident straight lines. 

' (iv) A locus, of which no geometrical conception can be 
formed, called two imaginary parallel straight lines. 

154. The preceding article is valuable, chiefly on ac- 
count of the general conclusions to which it leads us. The 
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values of A and C* may be obtained as in Arts. 148, 149, 
and the student may prove that C* or A' vanish, according as 
B is positive or negative, and that F' = F. But the calcula- 
tion of the values of ly and E' is tedious ; we shall therefore 
give a method* more convenient for the working of numerical 
examples. We shall suppose the axes to be rectangular. 

Since B^ — 4-4 (7 = 0, the first three terms of the general 
equation form a perfect square, and it may be written 

{ax + cyf + Dx-^-Ey^F^O (1), 

where a and c are written for V-4 and 'sTC. Now, if A; be any 
constant, (1) may be written 

(oa; + cy + A;)' + (jD - 2ai) aj + (^- 2cA;) y + J?'- )&• = ...(2). 

The condition {AA + BB=0, Art. 47, Cor.) that the 

two lines 

aaj + cy + ^ = (3), 

{p-2aJc)x+{E'-'2ch)y + F'^^^^0 (4), 

should be at right angles, is 

a {l)-2ak) + c {E-2ck) = (5), 

from which we may always obtain a value, = k suppose, for Jc. 
Substitute this value for k in (2), and for brevity write it 

{ax+cy + /ey + jyx + E'y + F'^0 (6), 

where the two lines 

oa; + cy + « = (7), JXx+E'y + F'^O ...... {8), 

are at right angles to one another. Now (6) may be written 

a' + c* ~ a*+<? ^ ^W+M^ ^'' 

I. From Salmon's Conie Sectiont. 
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and we know from Art. 52, that 

ax + cy + K , iyx + E'y-\-F' 

V^Tf? ^^ ^D'^ + JE'' ' 

are the lengths of the perpendiculars from a point (xy) on (7) 
and (8) ; hence, if we construct the two lines (7) and (8), the 
equation (9) asserts, that the square^ of the perpendicular 
from any point (a?y) of the locus on the first line, is in a con- 
stant ratio to the perpendicular on the second line. 

Hence, if we transform our axes, and make the line (7) 
our new axis of x, and (8) our new axis of y, then our new 
y will be the perpendicular on (7), and our new x will be the 
perpendicular on (8), and equation (9) is reduced to the form 

^ = Lx. 

155. In working numerical examples, if we wish to 
iUustrate the transformation by a figure, we must examine 
the perpendicular on the right-hand side of equation (9), by 
the rules of Art. 54, to see on which side of the axis of y it is 
drawn. We must then write a? or — a? for this perpendicular, 
according as we choose that side for the positive or negative 
direction of the axis of x. The left-hand member will not 
require this examination, since in either case it becomes y*. 
If we simply desire to know the nature of the locus, it is not 
important to decide on which side of the axis of y it is 
drawn. 

156. Let the proposed equation be 

aj«-2ay + y«-8a;+16=0 (1), 

.-. («-y+ifc)«-(8 + 2ife)aj + 2ity + 16-*»=0 (2). 

Then, that the lines may be at right angles, 

— (8 + 2ib) - 2Z;= 0, whence Arts - 2. 

Equation (2) then becomes 

(aj-y-2)«-4(a5 + y-8)=0. 
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or 



=2^/2 



(«-y-2)' 

2 
If then CX and (TF are the lines 



g+y -3 



(3). 



a;-y-2=0 (4), a;+y--8=0. 



.(5), 



we know by Art. 54, that 



'^^ and * + ^-^ 



>/2 



V2 




represent the lengths of the perpendiculars drawn from (ay) on the sides of 
ex. and CY remote from the origin ; 
but the former might, without caus- 
ing any chauge in equation (3), be 
written with the opposite signs, and 
so represent a perpendicular drawn 
on the origin side of QX\ hence 
equation (3) asserts that 

Pir»=-2>/2PiV, 

where PM may be drawn on either 
side of C7X, but PN is always on 
the side of GY remote from the 
origin. If we take GX and GY 
as the positiye directions of the axes 
of X and y respectively, equation (3) 
becomes 

y'=2V2x. 
The form of the locus will be seen hereafter to be that of the figure. 

157. We said. Art. 143, that, when 5* -4^^(7=0, the 
co-ordinates of the centre become generaUy infinite. If how- 
ever we have BE—^GD at the same time that S^ — iiAG^ 0, 
we also have 

5* = 4^0=4-4^, or BD-2AE^0, 

and both the co-ordinates of the centre in Art. 141 become 
= ^ , and are therefore indeterminate. The two equations 
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will now represent two straight lines that coincide, as may 
be seen by multiplying the former by E and the latter by D : 
hence there are an indefinite number of centres, all situated 
in that line. The proposed equation, with the above rela- 
tion between its coefficients, no longer represents a parabola ; 
for the solution of Art. 62 becomes 



vhich represents two parallel straight lines equidistant 
from the line 2Cy + Bo5 + JS=0, which is therefore a line 
of centres. 



EXAMPLES VIII. 

Before working the foUowing Examples, the student is recom- 
mended to read Arts. 158—161, 166—168, 246, 247. He will 
then be able to illustrate each transformation bv a figure, as in 
Art. 151. 

1. l + 2a? + 3y"=0 to y^^-l^^' 

2. 3aj* + 2y*-2aj + y-l=.0 to 72ajs + 48y"=35. 

3. y»-2ay + aj»-8a; + 16;=0 to 3/»=2^a?. 

4. 5(y» + a^) + 2a!y-12(a + y)=:0 to 3i«"+2y*=6, 
' 5. 3aj" + 2ajy + 3y»-16y + 23 = to 4iB» + 2y*=l. 

6. y»-10:?jy + a' + y + aj+l = to 32a:"-48y* = 9, 

7. y"-2ajy + a:"-6y-6a + 9 = to y^=:Sj2x. 

8. y* + ajy + {B" + y + a-5 = to 9a8" + 3y*=32. 

9. y'-2a:y-a^+2=0 to y'-a^ + 72 = 0. 

10. y«-aj"-y = to 4af-.4y* + l = 0. 
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11. Shew by transformation that the equation 

12a:y + 8a; -27^-18 = 0, 
represents two straight lin6s parallel to the axes. 

12. Shew by fcransformation that the equation 

y"- 2iB2^ + 3a5»- 2y- 10aj+ 19 = 0, 

represents two imaginary straight lines passing through the point 
(3,4). 

13. Shew by transformation that the equation 

y«-4a?y + 5aj^ + 2y-4aj + 2 = 0, 
represents an imaginary eUipse, 

14. Shew that any point on the line (y = a + 1) is a centre of 

the locus 

3/*-2a)y + a:*-2y + 2aj = 0. 

15. Shew by transformation that the equation 

3/* + 2a:y + as" + 1 = 0, 
represents two imaginary parallel straight lines. 

16. What is the equation to the axis in Ex. 3, and to the 
axes in Ex. 4 ) 

17. Transform 7y*+ 16iBy+ l6aj* + 32y + 64aj+ 28=0, the axes 
being inclined at an angle of 60^ to y^^- 4as^ = 9, the axes being 
rectangular, and the axis of x remaining the same. 



CHAPTER IX. 

Central Conic 8ect{on8\ referred to their axes. 

158. In this chapter we shall consider the equations, 
whose loci (Art, 150) we have called the Ellipse and Hyper- 
bola^ namely, 

m 

where P, Q, R are supposed positive. 

The equation to the ellipse may be written 

-P Q 

JR a 

Put •p'='a\ 75 = i'> then the equation becomes 

where a and b are evidently the intercepts of the curve on 
the axes of x and y respectively. 

The equation to the hyperbola, which diflFers from that 
of the ellipse in the sign of the coefficient of ^ only, may 
be written in the corresponding form 

' We use the term 'conic section' for a 'curve of the second degree,' 
because we shall prove hereafter that the section made by any plane in a cone 
standing on a circular base is a curve of the second degree; and, conversely, 
that all curves of the second degree may be considered as conic sections* 
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but, in this case, when a; = 0, y* = — 6^ so that the intercept 
on the axis of y is an imaginary quantity, or the curve does 
not meet that axis. 

159. The figure of the curves may now be deduced from 
the simple form to which we have reduced their equations. 
We will commence with the ellipse, and, since we may choose 
whichever axis we please for axis of x, we shall suppose that 
we have so chosen the axes, that a msbj be greater than J. 

160. To find the polar equation to the ellipse; the centre 
being the pole. 

Writing (Art. IS) p cos for x, and p sin for y in the 
equation — a + p = 1, we have 



a' ' b' 



1 cos' sin' 

Ta = ^« + 



t.a * 



/>» a' • b' 

a'b' 
^^ P ^a'siB'0+b'cos'0' 

which is the required equation. It may be written 

,_ a^V _ a'b^ 

P ■"a»-(a"-Ocos^^ i'+(a«-i')sin'd' 

and it will appear hereafter, that it is convenient to use the 

^a la 

abbreviation — 5 — = e'. Hence, dividing numerator and 

a 

denominator, by a\ we have 

^ ~l-e»cos'^' 
the form most commonly used. 

161. This equation will be found the most convenient for. 
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tracing the ellipse^. The least value that 5' + (a* - J') sin* 6 ^ 
can have, is when = 0; therefore, since 

P = 




j«+(a«-i»)sin"d' 

the greatest value of p is the intercept on the axis of x, and 
is = a. 

Again, the greatest value of J' + (a' — V) sin' is, when 
sin ^ = 1, or 5 = 90*^ ; hence, the least value of p is the inter- 
cept on the axis of y, and is = 6. The greatest line then 
that can be drawn through the centre is the axis of x, and 
the least line, the axis of y. 

From this property, these lines. A' A (=2a) and jB'j5(=2J) 
jare called the axis major and the axis 
minor of the curve. It is plain, that the 
smaller is, the greater p will be ; hence, 
the nearer any radius vector is to the aayis 
major, the greater it will he. By taking 
the two values of p, positive and negative, for each value of 6, 
we shall, as varies from to 90°, trace the portions AB, 
AlB* \ and, as varies from 90** to 180°, the portions BA!y 
B'A, The form of the curve will therefore be that of the 
figure. The points A\ A are called the vertices. 

162. We obtain the same value for p, whether we sup- 
pose ^ = 0, or 5 = — a. Hence, Two radii vectores which 
make equal angles with the a^ocis will be equal. And it is easy 
to shew that the converse of this theorem is true. 

163. The figure of. the ellipse may also be seen from the 
following construction. 

^ The Articles on the figure of the curves are taken chiefly from Salmon^s 
CotUc Sections, 
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Solving the equation to the ellipse for y, we have 




^ "a 

Now, if we describe a concentric circle with the radius a, its 
equation will be 

y = ± Va' - a?. 

Hence, if a circle be described on the axis major, and on 
each ordinate MQ a point P be taken, 
such that MP may be to MQ in the con- 
stant ratio b : a, then the locus of P will 
be the required ellipse ; hence the circle 
described on the axis major lies wholly 
without the curve. 

We might, in like manner, construct the ellipse, by de- 
scribing a circle on the axis minor, and increasing each ordi- 
nate in the constant ratio a : h\ hence the circle described 
on the axis minor lies wholly within the curve. 

We see also, that the equation to the circle is the par- 
ticular form which the equation to the ellipse assumes, when 
6 = a. 

164. Let CQ be joined, and let the angle PGM— j> ; 
then, if x and y are the co-ordinates of P, 

X = GQ cos ^ = a cos ^ ; y = - Qlf=- a sin ^ = i sin ^. 

Thus the co-ordinates of any point may be expressed in 
terms of a single variable ^. These values of x and y evi- 
dently satisfy the equation to the ellipse ; for, when substi- 
tuted in it, they produce the equation 

COS* ^ + sin* ^ = 1, 



156 CENTRAL CONIC SECTIONS. 

which is always true. The angle ^ is called the eccentric 
angle of the point P. 

165. To find the equation to the ellipse, when one of the 
vertices is origin, the direction of the axes being the same as 
before. 

The problem is, to transfer the origin of co-ordinates to 
the point A' (— a, 0) ; hence, writing a? — a for a; in the equa- 
tion to the ellipse, 

we have y' = -« (2aa; — a?), 

for the equation to the ellipse when the origin is the ver- 
tex A\ 

166. We shall now investigate the figure of the hyper- 
bola from its equation 

• a o 

The intercept on the axis of x is evidently = + a, but 

that on the axis of y, being found from the equation ^ = — 1, 

is imaginary ; the axis of y then does not meet the curve in 
real points. 

If, however, we take an hyperbola whose equation is 

the axis of y will meet this curve at a distance = + J from 
the origin, and the axis of x will not meet it in real points. 
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This (for reasons given hereafter) is 
called the conjugate hyperbola, and pos- 
sesses properties which will be of use to 
us in considering those of the original 
curve. We shall then call the distance 
A A (= 2a), between the two vertices, 
or points where the curve meets the 
axis of rr, the transverse axis, and we shall call the distance 
B'B between the two points where the conjugate hyperbola 
meets the axis of y, the conjugate axis. For we have chosen 
as axis of x that which meets the hyperbola in real points, 
and are therefore not entitled to assume a greater than b, 
so that the terms axis major and axis minor would not here 
be applicable. 

The conjugate hyperbola will evidently be an hyperbola, 
whose transverse and conjugate axes correspond to the con- 
jugate and transverse axes of the original curve. 

167. To find the polar equation to the hyperbola, centre 
pole. 

Transforming the equation to the hyperbola to polar co- 
ordinates as in the case of the ellipse, we get 

^ '"ycos'^-a"sin'^5^y-(a'^ + i^sin'^"'(a'+i»)cos"d-a«* 

Since formulae concerning the ellipse are altered to the 
corresponding formulae for the hyperbola by changing the 
«ign of V, we must, in this case, use the abbreviation e" 

-. Dividing numerator and denominator by a", we 



for 



a 



have for the polar equation to the hyperbola, the centre 
being pole, 



P* = 



e"cos»^«l' 
^the form most commonly used. 
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168. The hyperbola may be conveniently traced from 
this equation. The denominator J' — (a* + 6') sin' 6 will 
plainly be greatest when ^ = 0, therefore, in that case, p 
will be least ; or, the transverse axis is the least line which 
ca/n be drawn from the centre to the curve. 

As increases, p continually increases, until 

sin = , [or tan 5 = - J , 

when the denominator of the value of p becomes = 0, and 
p becomes infinite. After this value of 0, p' becomes nega- 
tive, and the radii vectores cease to meet the curve in real 
points, until again 

sing= ,- - for tand = — ), 

when p again becomes infinite. It then decreases regularly as 
increases, until becomes = 180**,. when it again receives its 
minimum value = a. The lower part of the curve evidently 
corresponds exactly with the upper. 

The form of the hyperbola, therefore, is that represented 
by the dark line in the figure, where the branches LAR, 
11 A B! extend to infinity. We have drawn the curves al- 
ways concave to the axis of a?. We shall hereafter (Art 188) 
prove the correctness of the figures in this respect. 

169. It was shewn that the radii vectores answering to 

tan ^ = ± - meet the curve at infinity. These radii vectores, 
a ^ 

indefinitely produced, are, for reasons given in Article 171, 

called the asymptotes of the curve. They are the lines ER, 

L'L of the figure, and evidently separate the lines which. 

meet the curve in real points from those which meet it iu 

imaginary, or the whole of the curve is included in the 
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angles RCL, R'GL\ Hence the equations to the asymp- 
totes are 

b a? v^ 

yz=z + - X, or, as one locus, -i; — 73 = 0. 
^ " a a^ b^ 

Similarly for the conjugate hyperbola, the equations to 
the asymptotes are 

i» = ± r ^> or, as one locus, -^ — t« = 0. 

Hence the asymptotes of the conjugate hyperbola coin- 
cide with those of the original curve, and it lies wholly 
within the angles BCL\ LOR, corresponding to the dotted 
line in the figure. 

170. If a = J, the hj^erbola and its conjugate become 
equal in every respect, and, since (Art. 169) 

*=l = tan-B(7^ 
a 

RCA will =45**, or the angle between the asymptotes is a 
right angle. This is called the rectangular or equilateral 
hyperbola, and is to the hyperbola what the circle is to the 
ellipse. Its equation is 

^-f=a' (1). 

Hence, if the equation to a conic referred to its axes is 

Aa?+ Cf^F (2), 

the locus is a rectangular hyperbola, if -4 + (7 = ; but we 
have shewn (Art. 147) that this quantity A + (7 does not 
change by transformation, so long as the axes remain rect- 
angular; hence, if the axes are rectangular, aud -4 + (7=0 
in the general equation of the second degree, it will also = 
in the reduced equation (2). Now the locus must in this 
case belong to the hyperbola class, (Art. 150) since, A and G 
being of different signs, ff — 4-4 G must be positive ; the 
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equation may therefore always be reduced to the form (2), 
and will represent either a rectangular hyperbola, or (Art. 67, 
Cor. 2) two straight lines at right angles. The latter is the 
case (Art. 150), when F=0 in (2), which therefore becomes 
aj* — ^=0, representing the asymptotes of the rectangular 
hyperbola (1). 

171. Def. An asymptote is a straight line, the distance of 
which from a point of a curve diminishes without limit, as 
the point in the curve moves to an infinite distance from the 
origin. 

It must not be assumed, if the value of any radius vector 
becomes infinite, as in Art. 169, that it is therefore an 
asymptote to the curve. In fact, it will be proved hereafter, 
that any lines drawn parallel to MR and LL' have one point 
of intersection with the curve at an infinite distance, just 
as in Alii. 42 we found the co-ordinates of the intersection 
of parallel lines to be infinite : but in neither case do the 
loci approach indefinitely near to one another. We shall 
therefore shew that the lines BR' and LL' correspond to the 
above definition. 

If the ordinate MP be 
produced to meet BR' in 
Q, the distance of the point 
P from RR: ^PQsiaPQG, 
and therefore varies as PQ. 
Now if CM==x\ PM^y\ 
QM^y^, we have from the 
equations to the curve and 
asymptote, 

h* ~ a" ' 




•'• y* -y" = ^> OT y, -y' = ^-^ . 
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But this value of y^ — y\ which = PQ, becomes indefinitely 
small, when y^ and y become indefinitely large, and there- 
fore EE is an asymptote. Similarly LL' is an asymptote. 

172. The co-ordinates of any point in the hyperbola 
may, as in the ellipse, be expressed by a single variable by 
means of the eccentric angle ; for we may put 

a? = a sec ^, y = h tan <f>, 

since these values, when substituted in the equation 

a» i» ^ ^' 

will give sec'^ — tan^^ = 1 (2), 

which is always true. If a tangent MQ be drawn from the 
foot of the ordinate MP, to the \ p^ 

circle on the transverse axis, the 
angle Q CM is the eccentric angle 
of the point P; for 

GM=CQsecQCM, 
or a? — a sec <f>, 

and therefore, from (1) and (2), y=^h tan ^. 

173. As in the case of the ellipse, we shall find the 
equation to the hyperbola when the vertex A is taken for 
origin, by writing x + a ioT xin the equation 




The result is y' = - i^(^ + ^1- 



\\ 
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174. The quantity e is called the eccentricity of the 
curve; 

in the ellipse, e* = — 2~ > 

in the hyperbola, 6* = — i — . 

Hence in the ellipse e is less than unity ; and in the 
hyperbola greater than unity. When a = 5 in the ellipse, or 
the curve becomes a circle, e = 0, and, if a remain the same, 
e increases as b diminishes, or as the curve passes from a cir- 
cular to an oval form. If 5 is the angle between the asymp- 
totes of the hyperbola, we have 

tan s = - ; •'• sec"^ = — « — = e. 

175* In the following investigations we shall in most 
cases consider both the ellipse and hyperbola together, as 
they have many properties in common, resulting from the 
similarity of their equations; and the properties of the one 
may be deduced from those of the other by changing the 
sign of b\ The properties of the conjugate hyperbola may be 
deduced from those of the ellipse by changing the sign of 
a^ or from those of the given hyperbola by changing the 
signs of a' and b\ We shall, whenever we speak of the 
ellipse and hyperbola together, use the signs which apply 
to the ellipse. 

176. To find the length of a straight line drawn to tlie curve 

from the point (x'y'). 

Let the equation to the line be 

^-^^ = Z (1). 

8 ^ ' 
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Then, as in Art. 114, for the distances (l) between (x'y') 
and the points of section of the line and curve, we have 

o' "^ b* ~ ' 

or PP+Ql + Ii = 0, 

Now this equation will always give two values for I; 
hence every straight line meets the curve in two real, coin- 
cident, or imaginary points, according as the roots of (2) are 
real and unequal, real and equal, or imaginary. 

We shall hereafter have occasion to consider the follow- 
ing particular forms that this equation may assume : 

If P = 0, one value of I (Appendix) becomes infinite. 

If P = and Q = 0, both values of I become infinite. 

If jB = 0, the point {xy) is on the curve, and one value 
of I becomes = 0. 

If 5 = and Q — 0, both values of I become = 0, and 
the line passes through two coincident points of the curve, 
and is a tangent. 

If Q = 0, the roots of the equation are. equal and of 
opposite signs, and {xy') is therefore the middle point of the 
chord. 

177. If P = in equation (2), we have, according as th^ 
curve is an ellipse or hyperbola. 
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The former equation gives imaginary values for - ; the 



latter gives 



8 .& 

- = + -; 

c a 



s 



but - is the tangent of the angle that the line (1) makes with 
c 

the axis of x ; hence (Art. 169) one value of I becomes infi- 
nite, if the line (1) is parallel to either asymptote, i. e. a straight 
line drawn parallel to an asymptote meets the curve in one point 
only at ajinite distance from the origin, and in one point at an 
infinite distance, 

178. If P = and Q = 0, we have in the hyperbola 

8 ^ h y __cb _• h^ 



— _ > 



a 



8(r a 



Hence by the first condition the line (1) is parallel to an 
asymptote, and by the second the point {pcy) is on the same 
asymptote; i.e. the line (1) is one of the asymptotes, and 
both the values of I are infinite. 

179. We have said that a line parallel to an asymptote 
meets the curve in one point at an infinite distance. This is 
a short way of enunciating 
the property, which may be 
stated more clearly as follows! 
Let K be the point {xy)y and 
PKD a straight line cutting 
the hyperbola in P and D, 
and let KL be jo, straight 
line parallel to the asymp- 
tote CV\ then, if the point 
D moves along the curve to 
an infinite distance, and the 
line PKD turns about K, it 
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will tend to coincide with KL, as its limiting position. 
Without this explanation, the statement would probably 
perplex the student, inasmuch as he would see that KL does 
not actually meet the curve at infinity, for the distance 
between it and the curve can never become less than the 
distance between it and the asymptote. In the same way we 
have said (Art. 42) that parallel straight lines meet at in- 
finity ; and our statement here simply asserts, that tlie. curve 
tends to become a straight line parallel to KL, i.e. the straight 
Hne CV. 

180. To find the equation to a straight line touching 
the curve 

at the point {xy). 

The method employed is precisely the same as that used 
in the case of the tangent to the circle (Art. 117), to which 
the student may refer for the figure. We shall simply indi- 
cate the steps. 

Let the equation to a straight line cutting the curve in 
the point Q {xy), be 

^^=2Lzy=o .....(1). 

C 8 ^ ^' 

then, for the distances (I) between (xy) and the points of 
section of the line and curve, we obtain equation (2) of Art. 
135, which becomes 



-^p)^'-^2(5'+'l)'=« (2). 



'8 '2 



Since — jt + ^ = 1 > ^^^ (^V ) is on the curve. 

Equation (2) gives us ? = 0, as it should, for {xy') coin- 
cides with one of the points of section, and also 
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{S^'^'*K^^f)-o- 



the value of I in which equation is the distance {QB) of (xy) 
from the other point of section B, If the line be a tangent at 
Q (pcy), this distance vanishes, and we have 

Eliminating c and 8, by means of this equation and equa- 
tion (1), we have 



or 



a» ^ i* U' iV" ' 



^^ . ,yy _ 



whence -9 +*^ = 1> 

a 6 

which is the equation to the tangent at the point {xy), and 
is easily remembered from its similarity to the equation to the 
curve. The form of the equation, when the origin is trans- 
ferred, may be seen from Art. 118. 

If m be the trigonometrical tangent of the angle, which 
the tangent at {xy') makes with the axis of a?, we have 

8 Vx' 

c ay 

181. Since the formula m = — j-, does not change, when 

x,,y* are replaced by — aj', —y*, we see that tangents at the 
extremities of chords through the centre are parallel. Also at 
the points jB, B\ for which a?' = 0, y' = ± 6, wi = 0, or the 
tangents are parallel to the axis of x ; and at -4, A\ for which 
x=^±a, y = 0, w = X , or the tangents are perpendicular to 
the axis of x. 
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182. To find the equation to the tangent in terms of its 
inclination to the axis ofx. 

Proceeding as in (Art. 180), we have, for the equation to 
the tangent, 

c s ^ ^' 

with the condition -ir + -^ = (2) ; 

and we must now eUminate x' and y instead of s and c : 

from (2) T- = , ; 

^ ' •DC ay 

whence — 771 — = « /« ^-^-t, (3), 

for, (aj'y') being on the curve, 5V^ + a^y'^ = a'J*. 

From equations (2) and (3), we have 

, . i'c , _ a's 

^ -VaV + 6V ^aV-\-b'd'' 

/. from (1) cy — sx=i cy — 535' 

= ± VoV+W, 
according as we take the upper or lower signs. 

If - = 77?, where w is the tangent of the angle which the 
c 

line (1) makes -with the axis of a;, the equation becomes 

y = mx ± V wV + b\ 

The double sign refers to the two tangents at the ex- 
tremities of a chord through the centre, since, by the last 
article, these tangents have the same inclination to the axis 
o{ X. 

The student will haye no difficulty in obtaining this 
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equation without introducing the point {x'y), as in the circle, 
Art. 120. 

Cob. HeiMje if a straight line and a conic be represented 

by 

s s 

y = mx + l3, and — « + ri = 1» 

a o 

the condition of tangency is 

183. If the tangent pass through the centre, we have 
^/mVT6^ = 0. (Art. 28, Cor. 3.) This gives an imaginary- 
value for m in the case of the ellipse, but for the hyperbola 
we have 

mV — y = 0, or w = + - ; 

""a 

hence a tangent to the hyperbola drawn from the centre 
coincides (Art. 169) with the asymptote, and only meets the 
curve at an infinite distance. The asymptotes may there- 
fore be considered as straight lines touching the curve at an 
infinite distance. 

184. The result of the last article may be obtained from 
the equation to the tangent at any point {x'y), as follows : 

The equation to the tangent to the hyperbola at {xy'), is 
(Art. 180), 

xx' y]i__^ /T> ^ ?! y—Ji [9\. 

5" ~" ~7T" '~~ -I •••••• (-IJ> or "^ . } ^ Ta — ' •••... (Z) ! 

a or y y 

hence, when y is indefinitely large, or the point of contact is 
indefinitely distant, the right hand member of (2) vanishes ; 
also from the equation to the hyperbola, since {xy') is a point 
on the curve. 



x'^ a' a^ 



y'^^b'^y 



12 i 
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and therefore, when x and y' become infinitely great, ulti- 
mately 

y h y b 

• Hence equation (2) becomes, after reducing and trans- 
posing, 

- = ±f , or as one locus, -7 — t3-=0 (2), 

which represents the two asymptotes. 

In the ellipse the same process would give ultimately 

which gives for the asymptotes of the ellipse the two imagin- 
ary straight lines 

- =-. + ^—1 f- , or as one locus, -« + ?« = 0. 
a ~ 6 a 

It will perhaps be observed, that in the above proof we 
began with the equation to one straight line, (1), and, on 
endeavoiiring to trace its limiting position, consequent on 
the indefinite increase of x' and y, we have obtained an 
equation which represents Uvo straight lines. Can each of 
these be the limiting position of (1) ? The difficulty vanishes, 
if we take into consideration that (1) represents, not one, but 
a class of lines, indefinite in their number, and subject only 
to the limitation that {x'y') should be on the curve. The 
suppositions we have made with regard to x andy, are 
equally applicable to the whole class. Hence the result- 
ing equation (2) represents the limiting position, not of one 
tangent but of all of them. 

185. Since the asymptote touches the branch ItAL 
(fig. Art. 166) at infinity, it must also, by the symmetry of 
the figure, touch the branch RJi!L at infinity. But we saw 
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(Art. 176) that, when we combine the equations to a straight 
line and the curve, the result is a quadratic, which will 
determine two points of intersection, and only two. That is, 
a straight line can only intersect a curve of the second order 
in two points, and, when these two points coincide, the line 
is said to touch the curve ; hence the two points of contact 
of the asymptote would seem to coincide. This difficulty 
will be removed, when we consider that the asymptote Blif 
does not really touch the hyperbola at infinity, and that this 
expression is only a short way of saying, that, as the distance 
of the point of contact becomes very great, whether on the 
branch AR or A'B!, the tangent in each case tends to coin- 
cide with the line RR. 

186. We see then that, if a central conic is referred to 
its axes, the equations to the conic and its asymptotes are 

Px'+Qy'^R, Px'+Qy' = 0, 

the asymptotes being real, only when P and Q are of oppo- 
site signs. Now let any transfonnation of axes be made, 
the centre remaining the origin, so that we write (Art. 72) 
ax + by for x, and a'x + Vy for y, where a, a, b, b' represent 
constant quantities ; then, if the equation to the conic becomes 

Aa^ + Bxy+Gy^^R, 

(for R will evidently not be altered), the equation to the 
asymptotes will become 

Aai" + Bxy + Cy^ = 0. 

Hence, with any axes whose origin is the centre, the 
equation to the asymptotes is found by equating to zero 
the terms of the second degree in the equation to the 
conic. Also, since (Art. 141) these terms are not altered, 
when the origin is transformed from the centre to any point 
whatsoever, the direction of the axes remaining the same, we 
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shall, by equating them to zero in any equation, find a pair 
of straight lines drawn through the origin parallel to the 
asymptotes. This article explains the coincidence mentioned 
in Art. 146, since the axes bisect the angles between the 
asymptotes. 

187. To determine the equations to the tangents to an 
ellipse or hyperbola, which pass through a given point (xy'). 

The equation to the tangent, is (Art. 182) 

y — mx = + *Jcfw? + h*. 
Since it passes through (aj'y'), we have 

or m'+ a ^ /. ^+ , '^;g = (1), 

a —X a —X ^ ^ 

which equation gives two values of m ; let them be fi and fi ; 
then the equations of the tangents required are 

3^-y = A^(»-^')> y-y'==/J''{x-x) (2). 

188. The roots of equation (1) of Art. 187 are real and 
different, real and equal, or imaginary, according as 

ajV>=<(i'-y')(«'-^") ....(3), 

oras -^ + ^-l> = <0 (4), 



a 



h 



and a little consideration will shew that inequality (4) gives 
the conditions that {x'y') shall be without, on, or within the 
ellipse. Hence no tangent can be drawn to the ellipse from 
within the curve. 

' To prove the same property for the hyperbola, we must 
write —6^ for 6^ in (3), and we shall then obtain, instead 
of inequality (4), 

^-|r-l<=>0 (5). 
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Condition (5) will evidently always give possible roots, 

when x' does not exceed ±a\ for then —3 is less than unity, 

and consequently the whole expression is negative; but, 

when X exceeds those values, 2 becomes greater than unity, 

and, in order that the whole expression may be negative, the 
value of y must not be less than that of the ordinate of 
the curve corresponding to x\ since it is that value which 
makes 

^-.? l=nO 

Hence inequality (5) gives the condition that {xy') should 
be without, on, or within the curve, (where the foci are con- 
sidered as within) and no tangent can be drawn to the hyper- 
bola from within the curve. The above reasoning shews 
that the curves are, as we have drawn them, always concave 
to the axis of x\ for if this were not the case, it would 
evidently be possible to draw a straight line from within, 
which should pass through two coincident points of the curve. 

189. To determine the locos of the intersection of two 
tangents at right angles to one another. 

If, in Article 187, the two tangents are at right angles, 
yLt^Lt' = — 1. Hence, from equation (1), since fifi! is the pro- 
duct of the roots, 

.'. a;'» + y' = a' + t'; 

or the locus of the point (aV), where the tangents intersect, 

is a circle, whose centre is C and radius = J a* + 6". 

The corresponding equation for the hyperbola is, of course, 

a? + y^=^a'-b\ 
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which is a circle, unless 6* be greater than a", in which case 
the locus is impossible; i.e. two tangents cannot be drawn at 
right angles to one another, when 6' is , greater than a\ 
In the equilateral hyperbola 6 = o, and the circle is reduced 
to a point, namely the origin ; hence only one pair of 
tangents at right angles to one another can be drawn to 
the equilateral hyperbola. These pass through the centre, 
and are the asymptotes, which are tangents at an infinite 
distance. 

190. To find the perpendicular from the centre on the 
tangent, in terms of the angle which it makes with the aads 
ofx. 

If the perpendicular p make an angle a with the axis of 
X, the equation to the tangent is (Art. 27) 

X cos a 4- y sin a =p, 
and hence, by the condition given in Art. 182, Cor., 

p^ = a' cos' a + V sin' a, * 
or since ^ = a' (1 - e') (Art. 174), 

p^ = a' (1 — e' sin' a). 

Hence the equation to the tangent in the form given in 
Art. 27 is 

a; cos a + y sin a — a Vl — e' sin' a = 0. 

If we had used the signs suitable to the hyperbola, we 
should have obtained the same result for that curve. 

191. To find the equation to the normal at any point 
By reasoning similar to that used in the case of the 
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circle (Art 122), since the normal passes through the point 
{pdy) and is perpendicular to the tangent, whose equation is 

a^ "^ 6* " ' 

3 ' 

its equation is V^y— -j^f (^ "" ^')' 



or 



X y 



192. To find the equation to the normal in terms of its 
inclination to the major axis, we may write it 



«-.' 



y'-y=^m{x—x*) (1), where m = Y5p (2), 

and is the tangent of the angle which the normal makes 
with the axis of x. We have then to express x and y in 
terms of m. 

whence j = ^ ,., — = — , , 

a ox X 

since <^y'^ + l'x" = aV; 

.•. X = , ■ - : and similarly y = , =t= , 

Nom + a V6 w + a 

Substituting these values in (1) we have 

193. The intercepts of the tangent and normal on the 
axis of X may be found by putting y «« in their equations. 
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Let them meet the axis in T and G ; then, putting y = 
in the equation to the tangent, we have 





^=1. or C2'=^; 
a X 



and, in the same manner from the equation to the normal, 
when y = 0, we have 



X 



-..(x-5), 



or CG^e^x. 



The portion MT, intercepted on the axis between the 
tangent and the ordinate of the point of contact, is called the 
svhtangent, and MG is called the subnormal The length of 
the subtangent is, 



in the ellipse. 



X X 



-2 '2 



and in the hyperbola, CM — CT == oj' > = -, — . 

X X 

In the same manner the length of the subnormal is, 
in the ellipse, MG = a?' — ^x = -5 x, 



in the hyperbola, MG = eV — a?' « -j x\ 
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194. If in the equation to the tangent 

a- "^ 6- ^ ' 

we write a?', x for x, os', and y\ y for y, y respectively, the equa- 
tion remains unchanged Hence (Art. 131) all the theories 
of poles and polars proved for the circle in Arts. 123 — 127, 
129, 130 are equally true for the ellipse and hyperbola, and 
the proofs will require no alteration, except that we must 
write the equations to the ellipse or hyperbola and its tan- 
gent, in the place of the equations to the circle and its 
tangent. These properties are so important, that the student 
is recommended to convince himself thoroughly of the truth 
of the above assertion, by writing out the articles with the 
requisite changes. 

195. If, in the equation to the polar of the point {pi^y') we 
make y' = 0, the equation becomes — ^ = 1, the equation to a 
straight line parallel to the axis of y ; hence the polar of any 





point on the axis of a?, is parallel to the axis of y ; and simi- 
larly the polar of any point on the axis of y, is parallel to the 
axis of a;. 

If we take two points, fl", 8 on the axis of a?, so that 

in the eUipse GS^ CH= V^?3j^= ae, 

and in the hyperbola 08 = Cff = Va* + J' = ac. 
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the equations to the polars of these points will be^ writing 0, 
ae and 0,-06 for y, x\ 

a: = - for the polar ol H, a; = — for the polar of 8. 

These points are called the /oce', and their polars are called 
the directrices of the curve. 

In the ellipse, since e is less than unity, the foci lie between 

the centre and the vertex, and the directrices KX, K'X\ the 

polars, respectively, of II and S^ lie beyond the vertex. In 

the hyperbola, since e is greater than unity, the reverse will 

be the case. In the circle ft = 5, and the foci coincide with 

the centre; also (Art 174) e= 0, so that the directrices are 

infinitely distant. It will be seen hereafter, that the focus and 

its polar, the directrix, possess many remarkable properties in 

connexion with the curve. 

■ ■♦ 

Cor. From the results of this article we have in the 

ellipse, 

AH^ AG- CH^ a - ae = o (1 - c), -' 

e e 

HX^CX'-CH=--ae = ^^^-^. 

e .e 

In the hyperbola 

{ ■ ■ * 

e e 

HX==CH- 0X^06--:=:^^^=^. ' '■'■ 

e e 

196. To find the distance ofanypoird in the ellipse from 
the foctis, in terms of tfy^ ahscissa of the point. 
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Since the co-ordinates of the point H are [x^ae^ y = 0,) 
the square of the distance of any point P, {x'y') from it is 

(Art 7), 

{x - oe)'+ j^'' = a/*- 2aea/ + aV + y*" ; 

and if P be a point in the curve, 

since J* = a* — aV. Hence * 

HP^ = a* - 2aea:' + e V, 
or HP =^ a-' ex*. 

We do not notice the value [ex' — a) obtained by giving 
the negative sign to the square root. For e is less than 1, and 
X* less than a, hence ex' — a is constantly negative^ and need 
not be taken into consideration, since we are now examining 
the magnitude, not the direction, of the radius vector jHP. 

Writing — ae for ae in the preceding proof, we have for 
the distance of P from the other focus 

SP=a + ex ] 

hence 8P-^£rP=2a, 

or the sum of the distances of any point in a/n ellipse from the 
foci is constant, and egual to the cuds major, 

197. In the case of the hyperbola, we obtain the same 

value for -HP*, but, in extracting the root, we must take 

the value 

HP=ex-a, 

since in the,hyperbola x' is greater than a, and e is greater 
than unity, and consequently a— ex ia constantly negative. 
}n like nianner, we hiave 

8P^eaf + ai 
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hence 8P-HP^2a, 

or, in the hyperbola the difference of the focal radii is constant^ 
and equal to the transverse axis. 

198. The property proved ia the two last articles will 
enable us to describe an ellipse or hyperbola mechanically ; 
for, evidently, if a string SPH be fastened to two points 8 
and Hy a pencil P, moved so as to keep the string always^ 
stretched, will describe an ellipse of which 8 and H are the 
foci, since /SP + -HP will be a constant quantity. 

Also, any portion of an hyperbola may be described by a 
ruler and cord ; for let a ruler 8R revolve 
round 8 in the plane of the paper, and let a 
cord be fastened to H, shorter than 8R by a 
given dijBFerence c ; then a pencil P, which 
should always keep the string stretched 
against 8R, would describe an hyperbola ; for the diflFerence 
SP— Pfl" would always equal a constant quantity c, the diflFer- 
ence in the lengths of the ruler and cord. 

199. The distance of any point on the curve from the 
focuSj is in a constant ratio to its distance from the directrix. 

The equation to the directrix KX is (Art. 195) 

ex^a = (1), 

and the length of the perpendicular (fig. Art. 195) from any 
point P {xy) in the ellipse on (1) is, (Art. 54), since we do 
not pass through the line to reach the origin, 

e e 

In the hyperbola, since we do pass through the line, the 
perpendicular from any point P (a'y'), is 
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e e 

» ■ - • 

Hence in both curves the distance of any point P from 
the focus is to its distance from the directrix in the constant 
ratio of e to 1. 

Va* — b^ . '• . ' 

In the ellipse e = , and is less than 1, or the dis- 

tance from the focus is less than the distance from the directrix. 



In the hyperbola e = , and is greater than 1, or the 

4iatance from the focus is greater than the distance from the 
directrix. It will afterwards be seen, that the parabola has 
a focus, and that the distance of any point from the focus is 
eqiuil to the distance from the directrix. 

Hence it is often given as a definition of a conic section, 
that it is the hcus of a point, whose distance from a given point 
has a fixed ratio to its distance from a given straight line. 

200. The double ordinate through the focus is called the 
LatiLS Rectum, Putting a? = ae in the equation to the curve, 
Wehave . 

or 'V = ± -^ ; hence the latus rectum = — = 2a (1 — e*) in the 
eijipse, and = 2a (e* — 1) in the hyperbola. 

201. In the ellipse the normal bisects the interior angle 
between the focal distances, and in the hyperbola the exterior 
angle; and the focal radii make equal angles with the tangent. 

^ .The equation to HP, since it passes through {x'y), 
(oe, 0) is 
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(1). 



y ^ y 

and similarly, the equation to 
8Pis 



y ^ y 

x + ae x' -\-a£ 



• •••••••••••• {juj» 




Hence, forming the equation to the bisector PG of the 
Angle between (1) and (2), we have, by the rules of Art. 59, ' 

- jx' - ae) y + yx - aey' ^ {x ■¥ae)y -yx-aey 

which we might shew by reduction to be the equation to the 
normal at {x'y). This may however be proved briefly as fol- 
lows. The denominators of (3) are evidently HP and fiP,. 
and therefore reduce, for the ellipse, to a — ex and a + ex\ a9 
in Art. 196 ; hence, to find where (3) meets the axis of a?, we 
jiave, making y = 

X -^ ae ^'— {x + ae) ^ ■ "- 

a — ex' "" a-^ex' ' 

"kence x = CG = eV, and .'. (Art. 193) the bisector PG is the 
aormal. 

: The reasoning for the hyperbola is precisely the same ;: 
but the denominators of (3) will now become ex' — a and. 
nx +«, and we shall have, to determine the point iT where 
the bisector PT meets the axis, 

x — ae _ — (a? + oe) ^ 
ex —a ex •\- a ' 

2 

hence x = CT = — , 

X 

and .'. (Art. 193) the bisector 
PT is the tangent, and, conse- 
quently, the normal PG bisects the exterior angle EPR. 
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202. The following is an easy geometrical proof of the 
preceding results. In the ellipse and hyperbola CO = e*a?' ; 
hence in the ellipse, 

also 8P == a +ex' ; HP = a — ea?' ; 

.-. 8G : EG^SP : HP, 

and therefore, by Euc. vi. 3, PG bisects the angle 8PH. In 
the hyperbola, 

8G = eV + o«, HG = eV — ae \ 

also 8P = ^' + a, J3P= ex —a\ 

.\ 80 : nO=^8P: HP, 

and therefore, by Euc. vi. A, PG bisects the exterior angle 
HPR, 

203. To find the locus of the eostremities of perpendiculars 
dropped from the foci upon the tangent. 

Let 8Yy HZ he these perpendiculars, then the equation 
to PT is, taking the fig. of the ellipse, 

and since i3Z passes through H{y/a*'- &', 0), and is perpen- 
dicular to PT, its equation is 



between which equations if we eliminate m, we shall obtain 
the equation to the locus of their intersection. These equa- 
tions may be written 

y — mx = 'Jrrfcf + &', my + a? = Va* — 6* ; 

adding their squares, 
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or 0^+3^ = 0', 

the equation to the locus of Z^ which represents a circle on 
the axis major as diameter* 

204 If HZ is the perpendicular from H{fle, 0) on the 
tangent, whose equation is 

■^+f =1 (1). 

we have for the ellipse (Art. 54), since we do not pass 
through (1) to reach the origin, 

caj' ^ 

HZ = — <t _ oi' (o — ex") 

But ay + 6V» = aV (^ 2/" + ^ *") 

=^ a^b' {a* - x'* + {1 - e') x"} 
= o»J"(a*-eV*), 

and therefore HZ=b./ ? (2). 

Similarly ^^=V^ ^')- 

Hence SY.EZ^V (4). 

In working this problem for the hyperbola, we must 
remember that, in the case of HZ (fig. Art. 201), we do pass 
through (1) to reach the origin. We mention this, because 
the student would otherwise probably be puzzled, by getting 
— 6* as the right-hand member of (4). 

If 5F=jp, iSP= p, equation (3) may be written 
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the upper or lower sign being taken, according as the curve 
is an ellipse or hyperbola. 

203. Any focal chord is perpendicular to the line joining 
its pole with the focus. 

By definition, the directrix is the polar of the focus, and 
conversely, by Art. 129, the polar of 
any point in the directrix passes 
through the focus. Hence assume 
the pole of any focal chord PHQ to 

be a point ^(-, yj on the directrix, 

then the equation to the chord is (Art. 123) 

and the equation to a perpendicular HK to this chord, drawn 

through the focus, is 

aey , . 

and, when a;=CX=- in this equation, y = y= JfX, or the 

e 

line which it represents passes through K, the pole of the 

chord. 

206. We have deduced all the above properties of the 
ellipse and hyperbola from their equations alone ; we shall 
now shew how, conversely, their equations may be deduced 
from a knowledge of their properties ; for example, let it be 
required to find the hcus of a point (P), the distance of which 
from a given point (S) ha^ a constant 
ratio to its distance from a given straight 
line (KX). 

Suppose SP : PK^ 6:1; draw SX x 
perpendicular to KX, and divide SX in 
0, so that SO : OX=e : 1; then 



J? 
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will be a point in the locus; take OSxy Oy, as axes, and 

let OM(=^x\ MP{j=y) be the co-ordinates of P; let 08 ^d^ 

d . . 

and, therefore, 0X=-. Then 

6 

8M' + PM*^ 8P\ 
or {x-dy + y'=^e*lPK*; 

whence we obtain 

(l-e')a;" + ^»-2(l + e)(&? = (1), 1 

an equation of the second degree between x and y, 

207. We proceed to interpret this .equation by the 
methods of Chapter vili. The locus belongs to the Ellipse, 
Hyperbola, or Parabola class, according as^* — 44(7is nega- 
tive, positive, or zero, where A, B, C are the coefficients of 
a?, xy, y^y respectively ; that is, according as 

4 (e^ — 1) < = > 0, or as e < = > 1. 

I. Suppose e to be less than unity, or the locus to belong 
to Class I. The equation may be written 

2dx . V* /x 



or 






d 
Transferring the origin to a point x = ^ , y = 0, we 



obtain 



^^J-,- 



1-6' (1-c)" 

which represents an ellipse with the centre for origin, unless 
<Z = 0, or the given point is on the given line, in which casa 
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the equation (see Art. 107. ii.) is satisfied only by the valued 

35 = 0, y = 0. If we replace the known quantity by a, 

and put a* (1 — e*) = J*, we obtain the equation 

a* ^ \? ' 

which has been already discussed. 

II. Suppose e lo be greater than unity, or the locus to 
belong to Class ii. In this case 1 — e and 1 — e'^ are negative ; 
we shall therefore write the equation, 

\ e — 1/ e — 1 (e — 1) 
Transferring to the point x = r , y = 0, we obtain 



a^-J-.^ 



e-1 



e*-l (e-1)" 

which represents an hyperbola with the centre for origin^ 
unless £?= 0, or the given point is on the given line, in which 
case the locus is the two straight lines 

Ve"* - 1 a? + y = 0, Ve*-la?-y = 0. 
If we replace the known quantity = by a, and put 

a»(e»-l) = J^ 
we obtain the equation 

which has been already discussed. 

III. Suppose e to be equal to unity, or the locus to 
belong to Glass iii. The equation in this case becomes 
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This represents the curve called the Parabola, which we 
have not yet discussed, unless £?=0, in which case it repre- 
sents two straight lines coinciding with the axis of x. 

Cor. Hence we see that the simplest form, by which 
the three conic sections may be represented, is 

y* = Twa? + TWJ* (2), 

where the curve is an ellipse, hyperbola, or parabola, accord- 
ing as n is negative, positive, or zero. 

The point will plainly be one of the vertices of the 
curve, 8 the focus, and KX the directrix. 

208. The above proposition may be proved more gene- 
rally as follows. 

Let the given point be {xy), and the given line 

Ax + Bt/ + C=0, 

then, if {xt/} be any point on the locus, its distance from 

and its distance from the given line is 

~ A/iA' + B') ' 
Hence, by the conditions of the problem, we have 



e' 



(x-xr + (y-yr = -^^{Ax + By + Cy. 

which is an equation of the second degree, and therefore 
represents a conic section. 

209. To find the polar equation to the ellipse or hyper- 
bola, the focus being pole. 

Here we have to find the polar equation to the locus of 



188 CENTRAL CONIC SECTIONS. 

Art. 206, the given point being a focus, and the given line 
the corresponding directrix. In the figure of Art. 206 let 

5P = /), aPSx = 0, SX=c; 

then 6P^e.PK=e{SX+8M), 

or p = e {c + pcos0) (1). 

Let = 90' ; then p = ec, or the whole chord through 8, 
I, e. the latus rectum, is equal to 2ec ; hence, if we denote 
the latus rectum by 21, (1) may be written 

p = :i — 3, or - = l-ecos^ (2), 

'^ 1 — e cos p ^ ^ 

the equation required. 

By the figure used it will be seen, that this is the equa- 
tion, when the left-hand focus is taken in the ellipse, and 
the right-hand focus in the hyperbola, with their correspond- 
ing directrices, and the point P has been taken in that 
branch of the hyperbola, in which the pole lies. If we take 
the other foci and directrices in each, and the point P in 
the left-hand branch of the hyperbola, the equation will be . 

-=1+6C0S^.... (3). 

P 

210. The student is recommended to trace the clirves 
from equations (2) and (3) of Art. 209, substituting for I its 
value, a (1 — e") in the ellipse, and a (e* — 1) in the hyperbola. 
He will find, in the latter, that each equation represents both 
branches, the positive values of p tracing the branch in which 
the pole lies, and the negative values of p (Art. 12) tracing 
the other branch. For example, if he traces from equation 

(2), he will observe, that, when = cos"^ - , the value of p 

becomes infinite, and the radius vector is (Art. 174) parallel 
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to the asymptote CB (fig. Art. 166). Let this angle = a; 
then as varies from 

to a, a to TT, TT to 27r — a, 27r — a to 27r, , 

p varies from 

— (ae + a) to — 00 , oo to ae— a, ae—a to oo , — x to — {ae-^a)^ 

thus^ tracing the branches, A'R, BA, AL, I! A. Thus it 
appeal's that jB', By and Z/, i' are consecutive points on the 
hyperbola, a result which has been noticed in Art. 185. 

211. To find the locus of a point P, the sum of whose 
distances from two given points S and H is a constant quantity. 

Let iSP=p, J5rP=p, 8P + HP=2a, 8H=2c, angle 
PSH= 6 ; then 

p + p =2a, 

whence p'' = P* "" '^^P + ^<^'> 

but p" = p' + 4c' - 4cp cos ^ ; ^ 

therefore c^ — ap^<? — cp cos ^, . 




or , p = 



2 2 

c —a^ 
o cos ^ — a 



now, if we write ae for c, where e is less than unity, since 
8P+HP > SHj and therefore a>c, the equation becomes 

,_ a(l-e') 
''~l-ecos^' 

which is, evidently, (Art. 209), the equation to an ellipse, 
whose foci are 8 and ^S^ and whose eccentricity = e. 

21 2. To find the locus of a point P, the difference of whose' 
distances from two given points S and H-isa constant quantity: 

' Let jEfP=^p, 8P= p\ TT - Pj?/ff = 0, then 

.'•,>>.■■' '^ 
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whence p'* = p* + 4ap + 4a', 

also p'^^p*^ 4c* + 4c/) cos 0, 

hence, as before, we have 

^ a(c'-l) 
'^""l-ccostf' 

where e is greater than unity, since SH is gpreoter than 
SP-EP, or oa. 

This equation (Art. 209) represents an hyperbola, whose 
foci are 8 and H, and whose eccentricity is e. 



EXAMPLES IX. 

The foUowiDg problems are enunciated, some for the ellipse,, 
and some for the hyperbola, though many of them are equally 
applicable to both curves. 

1. If the tangent to an hyperbola^ at a point whose abscissa 
is CM, meet the transverse axis in ^; A^M, A' Ay A'T will be in 
harmonical progression. 

2* The distance of the centre of an ellipse from a tangent 
inclined to the major axis at an angle ^, is = a (1 — e' cos' 4)*. 

3. The distance of the focus of an ellipse from a tangent 
inclined to the major axis at an angle ^, is 

a {« sin^ + (1 — e* cos* ^)?}. 

4. Find the angle (0) at which the focal distance SP is in- 
clined to the major axis, when SP is a mean proportional between 
the semi-axes of an ellipse, when a = 50, 6 = 30. 

5. If in any hyperbola, three abscissse be taken in arithmetical 
progression, the focal distances of the extremities of the ordinates 
of these points will also be in arithmetical progression. 
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6. Shew tbat tHe equations to the tangents to an ellipse 
(So" + y' = 3), inclined at an angle of 45* to the axis of a?, are 
y = a5+2, y — a— 2. 

7. If the semi-axes of an ellipse are 5 and 4, find the angle 
at which CP is inclined to the major axis, when an arithmetic 
mean between CA and CB. 

8. Find the eccentric angle (i) at the extremity of the latus 
rectum of an ellipse, and (ii) at the point where oj = y. 

9. If any number of hyperbolias- be described, having the same 
transverse axis, the tangents drawn at the extremities of their 
latera recta will all pass through one point. 

10. If the tangent at any point F in an hyperbola intersect 
the axis in T, and GP meet the tangent at A in B, ET is parallel 
ioAP. 

1 1. Shew tan — ^— . tan — 5— = -^ , where P is any point in 

an ellipse. 

12. If PSp be any focal chord of an ellipse, L the latus 
rectum, then L.Pp^ ASP . Sp, 

13. If CAy CB be the semi-axes of an ellipse, shew that, when 
SBH is a right angle, GA^ : (7^ :: 2 : 1. 

14 Find the condition that the line ( — + ?^ = 1 J should touch 

\m n J 

15. The tangent to an ellipse is inclined to the major axis at 
an angle ^ ; shew that the area included by this tangent and the* 
axes is = ^ (a' tan ^ + &' cot ^). 

16. The circle described on any radius vector SP of an ellipse 
as diameter, will touch the circle on the axis major. 

17. Find where the tangents from the foot of the directrix 
will meet the hyperbola, and what angle they will make with the 
transverse axis. 
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18. Draw a tangent at the extremity of the latus rectum of 
an ellipse whose equation is 5— , + j—^ = 1, 

19. A tangent at the extremity of the latus rectum of an 
hyperbola meets any ordinate PM produced in i?; shew thAt 
SP = MRy where S is the focus through which the latus rectum 
passes. 

20. Shew that the equation to the normal, at the point whose 
eccentric angle is ^, is oo; sec ^ — 6y cosec ^ = a' — h\ 

21. Find the radius of a circle inscribed in a semi-ellipse, 
touching the axis minor. 

22. From the point where the circle on the major axis is 
intersected by the minor axis produced, a tangent is drawn to the 
ellipse; find the point of contact. 

23. If from the extremities of the minor a^s two straight 
lines be drawn through any point in the ellipse, and intersect the 
axis major in Q and i?, then CQ . OR = CA*, 

24. If a rod slide between a vertical wall and a horizontal 
plane, any point on it traces out an ellipse. 

r 

25. If a tangent be drawn to the interior of two concentrio 
ellipses, the axes of which are in the same straight line, meeting 
the exterior one in P, Qj and at P, Q tangents be drawn to the 

latter, intersecting in R, prove that the locus of i? is an ellipse. 

* • '. 

26. To shew that the locus of one end of a given straight 
line, whose other end and a given point in it move in straight 
lines at right angles to one another, is an ellipse. 

27. If with the co-ordinates of any point in an elliptic quad- 
rant as semi-axes, a concentric ellipse be described, the chord of 
the quadrant of the one will be a tangent to the other. 

28. The Ipcus of the centre of a circle touching two circles, 
externally is an h3rperlx)la. 



EXAMPLES IX. 193 

29. The locus of the centre of a circle touched by one circle 
externally and one internally is an hyperbola. ^ 

30. Find the locus of the extremity of the perpendicular j&om 
the centre on the tangent to the hyperbola. 

31. If ^, ^ be the eccentric angles of two points on an 
ellipse, the equation to the chord joining the two points is 

X 0-h<h y sinO + di O — di 

_ cos — 4- — — =5 cos — 

a 2 ^b 2 ^ 2 • 

Hence deduce the equation to the tangent at the point whose 
eccen1a:ic angle is ^ 

32. Prove Arts. 203, 204 by means of the equation to the 
tangent obtained in Ex. 31. 

33. If SAG = 2GS in an hyperbola, find the inclination of the 
as3anptotes to the transverse axis. 

34. If from a point P in an hyperbola, FK be drawn parallel 
to the transverse axis, cutting the asymptotes in / and K, then 
PX.FI= a% or if parallel to the conjugate, FK.PI = V. 

35. If from a point P in an hyperbola, FN be drawn 
parallel to the asymptote to meet the directrix in N^ then 
FN^SF. 

36. li A^ A'he the extremities of the transverse axis of an 
ellipse, T the point where the tangent at P meets AA\ QTR a 
line perpendicular to A A' and meeting AP^ A'P in Q and R re- 
spectively, then QT = TB. 

37. Find the eccentricity and latus rectum of the conic 

2y* + a!'+4y-.2a?-6 = 0, 
the axes being rectangular. 

38. Find the equations to the asymptotes of the curve 

3aj*-10icy + 3y*-8 = 0; 
and find the angle between the asymptotes of 

^-10a^ + aj" + y + aj + l =0, 
the axes in the latter case being rectangular. 
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39. How many normals can be drawn to on ellipse from 
a point on thei^ major axis, and how many from a point on the 
minor axis ? 

40. In the equilateral hyperbola, the eccentricity is the ratio 
of the diagonal of a square to its side. 

41. A tangent at any point P of an ellipse meets the axirf 
major produced in jT, and the axis minor produced in ^ ; to find 
the locus of a point Q in Tty such that, QT : Ql \: m : n. 

42. To find the locus of the intersection of the ordinate of any 
point in an ellipse produced, with the perpendicular from the 
centre upon the tangent at that point. 

43. If the normal at P meet the axis major of an ellipse in G, 
and GK be drawn perpendicular to SP, GK=e,PMy where PM 
is the ordinate of P. 

44. If SQ be drawn, always bisecting the angle PSCf in an 
ellipse, and equal to a mean proportional between SG and SP, find 
the eccentricity of the curve which is the locus of Q. 

45. Two straight lines, such that the product of the tangents 
of their inclinations to the axis of ^ is constant, touch ian ellipse j 
shew that the locus of their intersection is an ellipse, or hyperbolaj 
according as the product is negative or positive. 

46. Shew that the locus of the summit of a moveable right' 
angle, one side of which touches one, aud the other side the other 
of two confocal ellipses, is a concentric circle. 

47. An ellipse and hyperbola have the same foci and coin- 
cident axes; they cut each other at right angles. 

48. If P be any point in the hyperbola, S and ff the foci;* 
find the locus of the centre of the circle which is inscribed in 
SPH. 

49. If a tangent. at any point of an hyperbola be intersected 
by the tangents at the vertices in H and JT, the circle on HK as 
diameter passes through the foci. 



CHAPTEK X, 

Central Conic Sections. Conjugate Diameters. 
The Hyperbola referred to its Asymptotes. 

213. We saw (Art. 145), that there is only one system 
of rectangular axes, about which the ellipse and hyperbola 
are so situated^ that each axis should bisect all chords parallel 
to the other. We shall now shew, that there are an infinite 
number of oblique axes, which possess the above property 
with regard to the two curves. 

214. To find the locus of the middle points of any system 
of parallel choj^ds. . 

Let QQ be one of the chords, M its middle point (cc'y'), 

a 




and let the equation to Q'Q* be 



c s 



(!)• 



Now, if we substitute for x and y from this equation in 
the equation 

^4=-'' —(2). 
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we obtain equation (3) of Art. 176 to determine the dis- 
tances (Z) of the point {xy) from the intersection of (1) and 
(2). But, since these distances (ifQ, MQ) are equal in 
magnitude, the two values of I are equal and of opposite 
signs (Art. 34, Cor.) ; hence the coefficient of i = 0, or 

which is a relation between the co-ordinates of the middle 
point of the chord QQ. But, since the chords are parallel, 
8 and c are the same for them all, and the same relation 
holds for the middle points of all ; hence the equation to the 
locus required is 

a' ^ V "' 
which represents a straight line {CM) through the centre. 
K m be the tangent of the angle which the chords make 

with the axis of a?, m = - , and the equation is 

The equation for the hyperbola is, of course, 

Cor. If (ajy') be the point P, where CM meets the 
curve, we have 

w = — J-, , 

but the right-hand member (Art 180) represents the tan- 
gent of the angle, which the tangent at {x'y*) makes with 
the axis of x. Hence the tangent at the extremity of CP is 
parallel to the chords bisected by that line, as it evidently 
should be, since it may be considered as the limiting position 
of any chord QQ^ as it moves parallel to itself up to P. 
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215. The straight line, which bisects any system of 

parallel chords, is called a dxaineter of the curve, and the 

chords are called the ordinates of that diameter. We have 

seen above (Art. 214), that, if the equation to one of the 

chords be 

y = mx + c, 

the equation to the diameter, of which those chords are ordi- 
nates, is 



y=- 



c?m 



X. 



We see then, that all diameters pass through the centre, 
and, conversely, since m may have any value, all lines passing 
through the centre are diameters. We shall see hereafter, 
that the same is true in the case of the parabola; but, the 
centre of the parabola being infinitely distant, all its dia- 
meters will consequently be parallel. 

216. If two diameters he such, that one of them bisects 
all chords parallel to the other, then the second will bisect all 
chords parallel to the first. 

Let the diameter CP(t/^mx) bisect all chords parallel 



Fig. 1. 



Fig. 2. 





to the diameter {CD) (y = m'a;). Then, by Art. 215, 



w = — 5—,, or mm =^ — ,; 
am a 
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and this is the only condition that must hold, in order that 
{y=^inx) should bisect all chords parallel to (y = mx). 

217. Diameters so related, that each bisects every chord 
parallel to the other, or, more commonly, such portions of 
these diameters as are intercepted, by the curve, are called 
Conjugate Diameters, and the condition that the diameter 
(j/^mx) should be conjugate to the diameter (y = mx) is, 
by the last article, 

mm = 5 w 

a 

We shall see hereafter that only central curves can have 
conjugate diameters. 

If 6, ff be the angles which the conjugate diameters make 
with the major axis, we have 



in the ellipse, 
in the hyperbola. 



L2 



tan^. tank's — •„, 

a 

V 
tan . tan ^' = -, ; 

a 



hence, in the ellipse ike conjugate diameters fall on different 
sides of the Ojods^ minor j for, if one of the angles ^, ^ be 
acute, and its tangent positive, the other must be obtuse, 
and its tangent negative ; and we see by similar reasoning, 
that in the hyperbola the conjugate diameters lie on the sam^ 
side of the conjugate aais. 

218. Also, of any two conjugate dia/meters, mly one can 
meet the hyperbola; for if 
one of the tangents (tan 0) 

be less than -, the other 

a 

(tan ff) must be greater 

than -, and it is evident -* 
a 
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fi:t)ra Art. 169 that the diameter which makes the angle 

with the axis will fall within the angle RCL, made by the 

asymptotes, and meet the curve, while the diameter that 

makes the angle ff with the axis will fall within the angle 

RCL'y and will not meet the curve, for it has been shewn 

h 
that tan RCA = - . 

a 

' If, in the hyperbola^ tan = tan ^ = ± - , the two dia- 

meters coincide with the asymptote RR' or with LL\ accord- 
ing as we take the upper or lower sign ; hence each asymptote 
is 'its own conjugate diameter. 

If tan ^ = — tan^ = - , in the ellipse, the angles and 

are supplementary, and, by the symmetry of the figure, the 
conjugate diameters are equal ; hence the equal conjugate 
diameters in an ellipse are parallel to chords joining the 
extremities of the major and minor axes; and if an ellipse 
and hyperbola have the same centre and axes, the equal 
conjugate diameters of the ellipse coincide with the asymp- 
totes of the hyperbola. 

219. When the ellipse becomes a circle, V = a*, and 

tan . tan ^ = — 1, 
or all conjugate diameters of the circle are at right angles to 
one another, and when the hyperbola is rectangular, 

tan . tan 0' = 1, 

therefore 0+0 ^^ or = -^ . 

220. We saw (Art. 195), that, when the curve is referred 
to its axes, as axes of co-ordinates, the 
polar of any point in the axis of x is 
parallel to the axis of y, and vice versd. 
This may be now seen to be a property 
of all conjugate diameters^ including 
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the axes as a particular case. For suppose tlie equations to 
CP and (7Z> to be 

y=^^ (1). ^"""^^ (^)- 

Now, if (a?y ) be any point on CZ), the equation to the 
polar of {x'y) is 

^+f-i m 

which is the equation to a line making with the axis of x 

JV 
an angle whose tangent is — 3—, ; but since (a?'y') is on (2), 

ay 

, V . JV 

and therefore (3) is parallel to (1) ; hence the polar of any 
point on CD is parallel to CP, and vice versd. 

Cor. If {x'y) be the point D, where the diameter meets 
the curve, the equation to the polar 

a^ "^ 6*^ "" ■" 

will represent the tangent at D ; hence, the tangent at the 
extremity of any diameter is parallel to its conjugate, as we 
saw in Art. 214, Cor. 

221. The co-ordinates of the extremity of any diameter 
being given, to find those of the extremity of the diameter con- 
jugate to it. 

Let CP, CD (fig. Art. 220) be a pair of conjugate diame- 
ters in the ellipse, and let x', y be the co-ordinates of P; then 
the equations to CP and CD (Art. 216) are 

y=i- W' ^=-^^ :-(2)- 
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To find the co-ordinates of D (ajy), we have from (2) the 
relation 

bx^ ay ^ ^' 

also ay + JV=aV=aV + *V' (4), 

since {xy), [xy) are points on the curve ; 

hence from (3) ^^^^ ^ = ^^ Jy'^^ ' 
or from (4) i V = cfy'^y 

hence CN^^— ^y\ or - = — t , 

and from (2) DN= -x\ or f == - ; 

^ '^ a o a 

The other paii- of values [a? = t y', y = — a?' j have refer- 
ence to the extremity D\ 

222. In the hyperbola, if the diameter GP meet the 
curve, CD will not (Art. 218) meet it; and, indeed, it is evi- ^ 
dent that the method of the last article will give us imagi- 
nary values of the co-ordinates of D ; for, as in equation (3) of 
the last article, we have for the co-ordinates of D {xy), 

ay _bx^ y-v 

bx^ay ^^' 

hence aY-Va? _ -{a^y'^-Vx'^) .^. 

which would give iV= — ay. If, however, we take.Z> (xy) 
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as lh,e point where CD meets the con- 
jugate hjrperboia, whose equation is 

we. have 

ay - 6V = a*i' = - (o'y ' - i'ic'*), 
whence, from (2) and (1) 

b^ " a 

The other pair of values have reference to U. 
We shall therefore (fe^ne the extremity of the diameter 
conjugate to CP, as ' (Ae point where it meets the conjugate 
hyperbola! 

It is evident, by exactly the same reasoning as we have 
used in the case of the hyperbola itself, that, if we consider 
CD as a diameter of the conjugate hyperbola, CP will be the 
diameter conjugate to GD ; and whatever is proved of the 
point P, as a point in the hyperbola itself, is true of the 
point />, as a point in the conjugate hyperbola; for instance, 
(Art 220), the tangent at D is parallel to CP, and so forth. 

223. If ^ is the eccentric angle of the point P, we shall 
have (Arts. 163, 221} in the ellipse, 

forP, a;=oco3^ y=-h siu^; for D, a=— asin^, j = Jcos^ ; 
and (Arts. 172, 222) in the hyperbola, 

for P, X'=aBec<f>, y = htainf>; for D, x==ataiiift, if=hsec<p. 
These results will be found very useful in the solution of 
problems which relate to conjugate diameters. 

224. If <j>, (f) be the eccentric angles of P and Z> in the 
ellipse, we have for D 

x=aco8^' = — oan^, .y™&sin^' = ico8^; 
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.'. COS ^' = — sin ^, sin ^' = cos ^, 

whence ^' = 90°+^. 

If the eccentric angle <f> of any point in the conjugate 
hyperbola, be constructed as in the given hyperbola, the cor 
ordinates of the point may be written, 

a? = a tan ^Vy = 5sec^', 



x^ 



since these values satisfy the equation ts — -^ = 1 ; hence, if ^, 

<f> be the eccentric angles of P and D in the given and conju- 
gate hyperbola respectively, we have for D 

x = a tan <f> =a tan ^, y = J sec (f/ = b sec <f) ; 

/. tan <!>' = tan <f>, sec ^' = 9ec <f>, ? 

whence ^ = ^'. 

225. 7n ^As ellipse, the svm of the squares of any two 
semi-conjugate diameters is equal to the sum of the squares 
of the semi-axes; and, in the hyperbola, the same is true of 
their difference. 

Let P (x'y) and D (x*y'') be the extremities of any two 
semi-conjugate diameters (7P(a)^ and CD (J') ; then 

a'^=CP' = x" + y'\ 
and y^ = t72>' = aj"»+y'* 

= -^ + — i- • (Art. 321.) 



a 



= a' + V, in the ellipse ; 



since in that case — « +Ta =^ !• 

or b^ 
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Also o'»-J'*=(a«-J*).(^-|^ 

= a' — J' in the hyperbola ; 

since in that case -r "- tit = !• 

a 

Cor. If a' = J', we have in the hyperbola, 

or every diameter in the equilateral hyperbola equals its con- 
jugate. 

226. The rectangle contained hy the focal distances of 
any point, is equal to the square of the corresponding semi- 
conjugate diameter. 

In the eUipse dy^a' + V- GF^, (Art. 225) 
but CP» = a;"+y* = a;'» + A«(l-~') 

= J« + eV"; 

=:HF.SR (Art. 196.) 

A similar investigation for the hyperbola would lead us to 
the same result. 

227. To find the length of the perpendicular from the 
centre on the tangent at any point P (x'y'), in terms of the 
semi-diameter, conjugate to CP. 

If p be the length of a perpendicular from the origin on 

the line -^+^ = 1, we have (Art. 52, Cor. 2) 

1 o'y 
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:- p—%r\ for y* = -4- +^^ as in Art. 225. 
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228. All paralielograms, whose sides are formed hy lines 
passing through the extremity of one diameter a/nd parallel 
to its conjugate, are equal in area. 

By Art. 220, these lines are tangents to the curve, for 
it is there proved that the tangent at the extremity of any 
diameter is parallel to its conjugate ; and, by Art. 181, the 
tangents at the extremities of any diameters are parallel to 
one another. 

Let PP, Djy be two conjugate diameters, and let the 





sides of the parallelogram be tangents at P, P\ Z>, U. 
the area of the whole parallelogram 

= 4 times the parallelogram CPFD 



Then 



where CQ is the perpendicular from the centre on the tan- 
gent at P, 

= 4^. ft' (by Art. 227) 
= 4idb. 



229. From the last article may be found the angle be- 
tween any two conjugate diameters which are given ; for, if 
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this angle be = 7, and the given semi-conjugate diameters b^ 
a', h\ we have 

a' J' sin 7 =5 parallelogram CPFD 

= aJ; 

, , ah 

hence sm 7 = -777 . 

ao 

This equation together with the relations 

a * + 6'*= a* + V, in the ellipse, 

a'» - V^ = a' - 1\ in the hyperbola, 

determine also the magnitude of two conjugate diameters that 
contain an angle 7. Their position is known from the equa- 
tion 

tan . tan (^ + 7) = — j , 

where 6 is the angle that GP makes with the axis of x. 

230. The angle 7, PCD, in the ellipse, is always, except 
in the case of the axes, greater than a right angle, P being 
supposed in the first and D in the second quadrant; for 
if m and.m' be the tangents of the angles, that CP and CD 
make with the major axis, 

tan 7 = CI), 

1 + mm 



and since m' = — 



a m 



we have tan 7 =,— -^^-tt — tjC (2), 

m{a ^o) ^ ' 

and therefore, since m is always positive, and a greater than 
ft, 7 is > 90°, unless w = 0, in which case 7 = 90^ 

When Q^h, tan 7 « op ^ or the conjugate diameters of 
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the circle are all at right angles to each other, as we found in 
Arts. 132, 219. 

Solving equation (2) as a quadratic in m, we have 

- {a^ - V) tan 7 ± J[a^ - b*Y tan« 7 - 4a«ft" ,^, 

^= 2a^ ~ (^)- 

Hence the smallest negative value that tan 7 can have, 
(since it is always negative,) is that which makes the quan- 
tity under the root in (3) vanish, which is 

tan 7 = 5 — To . 

This gives m = - , from (3), which is therefore the value 

of m which makes 7 the largest; hence (Art. 218) the equal 
conjugate diameters include the greatest angle. 

231. To find the eguation to the ellipse or hyperbola, when 
referred to any two conjugate diameters (2a\ 26') as axes, ' 

We saw (Art 145), that there is only one systeni of rect^ 
angular axes, to which, when a central curve is referred, its 
equation is of the form 

^n equation which asserts that all chords parallel to one axis 
q.re. bisected by the other. But every diameter (Art. 216) 
bisects the chords parallel to its conjugate ; hence there are 
an infinite number of oblique axes, which will give the equa- 
tion in the above form, the only. limitation being, that they 
should pass through the centre, and that the angles {0, 0'), 
which they maike with the major or transverse axis, should be 
subject to the condition 

tan . tan ^ = — « , in the -ellipse, 

a 

h'\ ■■ 

tan . tan ^' *= -j > ^^ *^6 hyperbola. 
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Hence, the reasoning of Arts. 150, 158 applies to conju- 
gate diameters, in precisely the same manner as to the axes 
of the cuiTo; and the equations to the ellipse and hyperbola, 
referred to any pair of conjugate diameters, the parts of 
which intercepted by the curve are 2a and 2b\ are 

^j-^ — i A ^ y' — 1 

^+^,5-1, ana — ,-^,,-i. 

232. Since this equation is of precisely the same form 
as the equation to the curve referred to its axes, it follows 
that every property, that has been deduced from the latter, 
may be deduced from the former, so long as those properties 
do not depend upon the inclination of the axes ; and, with 
this limitation, everything which has been proved of the 
axes, is true of any pair of conjugate diameters. 

For example, the equation to the tangent at any point 
(ary'), when the curve is referred to any conjugate diameters 
(2a', 2h\ is 

and the intercept on the axis of a?, and the subtangent, are, as 

a* a^ — x^ 
before, —7 and ; — • Also, if we wish to draw a tangent 

to the curve from an external point {x'y), we have, as in 
Article 123, 

a'" "^ 6'* "* ' a'* &^ "" ' 
as equations to determine the points of contact. 

233. The equation to the asymptotes, when the hyper- 
bola is referred to any pair of conjugate diameters, is (Art. 
186) 

a" 6'- "' 
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also, by Arts. 222, 186, the equations to the conjugate 
hyperbola and its asymptotes, when referred to the same 
axes, are 

234. We may obtain a simple geometrical method for 
constructing a pair of conjugate diameters, containing a given 
angle, as follows. 

It was proved (Art. 216) that, when the curve is referred 
to its axes, the condition that the two lines 

y = mx, y = mx 
should represent two conjugate diametera is 

and, as the reasoning of those articles is equally applicable, 
when the curve is referred to any pair of conjugate diameters^, 
we see that when the curve is referred to a pair whose semi- 
lengths are a , i', the condition is 

, J" 

mWi = — -73 • 

a 

Now, if the curve be referred to these two diameters, the 
equation may be written 

3^ = -.^,(a^-a-), 



^ In the proof of Art. 214, if w is the angle between the oonjagate dia- 
meters, we have (Art. 84), 

sin B sin Ua^S) . sin B , sin ^ 

sin « Bin « ' Bin (w - ^) ' Bin(w - v} 
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which equation may be split into the two 

y« 1 

where A? is a perfectly arbitrary quantity; now these two 
straight lines 

(i) pass through the extremities of the diameter which 
is the axis of x^ 

(ii) intersect in the curve, since by eliminating k between 
them we have the equation to the curve, 

(iii) fulfil the same conditions, with regard to their in- 
clinations to the axis of a; as a pair of conjugate diameters, 
for 



©•(-^^O^--^- 



Straight lines drawn in this manner from the extremities 
of any diameter to a point in the curve, are called Supple- 
mental Chords; hence diameters parallel to any pair of sup- 
plemental chords are conjugate. 

Hence, to draw a pair of conjugate diameters containing 
any given angle, describe on any diameter a segment of a 
circle containing that angle, and join the points where it 
meets the curve with the extremities of the assumed dia- 
meter. We thus obtain a pair of supplemental chords in- 
clined at the given angle. The straight Hnes drawn through 
the centre parallel to these, will be the required conjugate 
diameters. 

The property of supplemental chords was demonstrated 
for the circle (Art. Ill), when it was shewn that all supple- 
mental chords in the circle are at right angles, as are all 
conjugate diameters. 
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235. The above property is evident geometrically thus. 
Let PP' be any diameter, and Q any q 

point in the curve ; draw CB, CE to ^ /^'^^^ 

the middle points otPQ, PQ respec- /^ ^^ 
tively; then CB and CPf are (Euc. \ //^ 
VI. 2) parallel to P'Q and PQ respec- 
tively ; but CR bisects all chords pa- 
rallel to PQ, or CB' ; and GB' bisects all chords parallel to 
P'Q, or CB. Hence CB, CB are conjugate, and PQ, P'Q 
are parallel to conjugate diameters. 

236. Tangents at the extremities of any chord intersect 
in the diameter of which the chord is am, ordinate* 

If we take that diameter and its conjugate as the axes 
of X and y, the equation to the tan- 
gent will be D 



^ + 2^-1 




of 



o 



a'» 



according as we take Q{xt/) or 
Q {x, — y') as the point of contact. 

In each case, when y = 0, a? has the same value = ^, or 

X 

the tangents meet CP produced in the same point. 

This may also be proved as follows. Let the equation 

to the chord be 

Ax + JBy + C:=0 (1) ; 

then, by Art. 215, the equation to the diameter that bisects 

it may be written 

BVx^Acfy = (2). 

If (a?'y') be the point of intersection of tangents at the 
extremities of (1), then, by Art 123, (1) is equivalent to 
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Aa* _B}? _ ,,. 

X y 1 

and the values of a?' and y' in (4) will be seen to satisfy (2). 
Hence the point of intersection is on the diameter, 

237. The Asymptotes. 

The following articles relate exclusively to the hyperbola, 
since the asymptotes of the ellipse have been shewn to be 
imaginary. 

The diagonals of all parallelograms, described as in 
Art. 228, are parallel to the asymptotes. 

Take CP (= a') and CD (= J') as the axes of x and y ; 
then F (fig. Art. 228) is the point {a'b'), and the equations 
to CF, PD are 

They are therefore parallel to the asymptotes, whose equa- 
tions are (Art. 233) 

a a 

238. Hence, if any two conjugate diameters GP, CD be 
given in position, we can find the asymptotes, by completing 
the parallelogram CPFD, the diagonals of which will shew 
the direction of the asymptotes; or, if the asymptotes be 
given, we can find the position of the diameter conjugate to 
any diameter CP, whose position is given ; for, if we draw 
PO parallel to one asymptote to meet the other in 0, and 
produce PQUxD, making OD^PO, CD will be the dia- 
meter conjugate to CP. 

239. J^ any line {RR) cut an hyperbola and its asymp- 
totes, ihe portions {RQ), {R'Q) intercepted between the curve 
and ihe asymptotes are equal. 
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0- 

The equation to the two asymptotes, considered as one 
locus, is (Art. 169) 









(1). 



Now let the equation to 
jR-B', passing through a point 

P (a^y ), be 



c s 



(2); 



then, for the distances of P 
from 5 and IC, we have from 
(1) and (3) 

{d->rai)^ {si + y'f 




or 



= 



(3); 



and the condition that P {x'y") should be the middle point 
of BE is, exactly as in Art. 214, 



ex 



-% = 0. 



(4); 



but this is the condition (Art. 214) that (xy') should be on 

the diameter bisecting QQ\ Hence, if P be the middle 

point of jBjB', it is also the middle point of QQ', and we 

have 

PQ=:Pg, PR^PR, and /. BQ^IUQ. 

Cor. Equation (4), which is the condition that (xy) 
should be the middle point of the chord BSf, is also 
(Art. 180) the condition that the line should be a tangent 
to the curve at the point (aj'y) ; hence, if the middle point 
{xy') of jBjB' be on the curve, BSf is a tangent, or the portion 
of the tangent intercepted by the asymptotes is bisected at the 
point of contOsCt This follows directly from the considera- 
tion, that the tangent 8P'S' is the limiting position oi RR\ 
when it is moved parallel to itself up to P'. 
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240. From ihe equation to the hyperbola referred to its 
axes, to derive the equation when referred to its asympotes aa 
Ojxes. 

Let the lower asymptote be taken for axis of x, and let 
CM, PM be the original co-ordinates, 
CN, PN the new ones ; draw NQ per- 
pendicular to CM, and ^F parallel to 
it, meeting PM produced in V, and 
let angles RCM, LCM each = a ; then 

tana = -, and, if a* + J' = m', we have 
a 

a . h 

cosa = — , sma = --. 
m m 

Now CM^ NV+ CQ = PN cos a+ CN cos a, 

PM^PV-QN'^PNsma-'CNsma; 

hence we must write in the equation to the hyperbola;, 

for a?, (j/ + ^) cosa, or —^ -, 




m 



for y, 

which gives 
or 



(y — ai) sm a, or —^ 

{y + xy-(y-xy = m\ 
a^+V 



which is therefore the required equation. The equation to 
the conjugate hyperbola is (Art. 175) 

241. The result of the last article may be obtained in- 
dependently as foUows. Let the equation to the hyperbola 
referred to its asymptotes be 

Aa? + JScy + Cy^ + i?aj + % + jP= (1). 
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Putting y = 0, we have for the points where the curve 
meets the axis of x, 

Aa?-{-Dx + F=:^0 (2); 

but, since the two roots of this equation are infinite, we 
have (Appendix) A=0, i? = 0. Similarly (7=0, -B=0, and 
equation (1) becomes 

Bxy-{-F=0, or i«y = (^ (3). 

If now h and k be the co-ordinates of the vertex, and c» 
the angle between the asymptotes, we have 

Ai = c« (4), G4« = A» + ifc*+2A;fecosfi) (5). 

But since CA bisects the angle between the axes, h = k, 
and therefore from (4), =c ; hence from (5) 

2(f (1 + cos 0)) = a* (6) ; 

but tan-=-, /. l + cosfi> = 2cos''s=-5 — r:: 
2 a 2 a* + 6^ 

4 

242. The equation then to an hyperbola referred to its 
asymptotes iBoy^k, where i is a constant, and is positive 
or negative, according as the curve lies in the angles where 
X and y are both positive or both negative, or in those where 
X and y are of different signs ; also the equations to the 
asymptotes are a? = 0, y = 0. Hence, if any transformation 
whatsoever of axes be made, so that (Art. 74) we have to 
write 

for 0?, ax-hhy + c; fory, a'x-{-Vy + c\ 

the equation to the hyperbola will become 

(ax+hy + c) {a!x + Vy+c)=k (1), 

where ax + by + c = (2), a'aj + &y + c' = (3), 

are the asymptotes, since a? = 0, y = are tranafoxxc^^^^ \Rk 
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these equations. Hence the equation to any hyperbola, what- 
ever be the origin or axes, may be written in the form (1). 

Conversely,, if any equation of the second degree can be 
written a£i (1), it represents an hyperbola with (2) and (3) for 
asymptotes; for (1) asserts, that, (iry) being any point on the 
locus, the product of these two expressions is constant ; that 
is (Art. 52, Cor. 1), that, the product of the perpendiculars 
frotn (a?y) on (2) and (3) is constant ; but, if (2) and (3) be 
taken as axes, the co-ordinates are proportional to these per- 
pendiculars, and we shall have a^ = a constant, which equa- 
tion (Art. 150) must represent an hyperbola ; for it cannot be 
broken into two linear equations, unless the constant = 0, in 
which case it represents the axes. 

Since the equation xy=^h represents the conjugate hyper- 
bola if the sign of A; is changed, so also does equation (1), 
which is obtained from it ; and aU the curves obtained from 
(1) by varying k only, have the same centre and asymptotes. 
Also, if we draw the lines (2) and (3), and mark their positive 
and negative sides (Arts. 55, 56), it is easy to see in which 
angles the hyperbolas lie. If the positive sign is used with h, 
the curves must lie in the ++ and — compartments formed, 
by the lines ; for then the expressions 

are both positive or both negative. If the negative sign is 
used, the curves lie in the + — and — + compartment. 

Ex. The equation 

(y-a?) (aj+2y-3)=7, 

representB an hyperbola, of which the 
asymptotes are the lines 

y-aj=0, a;+2y-3-0. 

The curve lies in the + + and in 
the — — compartments formed by the 
lines, as in the figure. 




HYPERBOLA REFEBBED TO ITS ASYMPTOTES, 217 

Cor. If -4 = in the general equation of the second 
degree, the locus will in gefieral be an hyperbola, having one 
axis parallel to the axis of x. For it will (Art. 150) belong 
to the hyperbola class, since 5" — 4iA G becomes J5', and must 
be positive ; and when the equation is written in the foim (1), 
one of the factors must not contain a, Le. one of the asymp- 
totes, (2) and (3), must be parallel to the axis of x. Simi- 
larly, if (7= 0, one asymptote must be parallel to the axis of 
y. If A = in (1), aud the locus is two straight lines, the 
same remarks apply to these lines as to the asymptotes. 

243. To find the equation to the tangent at any point (x y'),. 
when the asymptotes are the coordinate axes. 

Jjet CD be the angle between the asymptotes, and let the 
equation to a line cutting the hyperbola in {xy) be (Art 34) 

^^=y^=i (1), 

C 8 ^ ^ 

, sin a sin Ud — a) 

where a = - — , c = -■ — i ; 

sm 0) sm tt> 

then, substituting from this equation in the equation to the 
hyperbola 

a3^ = — 4~ (2), 

we have J («Z+ yO {cl-\-x') = — ^ — > 

or ^ . 5cZ* + (aaj' + cy') Z = (3), 

since {xy) is a point on the curve, and therefore 

"^y — i-' 

Equation (3) will give us, by reasoning exactly similar to 
that used in Art. 117, as a condition that equation (1) should 
represent a tangent at {xy'), 

«c' + cy' = (4), 
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and from (1) y^,^t^ 



Bs — ^froih (4); 
X ^ ' 

.*. ay + yaj' = 2a;y, or xy' -^yoi = ^ , 
which is the required equation. 

244. Since the equation 

,_, . g' + y 

xy +yaj=— g— 

is not altered, when x changes places with a?', and y with y', 
it follows (Art. 131) that this is the equation to the polar of 
(ojy), when the hyperbola is referred to its asymptotes, and 
that the properties of Arts. 123 — 127, 129, 130, may be 
proved by it. 

245. We may make use of the equation to the chord of 
contact in the above form, to shew on which branch of the 
hyperbola the tangents fall, that are drawn from any external 
point (a?y). The points of contact are determined (Art. 23, 
Cor.) by the equations 

^y +y^ =—2— (i)> a^y= —4— (2)- 

Eliminating y between (1) and (2), we have 

4y'rB»-2(a»+J")aj+(a« + i')aj' = (3). 

If a?j, a?j are the roots of (3), we have 

c? + V X* 
aJi + ^.=^y- (^)' a^i«^«= («' + **) 4^ (5). 

Now, if X and y* are both positive or both negative, the 
abscissae of the points of contact are so also ; for from (5) 
they must be of the same sign, and from (4) that sign must 
be the sign of y ; hence, if {x*y') lies in the same angle of the 
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asymptotes as the curve, the points of contact lie in that 
angle. If the point {xy') lies in either of the two angles 
which do not contain the curve, so that a?'* and y have diflfer- 
ent signs, the product of the roots of (3) is negative ; hence, 
in this case, the abscissae of the points of contact have oppo- 
site signs, and the tangents fall upon both branches. 



EXAMPLES X. 

1. Pkove Arts. 221, 225 — 227 by means of the eccentric 
angle. 

2. If GP, GQ be semi-diameters, at right angles to each 

other, 

1 J__l^ 1^ 

3. If, from the focus S of an ellipse, perpendiculars be drawn 
on GP, CD, conjugate diameters, these perpendiculars produced 
backwards will intersect CD and CP in the directrix. 

4. If p, r and p', r be respectively the focal distances of two 
points, P, i>, the extremities of ti pair of conjugate diameters of 
an ellipse, then 

5. If a tangent to an hyperbola at P cut off GT^ Gt from the 
axes, then, PT. Pt = CZ>*, CD being the semi-conjugate diameter. 

6. In the equilateral hyperbola the conjugate diameters make 
equal angles with the asymptotes. 

7. From the extremities P, D of two conjugate diameters, 

normals are drawn to the major axis of an ellipse; the sum of the 

V 
squares of these two = -, (a* + V). 
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8. If the tangent at the vertex A cut any two conjugate' 
diameters of an ellipse produced in T and t, then, AT, Ai = b\ 

9. The lengths of the equal conjugate diameters of an ellipse 
are 2 {a' + h^)^, and the eccentric angles of their extremities are 
45° and 135°. 

10. The locus of the middle points of chords of an ellipse, 
which pass through a £xed point, is an ellipse with the same 
eccentricity, and if the fixed point be the focus, the major axis of 
the ellipse is SC. 

11. The tangent at any point of an hyperbola is produced to 
meet the asymptotes ; shew that the triangle cut off is of constant 
area. 

12. If the asymptotes of the hyperbola are axes, shew that 
the equation to one directrix is oj + y — a = 0. 

13. If any two tangents be drawn to an hyperbola, and their 
intersections with the asymptotes be joined, the joining lines will 
be parallel. 

14. Shew that the locus of the points of quadrisection of all* 
parallel chords in a circle is a concentric ellipse. 

15. If the angle between the equal conjugate diameters of an 
ellipse is 60°, find the eccentricity. 

16. If a be the angle between two conjugate diameters which 
make angles 0, ff with the axis major, 

cos a = e' cos cos ^. 

17. GFy CD are semi-conjugate diameters of an ellipse, and 
PF is a perpendicular let fall from P on CB or CD produced; 
determine the locus of F. 

18. The chords joining the extremities of the conjugate dia- 
meters of an ellipse will all touch in their middle points a con- 
centric ellipse with semi-axes a v 2, 6 v2, coincident with those 
of the original curve. 
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19. If a circle be described fipom the focus of an hyperbola, 
with radius equal to half the conjugate axis, it -will touch the 
asymptotes in the points where they are cut by the directrix. 

20. If A and S be the vertex and focus of an hyperbola, and 
the tangent at the vertex and the directrix meet the asymptote in 
G and jB respectively, then SG is parallel to AB. 

21. The radius of a circle, which touches an hyperbola, and 
its asymptotes, is equal to that part of the latus rectum produced, 
which is intercepted between the curve and the asymptote. 

22. The equation to the diameter conjugate to 

C 8 C 8 

the hyperbola being referred to its asymptotes. 

23. An ellipse being traced upon a plane, draw the axes and 
the directrix, and find the focus. 

24. Find the angle between the asymptotes of the hyperbola 
iBy = 5a:" + c, the axes being rectangular; and write the equation 
to the conjugate hyperbola. 

25. Tangents are drawn to an hyperbola, and the portionsi 
intercepted by the asymptotes are divided in, a given ratio; shew 
that the locus of the point of division is an hyperbola. 

26* Draw the asymptotes of the hyperbolas 

ay~2aj-3y-2 = 0, ay + 2aj* + 3 = 0, 
and place the curves in the proper angles. 

27. Find the locus of the intersection of tangents to an 
ellipse, which are parallel to conjugate diameters. 

28. Find the equation to the locus of the middle points of 
all chords of a given length, in an ellipse. 

29. If tw6 concentric equilateral hyperbolas be described, the 
^ed of the one being the asymptotes of the other, they will 
intersect at right angles. 
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30. If F be the middle point of a straight line ABj which is 
80 drawn as to cut off a constant area from the comer of a square^ 
its locus is an equilateral hyperbola. 

31. If /S^ and H be the foci of an equilateral hyperbola, and 
a circle be described upon SH^ then the quadrantal chord of this 
ciixsle shall be a tangent to that described upon the transverse 
axis. 

32. If a be the acute angle between the axes of co-ordinates 
of the ellipse a^' + ^^c', find the lengths of the axes and the 
eccentricity. 

33. If AA' be any diameter of a circle, FQ any ordinate to 
it^ then the locus of the intersections of AF^ A'Q is an equilateral 
hyperbola. 

34. In an equilateral hyperbola, focal chords parallel to con* 
jugate diameters are equaL 

35. If a series of straight lines have their extremities in two 
straight lines at right angles to one another, and all pass through 
a given point, the locus of their middle points is an equilateral 
hyperbola. 

36. FQ is an ordinate to the axis major AA' of an ellipse, 
meeting the curve in F and Q\ draw AFy A'Q intersecting in jBj 
the locus of ^ is an hyperbola with the same centre and axes. ^ 

37. If tangents be drawn, making a given angle with the 
axes of all ellipses having the same foci, the locus of the point of 
contact is an equilateral hyperbola. 

38. If normJals be drawn to an ellipse firom a given point' 
within it, the points where they meet the curve will all lie .in an 
equilateral hyperbola which passes through the given pointy ancb 
has its asymptotes parallel to the axes of the ellipsei 

39. Eind the locus of the middle points of chords in a circled 
which touch a concentric ellipse, . 
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40. If normals be drawn from the extremities of conjugate 
diameters to an hyperbola, and the point of their intersection be 
joined to the centre^ this line produced shall be perpendicular to 
the straight line passing through the extremities of the conjugate 
diameters. 

41. Given in position, a straight line AB and a point F out- 
side it; a straight line FM is drawn, intersecting -4^ in C, from 
the extremity M of which a perpendicular MD on AB intercepts 
CD of a given magnitude; find the locus of M, 

42. The locus of the centres of all circles, which cut off from 
the directions of two sides of a triangle chords equal to two given 
straight lines, is an equilateral hyperbola^ having two conjugate 
diameters in the directions of these sides. 

43. A sti-aight line passes through a given point and is ter- 
minated in the sides of a given angle; find the locus of the point 
which divides it in a given ratio. 

44. From a point F perpendiculars are dropped upon the 
sides of a given angle, so as to contain a quadrilateral of given 
area; shew that the locus of P is an hyperbola, whose centre is 
the vertex of the given angle. 

45. Given the base of a triangle and the difference of the 
tangents of the base angles ; shew that the locus of the vertex is 
an hyperbola, of which the perpendicular through the centre of 
the base is an asymptote. 

46. If about the exterior focus of an hyperbola, a circle be 
described with radius equal to the semi-conjugate axis, and tan- 
gents be drawn to it from any point in the hyperbola, the straight 
line joining the points of contact will touch the circle described on 
the transverse axis as diameter. 

47. K, from the centre of an equilateral hyperbola, a straight 

line be drawn through any point F, and if ^ and ij/ be the angles 

which this line and the polar of F respectively make with the 

transverse axis, then 

tan ^ • tan ^' a 1. 
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48. Prove that the circle which passes through any three of 
the four points, in which the equilateral hyperbola 

a:"+ 2Aay-y" + 2^aj + ^ + c = 

cuts the rectangular co-ordinate axes, is equal to the circle 

«* + ^ + 2^aj + 2^ = 0. 

49. Find the locus of the middle points of a S3rsteni of parallel 
chords drawn between an hyperbola and the conjugate hyperbola. 

50. If, in two concentric hyperbolas, whose axes are coin- 
cident, two points be taken, whose abscissas are as the transverse 
axes of the hyperbolas, the locus of the middle point of the straight 
line joining them is an hyperbola, whose axes are arithmetic 
means between those of the given hyperbolas. 

61. If tangents be drawn from different points of an ellipse, 
of lengths equal to n times the semi-conjugate diameter at the 
point, the locus of their extremities will be a concentric ellipse 

with semi-axes equal to a ijn' + 1, 6 ijn' + 1. 

52. If a length FQ = CD be taken in the normal to an ellipse, 
the locus of the point Q is a circle, whose radius ss a — & or a + 5, 
according as Q is taken within or without the ellipse. 



CHAPTER XL 
The Parabola. 

246. We saw (Art. 153) that there is one pair of rect- 
angular axes, to which when the parabola is referred, its 
equation may be written in the simple form 

We shall now proceed to determine its form and principal 
properties from this equation, and shall suppose L to repre- 
sent a positive quantity. 

Since y = + ^/Lx, when a? = 0, y = ± 0, or the origin is a 
point in the curve, and the line (a; = 0) 
meets the curve in two coincident points; 
that is to say, the axis of y is a tangent 
to the curve. No part of the curve can 
lie on the left side of the origin, for 
negative values of x would render y 
imaginary. It must be symmetrical 
with regard to the axis of x, since every value of x gives 
two equal values of y with opposite signs ; also, as x increases 
indefinitely in a positive direction, y increases indefinitely in 
both positive and negative directions; hence the form of 
the curve is that of the figure : the point A is the vertex, 
and Ax the axis of the parabola. 

If the equation be 
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no positive values of x will give real values for y, but x may 
have any negative value ; hence, in this case, no part of the 
curve lies on the right of the origin, and, by exactly the same 
reasoning as before, the curve may be seen to correspond to 
the dotted line in the figure. It is proved to be concave 
to the axis of a? in Art. 258, and this is also evident £rom 
Art. 249. 

247. The parabola, like the hyperbola, has infinite 
branches, with this important diflference in their nature. 
The tangent to the hyperbola, and consequently the direction 
of the branch, tends ultimately to coincide with a straight 
line making a finite angle with the axis of x, viz. the asymp- 
tote; while the tangent to the parabola, as will be shewn 
hereafter (Art. 254 Cor.), tends ultimately to become parallel 
to that axis and infinitely distant from it. 

248. We saw (Art. 153), that the parabola might be 
considered as a central curve, with its centre removed to an 
infinite distance. We may therefore regard the parabola as 
an elongated ellipse ; and, as this analogy is very useful in 
enabling us to foresee the properties of the curve, we shall 
prove the following proposition. 

249. If we swppose the distance between one vertex and 
focus of an ellipse to be given, while the axis major increases 
without limit, the curve will ultimately become a parabola. 

The equation to the ellipse, when the vertex A' is origin, 
is (Art. 165) 

J' 

and, in order to find out what this 
equation becomes under the proposed 
circumstances, it will be necessary to 
express b in terms of a and the dis- 
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tance (d) A! 8 between the vertex and focus, which is sup- 
posed to remain finite. Now, 

A8^SG=a, 



or d + Va' - V = a, 

whence V = 2ad — d^ ; 

and the equation becomes 

y = o (2aa;~a;^, 



or 



^-(..-f).(^-i). 



or, when a = oo , y' = 4da?, 

which is the equation to a parabola. 

Since -= = = — , and therefore vanishes when a is in- 

V 
finite, we have e^ = 1 — a = 1> when a = oo ; hence the para- 
bola may be considered as an ellipse whose eccentricity = 1. 

The same property may be proved in the same manner 
for the hyperbola : in that case, b^ = 2ad + d^, which value 
must be substituted in the equation 

We shall, for the future, use the equation to the para- 
bola in the form 

y^ = 4dic, 

derived from its analogy with the ellipse, and we shall call 
that point on the axis of a?, at a distance = rf from the vertex, 
which was the focus of the ellipse, the focus of the para- 
bola. J 
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250. The co-ordinates of any point in the parabola, as 
in the ellipse and hyperbola, may be expressed in terms of 
a single variable. For draw PA from any point P in the 
curve to the vertex, and let the angle PAx = ^ ; then 

y = a;tani^; also y^ — ^dx\ 
whence » = ir;T:i> y = 



tan ^ ' ^ tan ^ 

251. To find the length of a straight line drawn from a 
point (x'y') to meet the parabola. 

As in Art. 114, let the equation to the line be 

?^=2L:l' = z (1); 

C 8 ^ ' 

then, for the distances of {xy) from the points of section of 
the line and the parabola (y* = 4tdx)^ we have 

(5Z + 2/7 = 4c?(cZ+a;'); 
.-. *V + 2(53r'-2dc)Z + y*-.4^' = (2), 

or PZ»+ (2Z + jB=:0. 

Now this equation will always give two values for l\ 
hence every straight line meets the parabola in two real, 
coincident, or imaginary points, according as the roots of (2) 
are real and unequal, real and equal, or imaginary. 

We shall hereafter have occasion to consider the following 
particular forms that this equation may assume. 

If P=0, one value of Z (Appendix) becomes infinite. 
If P= and G = 0, both values of I become infinite. 
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If i2 = 0, the point {xj/\ is on the curve, and one value 
of I becomes = 0. 

If i2 = and G = 0, both values oil become = 0, and the 
line passes through two coincident points of the curve, and 
is a tangent. 

If Q = 0, the roots of the equation axe equal and of op- 
posite signs, and (xy') is therefore the middle point of the 
chord. 

252. If P= 0, that is, if « = in equation (2), the line 
(1) is parallel to the axis of the parabola, since s and c are 
the sine and cosine of the angle which it makes with the 
axis. In this case then, one value of I becomes infinite; 
hence a straight line drawn parallel to the axis of a parabola 
meets the curve in one point only at a finite distance from ihs 
origin, and in one point at an infinite distance. 

If P=0, Q = 0, both values of I become infinite, but 
this gives 

^ , 2dc 2do 

, SO that the line is parallel to the axis of the parabola by the 
first condition, and infinitely distant from it by the second. 
Hence no straight line at a finite distance from the origin 
meets the parabola, as the asymptotes meet the hyperbola^ 
altogether at au infinite distance. In other words, the para- 
bola has no asymptotes. 

253. We have said that a straight line, drawn parallel 
to the axis of a parabola^ meets the curve in one finite pointy 
and in one point at infinity. We adopt this language, be- 
cause it is in accordance with the algebraic result; it is a 
short way of enunciating what may be stated more clearly 
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as follows, Let K be the point {x'y)^ and KPD a straight 
line cutting the parabola in P and 
Dy and let KL be drawn parallel 
to the axis ; then, if the point D 
moves along the curve to an in- 
finite distance, and the line DK 
turns about K, KD will tend to 
coincide with KL as its limiting 
position. Without this explana- 
tion, the statement is not intel- 
ligible, as the line KL does not actually meet the curve at 
infinity ; indeed, as shewn in Art. 246, the curve becomes 
indefinitely distant from it. As in the case of the hyperbola, 
our statement must be held to assert, that the curve tends 
to become a straight line parallel to KL. We have ex- 
plained in Art. 42 the meaning of the assertion, that parallel 
straight lines meet at infinity. 

« 

254. To find the equation to a straight line touching the 
parabola in the point (xy'). 

We shall proceed exactly as in the case of the circle and 
ellipse/ and shall simply point out the steps in the proof. 

Let the equation to a line cutting the curve in {x'y) be 



Z^^yjzl^i: (1); 



X 

c 8 



then, for the distances of {xy') from the points of section of 
the line and the parabola (y* = ^dx), we have, as in Art. 251, 

sH^ + 2 [sy' - 2cfc) 7 + y'^ - 4^dx' = 0, 

or «T+2(5y'-.2dc)Z = (2), 

since y'^ = 4tdx\ Equation (2) gives us Z = 0, as it should, 
and 
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If the line (1) be a tangent at {xy"), I vanishes, and we 
have 

8y'-2dc = .....(3). 

Eliminating s and c by equations (1) and (3), we have 

(y-y)y = 2c?(a?-aj'); 

or 1/y = 2dx " 2dx + y% 

or, since y^ = 4(fo;', we have 

yy' = 2d{x + x'), 

for the equation to the tangent at (aj'y'). 

Cor. If a be the angle which the tangent makes with 
the axis of x, we have 

2d 

tan a = — r . 

When y = 0, tan a = oo , or the tangent at the vertex is per- 
pendicular to the axis, as we saw in Art. 246. Also as y* 
increases from to oo , tan a decreases from oo to 0, or the 
tangent, and therefore the direction of the curve, tends con-* 
tinually to become parallel to the axis. This agrees with 
Art. 253. 

255. If we make y = in the equation to the tangent, 
we have a? = — a?' or AT=^AM. 
Hence the subtangent MT= 2x\ 
and is bisected at the vertex. 

Also, writing a? = in the 
equation to the tangent, we have 
for the intercept A Yy 

2dx' v' 
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hence, when a?' and ^ become infinite, the intercepts of the 
tangent at ipcy) on the axes become infinite, or the tangent 
has no limiting position at a finite distance from the origin, 
as it has in the case of the hyperbola, where it becomes the 
asymptote. 

256. To find the equaticm to the tangent in terms of its 
inclination to the aads. 

Proceeding as in Art. 234, we have for the equation to 
the tangent 

c " 8 ^^' 

with the condition 

«y-2c?c = (2), 

where we must now eliminate x and y instead of s and c. 

From (2) and the equation y^ = 4tdx 

, , 2dc , d(? 

we have tr == — , » = -r > 

and from fl) ey^sx^cy' -- 8(xt; 

.*. cy'-sx = — , 
the equation required. 

If m be the tangent of the angle made by (1) with the 
axis of a?, m = - , and the equation becomes 

y = mx+ — , 

^ m 

This equation may be obtained directly,^ without intro- 
ducing the point (xy)^ as in the case of the circle (Art. 120). 
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Cor. Hence if a straight line and a parabola be repre- 
sented by the equations 

the condition of tangency is & = — . 

257. To determine the tangents to a parabola wMchpass 
through a given point (x'y'). 

The equation to the tangent is 

i/ = mx + - (1), 

and, since it passes through (a?'^')» ^^ hsi,ye 

y = mx H — ; 

or w'^-^,7/i + -, = (2); 

XX ^ ' 

which equation gives two values of w, and therefore shews 
that, in general, two tangents may be drawn to the curve 
through a given point. 

If fi, ij! be the two roots of the equation, the equations 
to the two tangents will be 

^d , ^d 

268. The roots of equation (2) (Art. 257) are real and 
different, real and equal, or imaginary, according as, 

y'-4d;B'>=:<0; 

and it is easy to see, that this inequality gives the condition 
that [x'y) should be without, on, or within the curve. Hence 
no tangent can be drawn to the parabola from within the 
curve, &c., as in Art. 188. 



234 THE PARABOLA. 

By reference to Arts. 55, 121 Cor., 188, it will be seen 
in every case, if kJ) [xy) = is the equation to the locus, and 
{xy) any point in the plane, that <f> (x'y) changes sign when 
{x'y') crosses the locus. 

259. To determine the locus of the intersection of two 
tangents at right angles to one another. 

If in (Art. 257) the two tangents are at right angles, 

/^/a' = -1. 

Hence, from (2), since fifi is the product of the roots, 

d , - 

-> = /i,/^ = - 1, 

X 

or a; = — J is the equation required, which represents a 
straight line perpendicular to the axis of a?, at a distance = d 
on the negative side of, the origin. It will be seen hereafter 
CArt. 263) that this is the directrix of the parabola. 

260. It will be remembered that the equation to the 
same locus in the case of the ellipse (Art. 189), was found to 
be a circle whose equation is 

i^ + 2^« = a' + i^.... (1), 

and we shall now shew that, when the ellipse passes into a 
parabola, this circle becomes the directrix. For, transferring 
the origin in (1) to A' by writing a? — a for a;, we have 

aj»-2aaj + 3^'-J' = (2); 

but iiA'8 = d, V^2ad-d^ (Art. 249), and (2) becomes 

a;*-2aa?+2/^-2acZ + rf' = (3). 

Dividing (3) by a and then making a infinite, we obtain 

the equation 

a? = — (7, 

the equation (Art. 263) to the directrix of the parabola. 
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261. To find the equation to the normal to a parabola at 
any "point (x'y). 

Since the normal passes through {x'y'), its equation is 

y-y' = m{x-x'), 

and, since it is perpendicular to the line 

yy'^Uix^x") (1), 

we have ^ = — J^* a,nd the equation is therefore 

y-y'=-'^{x-x^.... (2). 

Putting y = in this equation, we have (fig. Art. 255), 
for the intercept of the normal on the axis of ar, 

aj=2c? + a:', or -4 6^ = 2c? + -4if. 

Also MQ ^AG — AM, or the mibnormal = 2d. 

Cor If m is the tangent of the angle that the normal 
makes with the axis of ar, we have 

t?i = — ^; also y'* = 4db' ; 

,\ y' = — 2dm, x = dirf ; 

hence, substituting these values in equation (2), we obtain 

y = mx — 2dm —> dm^. 

262. If in the equation to the tangept 

yy'=U{x + x'), 

we write x, x for x, x\ and y', y for y, y', respectively, the 
equation remains unchanged. Hence (Art. 131) all the 
theories of poles and polars proved for the circle in Arts. 
123 — 127, 129, 130, are equally true for the parabola ; and 
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the proofs will require no alteration, except that we must 
write the equations to the parabola and its tangent, in the 
place of the equations to the circle and its tangent. The 
student should convince himself of the truth of the above 
assertion, by writing out the articles with the requisite 
changes. 

263» If y = 0, the equation to the polar becomes 

a: + a5' = 0, 

which shews us that the polar of any point on the axis of a? 
is parallel to the axis of y. 

« 

The polar of the focus, whose co-ordinates are (Art 249) 
a; = df, y = 0, will have for its equation 

a; + c? = 0, 

a straight line perpendicular to the axis of the parabola, 
lying to the left of the vertex, and at a distance from it = dl 
The polar of the focus is called the directrix of the parabola. 

264. To find the. distance of any point in the parabola 
from the focus. 

Since the co-ordinates of the focus {8) are a? = e7, y = 0, 

the square of the distance of any point P{xy) from it 

(Art?) 

^{x^df^y'^ 

but, if [x'y) be a point on the curve, 

y^ = ^dx ; 

hence SP* = [x - ei)» + ^dx = (i + x')\ 

or iSP=e? + a:'. 
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265. The distance from the directrix of any point in the 
parabola^ is eqwd to its distance from 
the focus. jyi 

The equation to the directrix is 
(Art. 263) 

a? + c?=0 (1); 

and, if a perpendicular be dropped 
from any point P{xy') in the curve 
upon (1), we have (Art. 54) 

FN=x' + d^8R 

This property is analogous to that proved for central curves 
(Art. 199), since we shewed (Art. 249) that the parabola 
might be regarded as an ellipse whose eccentricity (e) = 1. 

266. The property proved in the last article will enable 
us to describe a parabola mechanically, by 
means of a ruler and cord. For let a ruler 
RNK, right-angled at N, slide along a line 
LX, and let a cord whose length is = NB be 
fastened at E and at a point 8] and while 
NK slides along LX, let a pencil P be moved, 
so as to keep a portion of the string stretched 
against UN. Then P will trace out a par- 
abola; for the distance PN will be always "^ 
equal to SP. LX will be the directriic, and S the focus. 



A 



s 



267. The double ordinate through the focus may be 
found, by putting x = dm the equation ^ = 4idx ; then 

y* = 4rf*, 0Ty-±'2di 

hence the double ordinate = 4dl This quantity, as in the 
case of the ellipse, is called the Latus Rectvm of the curve. 
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The latus rectum of the ellipse or hjrperbola 

= f (Art. 200) = 2(?^ (Art. 249), 

= 4c?, 
when a becomes infinite, or the curve passes into a parabola. 

268. The tangent and the normal at any point make 
equal angles with the focal distance of the point, a/nd the line 
drawn through it parallel to the aads. 

Draw PX parallel to Ax ; then the equation to 8P, since 
it passes through (a? y*), {d, 0) is 

x-d x'^d ^ ^' 

andtoPX, y-y^O (2); 

hence the equation to PG, the bisec- 
tor of the angle between (1) and (2), is ^ 

^{x'--d)y+y'x-^dy\ 

{y-+{x'^d)f ^^ ^^'''^^^' 

making y = in (3), we have, since (Art. 264) 

y'+{x'--dy={x'+d)\ 

AG = x = 2d+x'; 
hence (Art. 261) PG is the normal at P. * 

It will be seen that this is a modification of the property 
proved for the ellipse (Art. 201) ; for we may suppose the 
line PX to be in the direction of another focus H, at an infi- 
nite distance, and the angles tPX and SPT to correspond to 
the angles which the tangent makes with the two focal dis- 
tances in the ellipse. 

269. The above may be shewn geometrically thus : 
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8T = A8+ AT =d+x {Art. 255), 
8G==8M+Ma^x'-d+2d=d + x'i 
.-. 8T=8G=8P {Art. 265); 
.-. the angle 8PG= the angle SGP=^th.e angle GFX, 
and the angle «PZ= the angle PTS=ihe angle /SPT! 

270. To find the hcus of the extremities of perpendiculars 
dropped from the focus on the tangent 

The equation to the tangent in terms of its inclination to 
the axis is (Art. 256) 

d 



y = mx + 



m 



hence the equation to a line 8T, drawn 
through the focus {d, 0), and perpen- 
dicular to this tangent, is 

If we combine these equations in any way, the variables 
in the result will represent the co-ordinates of F. Our object 
is to eliminate m, which quantity particularizes the tangent ; 
hence, subtracting, we have 




(m'\ — ) a? = 0. 
V mj 



Therefore a? = is the equation to the required locus, 
which evidently represents the axis of y, or the tangent at 
the vertex. This equation may be obtained from the corre- 
sponding equation for central conies, as in article 249. 

271. To find the length of the perpendicular from the 
focus on the tangent 
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Let 8Y=p, 8P=p (fig. Art. 270) ; then for the perpen- 
dicular from S {d, 0) on the line 

yy'-^2d{x + x)==0, 

we have p^J^l±^^^^^lSl±^^d(d+x')' 
wenave p^ y'^ + ^d' ^d{d + x') '^^'^^''^' 

.'. p''=^dp. 

272. Any focal chord is' perpendicular to the straight line 
joining its pole with the focus. 

By definition, the directrix is the polar of the focus, and 
therefore (Art. 129) the polar of any point in the directrix 
will pass through the focus. Hence we may assume the pole 
of any focal chord to be a point {— df, f/) in the directrix, and 
the equation to the chord is (Art. 123) 

yy'^U{x-d) a)> 

and, the equation to a perpendicular to this line, through the 
focus [dy 0), is 

and, when a? = — ^ in (2), y = y\ or the line represented by (2) 
passes through the point (— rf, y'), which is the pole of the 
chord; hence the truth of the proposition. 

273. To shew that the locus of a pointy whose distance 
from a given point is equal to its distance from a given 
straight line, is a parabola. 

This is the converse of what was proved in Art. 265, where 
it was shewn, that the distance of any point in the parabola 
from the focus is equal to its distance from the directrix. 
It has already been proved as a particular case of Art. 207. 

274. To find the polar equation to the parabola, the focus 
being the pole. 
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Here we have to find the polar equation to the locus of 
Art. 273, the given point being the focus, and the given line 
the directrix. Exactly as in Art. 209, if "we make e = 1, we 
obtain as the equation 

- = 1 — cos ^, 
P 

where I is put for half the latus rectum, and is equal to 2d. 

275. Diameters. 

We saw (Art. 153) that there is only one system of rect- 
angular axes, which will give the equation to the parabola 
under the form y' = Lx, also that in this case the axis of x is 
a diameter, for it bisects all chords parallel to the axis of y ; 
and the axis of y is a tangent (Art. 246) at the extremity of 
that diameter. We shall now consider the other diameters of 
the parabola, and shew what the equation becomes, when it is 
referred to any one of them and the tangent at its vertex. 

276. To find the locus of the middle points of any system 
of parallel chords. 

We shall proceed as in the case of central curves. Let 
Q Q be one of the chords, M {x'y*) g 

its middle point, and let the ^ 
equation to QQ' be 

c s 

Then for the distance (Z) from 

(xy) of the points of section of 

the chord and parabola {y^— ^dx)y 

we have equation (2) of Art. 251 to determine ilfQ and MQ[\ 

but, since these distances are equal in magnitude, the two 

values of I are equal and of opposite signs ; hence the co- 

eflficient of i!= 0, or sy — 2c?c = ; and, since s and c are the 
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same for all the chords, this relation holds for the ordinates 
of all the middle points ; hence ike equation required is 

81/ — 2dc = 0, 

-which represents a straight line (PX) parallel to Ax. 

If m be the tangent of the angle that the chords make 
-with the axis, the equation becomes 

2d . 8 

y= — , smce m = - . 

Cob. It is evident, as in central curves, that the tangent 
at P, the extremity of PX, is parallel to the chords ; for the 

2d 
ordinate y oi P= — , and the equation to the tangent is 

yy =2d(x + x'), or y = m (a; + x), 

which is the equation to a straight line parallel to the 
chords. 

277. As in central curves, the straight line which bisects 
any system of parallel chords is called a diameter of the 
parabola, and the chords are called the ordinates of the 
diameter. We see then that the equations to a chord and 
the diameter of which is an ordinate are, respectively, 

2d 

y sz mx + c and y = — . 

Hence all diamietera of a parabola are parallel to the aoois; 
and, conversely, all straight lines parallel to the axis may be 
considered as diameters ; for by giving a suitable value to m 

in the equation y = — , y may receive any value we please. 

278. The polar of any point in a diameter is parallel to 
the ordinates of that diameter. 

We saw (Art. 2G3), that this is true when the diameter 
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2d 

is the axis of the parabola; let y = — be the equation to 

any diameter, then the equation to the polar of any point 

{x'y) in it is 

yy'==2d{x + x), 

2d 
and, since y' = — , this equation becomes 

m 

y = m (a? + x'), 

which is the equation to a straight line parallel to the chords 

which the diameter in question bisects. If the point {x'y') 

be the extremity A' of the diameter (fig. Art. 280), the 

equation 

yy' = 2rf (a; + x) 

represents the tangent at A'; hence, the tangent at the ex- 
tremity of any diameter is parallel to the ordinates of that 
diameter, as we saw in Art. 276. 

279. Since all diameters of a parabola are parallel, it 
cannot have conjugate diameters : it has however properties 
which correspond to the properties of conjugate diameters 
in central curves, and which may be foreseen by regarding 
the parabola as deduced from the ellipse by the method of 
Art. 249. 

If we refer the ellipse to any diameter and the tangent 
at its vertex, as axes, the equation will be 

y'J^A^'^-^ (1), 

which results from writing x — a' for x in the equation to the 
ellipse referred to any two conjugate diameters 2a and 2&'. 
Now this equation is of the same form as the equation to 
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the ellipse, when the vertex is origin, the major axis the 
axis of X, and a tangent at the vertex the axis of y. Hence, 
regarding the parabola as an elongated ellipse, we may con- 
ceive (fig. Art. 280), that any diameter A'X has a conjugate 
at an infinite distance, parallel to the tangent A' Y, and we- 
foresee that the equation to the parabola^ when referred to 
A'X, A'Y as axes, will be in the same form (y' = /ia?), as 
when it referred to the axis of the curve and the tangent at 
its vertex as axes. 

For suppose fig. Art. 280 to represent part of an ellipse, 
A' the extremity of a diameter and the origin in equation (1) ; 
and suppose that A'X meets Ax in the centre G, and there is 
a diameter CD (=&') conjugate to CA' {=a'); let SA'^d'; 
then (Art. 226), we have 

SA', HA' = CD\ or d' (2a - d') = b" ; 
hence equation (1) may be written 



y- (^■4X^-^)1, 



Now, when the centre is removed to an infinite distance, 
both a and a become infinite ; also 

a : a' :: sin CA'A : sin CAA', 

which is a ratio of equality when -4' G becomes parallel to 
Ax, as it does when their point of intersection (G) becomes 
infinitely distant ; hence in this case equation (1) becomes 

y' = id'x. 

We shall, in the next article, prove this property inde- 
pendently. 
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280. If we transfer the origin to the extremity A {xy) 
of one of these diameters, we 
have, writing x + x for x and 
y + y for y in the equation 

j^ = 4idxy 

{y + yy = 4^d(x + x'l 

or y^ + 2y'y = 4idx (1), 

since y^ = 4idx. 

If we now preserve the axis of 
X, and take a new axis of y, 
{A*Y) inclined at an angle 
to the axis of x ; then 

the old y = PN^PM' sinO, 

the old X = A'N= A'M'^-PM' cos 0, 

A'M' and PM' being the new co-ordinates of the point P, 
when A'Xy A' Y are axes. Hence, writing y sin for y and 
x + y cos for a; in (1), the equation becomes 

y sin' + 2^'y sin = 4c? (a? + y cos 0), 




or 



y' sin^ -\-y (2^' sin ^ — 4rf cos 0) = 4daj 



(2). 



Now, in order that (2) may reduce to the form y* = Lx, 
we must have 

26? 

2v' sin — 4c? cos ^ = 0, or tan ^ = — j- ; 

y 

but this is the tangent of the angle which the tangent at 
A' {xy) makes with the axis of x ; hence when we use a 
diameter and the tangent at its vertex as co-ordinate axes, 
the equation to the parabola will be 



y'= 



4c? 



sm 



^qX, 



where is the inclination of the axes. 
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But -^nrs = ^ cosec* 5 = eZ (1 + cot*^ 

sm a ^ ' 

and the equation to the parabola referred to any diameter, 
and the tangent at its vertex is 

where d' is the distance of the origin from the focus. This 
includes the case of the axis of the parabola and a tangent 
at its vertex. 

281. The quantity ^SA is called the 'parameter of the 
diamcccr which passes through A \ when the diameter is 
the axis of the parabola, it is sometimes called the principal 
parametery as well as the lahis rectum. In all cases it equals 
the double ordinate through the focus ; for draw QQ through 
the focus parallel to the tangent at A ; then (Art. 269) 

AR = ST= 8A, 
and QB' = ^8A. AR = ^SA\ 

or QR = 28A, and QQ^^^SA. 

282. Since the equation to a parabola, referred to any 
diameter and the tangent at its vertex, is of the same form 
as when the diameter is the axis, it follows that every pro- 
perty, which has been proved for the latter system, is true 
for all the others, so long as the property does not depand 
upon the inclination of the axes. For example, if we have 
for the equation to the parabola referred to such axes, 

y^ = 4i'ir, 
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we shall find, exactly as in Art. 254, that the equation to the 
tangent at any point {^y) is 

yy ^W {^x-\'x')\ 

hence, as before, the subtangent is double the abscissa ; also 
the equation to a straight line joining the points of contact 
of two tangents drawn from any point [xy') is 

yy'^W\x^7i), 
and 80 on. 

282. Tangents at the extremities of any chord will inter- 
sect in the diameter of which the chord is an ordinate. 

Let the parameter of the diameter be 4^' ; then, taking 
the diameter and the tangent at its extremity as axes, the 
equation to the tangent will be (fig. Art. 280), 

±yy'^2d'{x + x'), 

according as we take Q (xy), or Q'{x\ —y), as the point of 
contact. In each case, when y = 0, a? has the same value 
= - x\ or the tangent meets the diameter produced in the 
same point. 

The student will find no difficulty in adapting the latter 
part of Art. 236 to the case of the parabola. 



EXAMPLES XL 



1. Find the length of the side of an equilateral triangle, one 
of whose angles is at the focus and the other two on the parabola. 

2. Draw the curves aj" + 2y = and y = 2x — aj*, and find their 
points of intersection, the axes being rectangular* 



248 THE PABABOLA. 

3. The rectangle contained between two ordinates y^ , y^ of a 
parabola (y*= 4c?aj) is equal to (f*; to find the magnitudes of y^ and 
y^, the distance between them being = d, 

4. Shew that the exterior angle between two tangents to a 
parabola is half the angle between the focal distances of the points 
of contact. 

5. From any point there cannot be drawn more than three 
normals to a parabola. 

6. The tangent at any point of a parabola will meet the 
directrix and latus rectum produced in two points equidistant 
from the focus. 

7. Two equal parabolas have a common axis ; a straight line 
touching the interior and bounded by the exterior, will be 
bisected in the point of contact. 

8. Find a parabola which shall touch a given circle at a 
given point, its axis being coincident with a given diameter. 

9. To prove that the area of a triangle inscribed in a para- 
bola is equal to 

g^ {y-yl ' {y" - y") • (/" - sO* 

where y\ y", y'" are the ordinates of the vertices of the triangle^ 
y* = ^dx being the equation to the curve. 

10. If a parabola intersect a circle in four points, prqve 
that the ordinates of the points of intersection which lie on one 
side of the axis of the parabola are together equal to the sum of 
the ordinates of the points of intersection which lie on the other 
side of the axis. 

11. Two tangents are drawn to a parabola at points whose 
co-ordinates are a, 6, a , V. To find the point in which they 
intersect. 

12. Find the equation to the parabola, whose focus is origin, 
and whose directrix is the line Ax + By + G=0. 
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13. From points in the exterior of two equal parabolas having 
the same axis, tangents are drawn to the interior one; they will 
touch it at the extremities of diameters whose distance from one 
another is constant. 

14. Three parabolas, having their axes parallel, intersect; 
shew that the three chords passing through their points of contact 
pass through one point. 

15. Two tangents to a parabola make angles whose tangents 
are a', a" with the axis; find the equation to the tangent at the 
extremity of the diameter of which the chord of contact is an 
ordinate. 

16. Find the locus of the middle points of chords passing 
through any fixed point, and adapt the proof to (i) the focus, 
(ii) the vertex, and (iii) the foot of the directrix of a parabola. 

17. If ^ be the vertex, S the focus, and PSp the focal chord 
of a parabola, prove that the rectilinear triangle PAp varies as 
the square root of the distance Fp, 

18. If a straight line be drawn from the foot of the directrix 
of a parabola, making an angle 45° with the axis, it will touch all 
parabolas having the same axis and directrix. 

19. Draw a normal at the extremity of the latus rectum of 
the parabola whose equation is y^ = 4c? (05 — d), and find its distance 
from the origin of co-ordinates. 

20. Lp is a. normal to the parabola at Z, the extremity of 
the latus rectum, meeting the parabola again in p. Shew that the 
diameter in which the tangents at L and p intersect, passes 
through the other extremity of the latus rectum, 

21. Two ordinates to a parabola meet the axis in points 
equidistant from the focus. If the vertex be joined with the 
point where one of the ordinates meets the parabola; find the 
equation to the locus of the point where this line intersects the 
other ordinate. 
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22. Two tangents are drawn to a parabola, making angles 
6, ff with the axis. Prove that (i) if sin ^ . sin ^ be constant, the 
locus of the intersection of the tangents is a circle, whose centre 
is in the focus j (ii) if tan . tan ff be constant, the locus is a 
straight line perpendicular to the axis ; (iii) if cot tf + cot ff be 
constant, the locus is a straight line parallel to the axis; (iv) if 
cot ^ — cot ^ be constant, the locus is a parabola equal to the 
original parabola. 

23. A series of triangles are constinicted on a given base, 
their vertices being in a straight line parallel to the base ; shew 
that the perpendiculars through the extremities of the base to 
the sides of these triangles, will intersect in a parabola, whose latus 
rectum is the distance between the lines. 

24. To find the equation to a parabola, referred to the two 
tangents at the extremities of the latus rectum as axes. 

25. To find the area of a triangle included between the 
tangents to parabolas y* = 4c?a;, y^ = 48a;, at points, the common 
abscissa of which is a, and the portion of the ordinate intercepted 
between the two curves. 

26. To find the magnitude of the ordinate of such a point 
in a parabola (y' — 4:dx) that the intercepts on the axes of co- 
ordinates of a tangent drawn to the curve at this point may be 
equal to each other. 

27. The three altitudes of any triangle described about a 
parabola all pass through a single point in the directrix. 

28. To find the distance of the vertex and focus from the 
tangent in teims of the inclination of the tangent to the axis 
of X, 

29. Find the locus of the centre of the circle which shall 
always touch a given circle and a given straight line. 

30. From the vertex of a parabola a straight line is drawn 
inclined at an angle 45° with the tangent at any point ; find the 
equation to the curve which is the locus of their intersection. 
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31. In the focal distance JSF take JSp equal to the ordinate 
PM. Find the polar equation to the locus traced out hy the 
point p. 

32. From two points in a diameter of a parabola two pairs 
of tangents are drawn to the curve ; the trigonometrical tangents 
of the inclination of one pair to the axis are /a^, /x^, and of the 
other /Ag, fi^; to prove that 

1111 

— + — = — + — . 

/*i /*fl /*3 r'^ 

33. The vertex of a parabola is taken for the centre of a 
given circle ; to £nd the equation to a straight line touching both 
circle and parabola. 

34. If from any point Q of the line £Q, which is perpen- 
dicular to the axis CAB of a parabola whose vertex is A, QF be 
drawn parallel to the axis to meet the parabola in P; shew that, 
if GA be taken = AB, the locus of the intersection "of AQ and CF 
is the original curve. 

35. A parabola being traced upon a plane^ draw the axis and 
directrix, and find the focus. 

36. From a point on the axis of a parabola three normals are 
drawn to the curve ; shew that the distance of the point from the 
vertex is greater than 2d, 

37. Transform the equation to the tangent to the ellipse in 

the form y = mx + Ja^m* + 6*, into the corresponding equation for 
the parabola. 

38. Given the radius vector, drawn from the focus to any 
point of a parabola, and the angle it makes with the curve j find 
the latus rectum and the position of the vertex. 

39. The locus of the centre of a circle which passes thi'ough 
a given point and touches a given straight line is a parabola. 

40. If from the focus of a parabola straight lines be drawn 
to meet the tangents at a given angle, prove that the locus 
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of their points of intersection will be that tangent to the 
parabola, the inclination of which to the axis is equal to the 
given angle. 

41. The abscissa and double ordinate of a parabola are h 
and hy and the diameters of the circumscribed and inscribed circles 
are D and d. Prove that D + d=h-¥h, 

42. If PQ be a chord of a parabola which is a normal at P, 
and the tangents at P and Q intersect in a point T, shew that 
PT is bisected in the directrix. 

43. To find the equation to all parabolas which are touched 
by the straight lines y = ± - . 

44. Find the equation to the parabola, referred to the tangent 
and normal at the positive extremity of the latus rectum, as axes. 

45. Two normals to a parabola (y' = 4cfe) are always at right 
angles to each other ; to find the locus of their intersection. 

46. To find the equations to all the common chords of the 
two curves y' = 2cx — x^, y' = 4:dx, 

47. To prove that a series of circles, of which the centres 
are in a parabola, and which pass through the focus, all touch 
the directrix. 

48. The distance of a point from one given straight line 
varies as the square of its distance from another given straight 
line j shew that its locus is a parabola, having the second line as a 
diameter, and the first as a tangent at its vei-tex. 

49. If the focus is origin, the equation to the tangent to the 
parabola, in the form of Art. 27, is 

X cos a-hy sin a H = 0. 

cos a 

50. From a point P, the concourse of two tangents to a para- 
bola PQ, PQ^, PABG is drawn meeting the curve in A, C, and 
Q^ in B, PAy PB, PO are in harmonical progression. 
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51. To find the locus of intersection of perpendiculars from 
the focus on the normal. 

52. If two tangents be drawn to a parabola, prove that a 
third tangent, parallel to the chord joining the points of contact, 
Will bisect the parts of the other tangents which are included 
between their point of intersection and their points of contact. 

53. The abscissa of two points in a parabola, reckoned along 
the axis, are x, Sx, and the corresponding focal distances r, 2r ; to 
find the position of the former of these points. 

54. Any number of parabolas are described having the same 
vertex and axis, and any straight line is drawn at right angles 
to the common axis. If any points whatever in this line be 
taken as poles, to prove that all the polars belonging to all the 
parabolas will intersect in a single point. 

55. The centre of an ellipse coincides with the vertex of 
a pai'abola, and the axis major of the ellipse is perpendicular to 
the axis of the parabola ; required the proportion of the axes of 
the ellipse that it may cut the parabola at right angles. 

56. Given a point where a parabola intersects a given 
diameter, and also the parameter of that diameter; shew that the 
locus of the vertex is an ellipse. 

57. A parabola slides between rectangular axes; find the 
locus of (i) the focus, and (ii) the vertex. 



CHAPTER XIL 
General properties of Conic Sections. 

283. In this chapter we shall shew how the chief pro- 
perties of the loci of the second degree may be deduced from 
the general equation of the second order without reduction. 
We shall begin by tracing the loci. If the axes are rect- 
angular, the method of Chap. viii. may be used for this 
purpose, and is to be prefeiTed, if we wish to determine the 
elements of the locus, such as the axes, position of foci, &c. ; 
but the following method may be used with great advantage 
when the axes are oblique, and in all cases where we wish 
simply to trace the form of the locus, without determining 
its elements. 

284. Solving the equation 

Ax^ + Bxy + Cy^ + Dx + JEy + F^O (1), 

(which we shall call <f) [xy) = 0,) so as to obtain y in terms 
of X, we have, as in Art. 62, 

y=«^+^+ l-^^{B'^iAC)x'+2{BE^2CD)x-{-E'--^CF, 

Let us draw the right line {DT in figs, of Arts. 286, 
287, 292) whose equation is 

y = -^^ °^ ^Otf + Bx + E^O (2); 

then, in order to obtain the ordinates corresponding to any 
abscissa a; of the locus represented by (1), we have only to 
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increase and diminish the ordinate of (2) corresponding to x 
by the quantity 

^ */{B'^^AC)x'' + 2{BE^2CD)x'+i;'^4GF. . . (3). 

This line (2) then bisects every chord of the locus parallel to 
the axis of y, and is therefore a diameter. 

Cor. Similarly, from the solution as a quadratic in x, 
we find that the line 

2Ax + By + D = (4) 

^ is the diameter bisecting all chords parallel to the axis of x. 
Equations (2) and (4) are those obtained in Art. 141, to 
determine the centre. 

285. In order then to trace the locus, we must examine 
expression (3), which we shall call Y; for, as long as the 
values given to x render the quantity under the root positive, 
we can find two points of the locus corresponding to every 
abscissa ; if they make it = 0, the two points coincide ; and, 
if they make it negative, the value of Y is imaginary, or no 
point of the locus con-esponds to the abscissa in question. 
For the sake of brevity we shall write 

r= ^ ^{B'-4iAC){x' + 2Qx-]-R), 

BEj-2CD ^ E^-^CF 
where ^"B^-^AC B'^-^AC 

and may be either positive or negative quantities. The 
student will observe, that — ^ is the abscissa of the centre 
obtained in Art. 141 ; and this will be seen to agree with 
the results hereafter obtained. 

Now the expression n^-^^Qx + R may be written 



256 GENERAL PROPERTIES OF CONIC SECTIONS. 

We have then three cases : 

(i) If Q^ — R is positive, that is, if the roots of the 
equation 

are real and unequal, the expression can he broken up into 
real factors, 

or {x — a){x — h), 

where a + b=—2Q, <zb = B. This expression is positive for 
all real values of a?, except for those which lie between a 
and b ; and it attains its greatest negative value, — (Q* — JR), 
when 

Also if we make x — —Q-\-h or=— ^ — A, the values of the 
expression are the same. 

(ii) If ^* — i? = 0, or the roots of the equation are real 
and equal, the expression becomes {x + Q)'. 

(iii) K Q^^B is negative, that is, if the roots of the 
equation are imaginary, the expression cannot be broken up 
into real factors. Wq shall write it 

{x+QY + D\ 

where the symbol JO^ is used to denote the positive quantity 
jB — Q^. This expression can never be negative for any real 
value of X, and has its smallest positive value when x^^ — Q; 
also, if we make a; = — Q + A or= — Q — A, the values of the 
expression are the same. 

286. We shall now apply these results to the three cases, 
when jB^ — 4-4 C is negative, positive, or zero. 
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I. When J5" — 4* A C is negative. In this case we know, 
by Art. 150, that the locus is an ellipse or circle, a point, or * 
imaginary. 

(i) Let the roots he real and tmeqtuil; then Y, which in 
this case may be written 

r=^,V(5*-4^(7)(a;-a)(a?-6), 

is = 0, when x^a and when x = h, and is real for those 
values of x only that lie between a and h, since these are 
the only values that make {x — a) {x — h) negative ; hence 
the locus lies wholly between the two lines (ZXi and JDR), 
parallel to the axis of y, whose equations are 

x — a = 0, a; — 6 = 0. 




These lines are tangents to the curve at the points where 
the diameter (2) DT cuts it; for, if we put a; = a in the 
equation to the curve and diameter, the two ordinates to 
the curve will become equal, and will equal the ordinate of 
the diameter. The value of each is 
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Ba-^E 

Hence the line a; — a = passes through two coincident 
points of the curve, and is a tangent. Similarly a: — 6 = 
is a tangent at the other extremity of the diameter. It will 
be observed that they are both parallel to the ordinates of 
the diameter. 

The value of F will be greatest, when x= ^ (^6. = — ^), 

the abscissa of C, the point midway between D and D' ; for 
we have shewn that this value of x gives the expression 

x^-\-2Qx-\-R, or [x — a) (a; — J), 

its largest negative value. This point is the centre of the 
curve ; for, if we write 

X = — 2~ + A, or a; = — h, 

we have ^hewn that the values of (x — a) (a; — J), and there- 
fore of F, are the same. From this it follows, that if we take 
QM= QN^ h, we shall have CV= CH, and 

hence, as in Art. 140, GCS' is a straight line, and is bisected 
in C, which is therefore the centre. The curve then, which 
is evidently an ellipse, has the form given in the figure. CP 
is the diameter conjugate to CD, since it is parallel to the 
ordinates of CD, 

Example. Let the equation be 

whence 2y-a;-2±>^-(x-l} (x-5) = 0. 

The curve has then for diameter the line 2y-x-2 = 0; it lies whollj 
between the lines a; — 1 = 0, a; -5=0; and the largest value of Y, oorrespond- 

ing to se= 8, is T= 1. The co ordinates of the centre are «= 3, y= - . 
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(ii) Let the roots he real and equal. Thea 

y= 20 (P^+Q)^ 

and the equation to the locus is 



hence, since VC* — 4-4(7 is imaginary, the equation can only 
be satisfied by the values of x and y which make 

2(7y + J^ + ^=0, anda?+Q^O, 

and the locus may be considered as an ellipse reduced to a 
point, or as two imaginary straight lines which intersect in G, 

Example. Let the equation be 

whence y+^x-l± J"^ {x-Z) = 0, 

an equation which is only satisfied by one pair of real values, namely 

(iii) Let the' roots bs imaginary. Then 

and, since {x+Q)^ + B^ can never be negative, Y is never 
real ; and the locus therefore may be called an imaginary 
ellipse. 

Example. Let the equation be 

4y' - Sxy + 5x'+ 4y - 3a; + 2 = ; 

solving for y, we have for the quantity under the root 

-{x-' + x+l); 

aird, since the roots of the equation «^+« + l = are imaginary, the locus is so 
also. 

287. II. When B^ — i^AG is positive. In this case w^ 

Yl— ^i. 
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know by Art. 150, that the locus ia either an hyperbola or two 
intersecting straight lines. 

(i) Let the roots be real and uneqiial. Then 

As in the case of the ellipse, the diameter J? T, whose 
equation is 

^Cy-^Bx + E=0, 

meets the curve in the points D', D, and the lines IfL, DR, 
whose equations are z — a = 0, a; — 6 = 0, are tangents at those 




points. Also, since (a;— a) {x—h) is negative for values of 
ic between a and J, Y is imaginaiy for those values; hence 
no part of the curve lies between the parallels UL, DR. 
Beyond those limits any number of points of the locus may 
be found, equidistant from the diameter DT; and, since 
Y is real when x has any real value, positive or negative, 
except those which lie between a and 6, we shall obtain four 
infinite branches, and the curve, which is evidently an hyper- 
bola, has the form given in the figure. As in the ellipse, G, 
the middle point of DD', may be shewn to be the centre, and 
CP the diameter conjugate to CD. 
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Example. Let the equation be 

4y« - Sasy + Sac? + 4y - 05 + 6 = 0, 
whence 2y - 2a;+ 1 ± Vai«-3x-4= 0, 

or 2y-2x+l±^(x+l) {x-4)=0. 

The curve then has 2y-2x+l = for a diameter and x+l = 0, k-4 = 
are the tangents at the points where it meets the curve. It has four infinite 
branches, but no part of it lies between x= - 1 and x=4. 

(ii) Let the roots be real and equal. Then the equation 
to the locus is * 

which represents two straight lines which intersect in C> for 
which point 

2(7y + £aj + ^=0, anda;+Q = 0. 

The line DT is still a diameter of the locus, which may be 
called a Rectilinear Hyperbola. 

(iii) Let the roots he imaginary. Then 

Y = ^ V(5^- 4^ G) [{x + QY + D'] ; 

and, since {x + Qf + If^ is positive for every real value of a?, 
the value of F is real for every such value. Since Y does not 
vanish for any real value of a;, the diameter DT 

which bisects all chords parallel to the axis of y, does not 
meet the curve ; for the ordinate of the curve cannot be made 
equal to that of the diameter. As before, any number of 
points may be found equidistant from the diameter DT, by 
taking values of T corresponding to different values of x. 
The least values of Y will be when x^— Q, represented 
by CP, CF in the figure ; and on each side of this line 
the values of Y increase indefinitely, forming an hyperbola 
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with four infinite branches, as in the figure. As in the 
ellipse, it may be shewn that G is the centre ; also GP is 




parallel to the ordinates of the diameter GD, and is therefore 
the diameter conjugate to it. 

Example. Let the equation be 

4y* - 8ajy + 3a;* - 4y + 6a5 - 4 = 0, 

whence 2y - 2a;-l ± ^Jx^ - 2a; + 6 = 0. 

Since the roots are here imaginary, the curve does not meet the diameter 
2jf-2a!~l = 0. The smallest value of F is 1, corresponding to as = I. The 

co-ordinates of the centre are sc=:l, y=". 

We shall be aided in tracing the figure of the hyperbola, 
if we find the asymptotes, which we now proceed to do. 

288. To find the equation to the asymptotes of a conie 
section from the general equation. 

Resuming the notation of Art. 285, and writing P for 
J5' — iA C we have for the equation to the curve 



2Cy + Bx + JE±JF{[x+Q)'+{Ii'-(/)] = (1). 
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Now, when x becomes very large, the term (x+ QY is 
very large compared with R — Q*, so that the ordinate of 
the curve would then be approximately obtained from the 
equation 

2(7^ + 5a? + j57±^/P(a?+0-=O (2). 

This equation represents two straight lines, which in- 
tersect in the point where 

which is, by Art. 287, the centre (7. Also, when x becomes 
indefinitely large, the diflference between the ordinates of (1) 
and (2) becomes indefinitely small ; for (1) may be written 

Expanding by the ^Binomial Theorem, we have 

or, = 2 (7y + JSa? + J? + ^/P (a? + ^) + terms involving nega- 
tive powers of a; + Q. 

Now, by increasing a?, these terms may be made as small 
as we please, and therefore the straight lines represented 
by (2) approach indefinitely near to the curve, and are the 
asymptotes. 

We see then, that, to find the asymptotes of an hyper- 
bola, we must solve the equation as a quadratic in x or y, 
and replace the last term in the trinomial under the root 
by such a quantity as will render the trinomial a perfect 
square. The equation so altered will be the equation to the 
asymptotes. 



R-q? 

this will be the case when x is increased indefinitely. 



.1* "" V 

^ This is a true arithmetical expansion, when -j^^ ^.^ is less than unity, and 
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ExAMFLB. Lei the' equation be 

4y' - 8ajy + Sac' - 4y + 605- 4=0, 

whence 2y - 2« - 1 ± iJx'^-2x-k-$ = 0. 

Beplacing +5 under the root by +1, we obtain for the equation to the 

asymptotes 

2y--2a;-l=fc(a;-l)=0, 

or 2y-«-2=0, 2y-3a:=0. 

289. We will here collect together some results, at 
which we have already arrived, leaving the student to deduce 
them from equation (2) of the preceding article. 

(i) The asymptotes of the ellipse are (Art. 184) ima- 
ginary, (ii) If the centre is origin, and the equation to 
the conic referred to any a^es, 

Ax' + Bxy+Cy'^F (1), 

the equation to the asymptotes is (Art. 186) 

Aa?+ Bxy+ (7^ = (2), 

and, consequently, whatever be the origin or axes, we shall 
obtain straight lines parallel to the asymptotes, by equating 
to zero the terms of two dimensions in the equation to the 
conic, (iii) If ^ = or C= in the general equation, the axis 
of a? or y is (Art. 242) parallel to an asymptote, (iv) All 
conies obtained by varying F in equation (1) have (Art. 242) 
the same asymptotes; and, if the sign of J'' is different in two 
of them, the curves lie in different angles of the asymptotesw 
(v) If the axes are rectangular, the angle between the 
asymptotes is (Art. 67) determined by the equation 

*^ * A+C (^^' 

a value which (Art. 147) does not change for any transforma- 
tion, so long as the axes remain rectangular, (vi) The equa- 
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tion to the axes, when the centre is origin, is (Arts. 68, 
146) 

«*-2 -^a;y-2/' = (4), 

since they bisect the angles between the asymptotes repre- 
sented by equation (2); and (4) represents (Art. 68) real 
lines, whether the asymptotes are real or imaginary. 

The above results have been obtained for central conica 
only; and the method of Art. 288 will give no rectilinear 
asymptotes for the parabola. 

290. The foregoing results have been obtained on the 
supposition that the equation can be solved as a quadratic in 
y, that is, we have supposed that C does not = 0. This must 
always be the case with the loci of Class I., for, if A or 
(7 were to vanish, B^^^AG could not be negative. But if 
B^— iiAC is positive, or the locus belongs to Class II., either 
A or G may vanish. If G vanishes, we have, solving 
for aj, 

2Ax +By +1) ± '^{B''-4iAC)i/'+2{BD-2A£)y+J}*-4iAF=0, 

which will give results similar to those obtained above, and 
the locus may be traced in the same manner. 

291. If both A and G vanish, the equation is of the 
form 

Bxy + I)x + Ei/ + F=^0; 

hence we cannot solve the equation as a quadratic, and 
trace the locus by the method of the preceding articles. If 
we multiply by B, the equation may be written 

{Bx + E) {By + D) =^ DE-BF, 
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a form of equation which has been fully explained in 
Art. 242. 

Example. Let the equation be 

2a?y + 6aj-y-8==0, 
whence (2a; -1) {y + 3) = 5, 

Which represents an hyperbola, whose asymptotes are 2a; — 1 = 0, ^+3 = 0. 

292. III. When 5* - 4^ (7 = 0, the locus is (Art. 153) 
a parabola, two parallel straight lines, two coincident straight 
lines, or imaginary. In this case if we draw the diameter 
J? jT whose equation is 

we shall have, for the quantity to be added and subtracted 
from the ordinates of this line, in order to obtain the ordi- 
nates of the curve, 

F= ^ V2 (zyjfc'- 20'i>)a? + E' - 40'y, 
or =^^2{BE--2CD){x-a), 

where a may be either positive or negative, 

We shall then have three cases: 

(i) BE — 2 CD positive. Then, as in the ellipse, if we 
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draw the line DR whose equation is aj — a=0, it will be a 
tangent to the curve at the point D. Also if x is less than 
OR (or a), the values of T become imaginary, or no part of 
the curve lies to the left of DR. For all values of x from OR 
to infinity, T is real, and the curve, which we see to be a 
parabola, may be traced as before, and will have two infinite 
branches as in the figure. 

(ii) 7?£— 2 CD negative. In this case Y is imaginary, 
if a; — a is > 0, that is, if a; > OR ; hence the curve has no 
part to the right of D. It will be a parabola, with the infinite 
branches turned in the direction opposite to those of the 
figure. 

Example 1. Let the equation be 

whence y-a;-l±/^-(a;-2) = 0. 

The curve cuts the diameter y-a!-l = Oata point where a; =2, y=3, and 
has no part lying to the right of the tangent x-2 = 0. Its infinite branches 
will be turned in the direction opposite to those of the figure. 

Example 2. Let the equation be 

y2-2a;y+a;«-2y+a; + 3 = 0, 

whence y-a;-l=t /^a; — 2 = 0. 

The curve cuts the diameter y-x—l — Q in the points a;=2, y = 3. No 
part of the curve lies to the left of the line, as- 2 = 0, parallel to the axis of y, 
and this line is a tangent. The form is that of the figure. 

(iii) J5^-2CZ? = 0. In this case 

and is real, zero, or imaginary, according as the quantity 
under the root is positive, zero, or negative. In the first 
case, the locus is two straight lines, parallel to the diameter 
DT whose equation is 

2(7^ + 5a? + J5; = 0, 
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and equidistant from it ; in the second, these two lines coin- 
cide with the diameter ; in the third, the equation has no 
real geometrical signification, but may be said to represent 
two imaginary straight lines parallel to DT, The locus may 
be called a Rectilinear Parabola. 

293. An equation belonging to Class III. is not always 
capable of being solved as a quadratic in both x and y. It 
can, however, always be solved as a quadratic in one of them ; 
for, if both A and C were to vanish, since B^ — 4iA (7 = 0, -B 
would also vanish, and the equation would not be of the 
second degree. Hence the locus may always be traced by 
the method above. 

*294. Tlie two following examples will shew how certain 
results can be obtained by means of Art. 147, without re- 
ducing the general equation. 

(i) To find, the eccentricity of the conic section <p{xy) = 0, the axes being recU 
angular. 

li the equation is reduced to the form 

.l'a;«+(7y + 0(a;y) = O (1), 

as in Art. 150, it is easily seen, from Arts. 158, 174, that 

«'=-^r- or =^—^j- (2), 

according as the axis of x is the major or minor axis in the ellipse, or is the 
transverse or conjugate in the hyperbola ; hence 

therefore ^l-e^ + —p=z=^/.j^ / = ±_^__ . 

therefore = ^ — ^ —r (8). 

sjl-e' (B'-iAC)^ ^" 

since A' and C are (Art. 148) determined from the equation 

^-{A + C)z =0. 
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If the conic is an ellipse, since A' and C are of the same sigDs, one value of e' 
is evidently, from (2), negative ; hence in this case we can find the eccentricity 
from (3). If the conic is an hyperbola, A' and C are of different signs, and 
therefore both values of e^ are, from (2), positive. This ought to be the case ; 
for (3) is independent of the value of <f> (x'y')t and, if this quantity has a dif- 
ferent sign for two hyperbolas represented by (1), the curves will (Art. 242) 
lie in different angles of the asymptotes, and will not have the same eccen- 

tricity, since (Art. 174) e=sec^, where is the angle in which the curve 

lies. 

(ii) To find the length of the equi-conjugate diameters and the equation to 
them, in the ellipte whose equation vnth rectangular aaxa is 

AiK^+Bxy + Oy^ + F=0 (1). 

This equation (Art. 148) reduces to 

A'x^+Cy + F=0 (2), 

where A'+C'=A+C, ''4tA'C'=B»-4AC ; 

also the equation to the equi-conjugate diameters is, from Art. 219, 

A'x'^-CY=0 (3). 

At the intersection of (2) and (3), 

F F 

~ 2A" ^ " 2C'* 

. ^.. >_ F(A'+C^) _ 2F(A + C) 

which is therefore the square of the length of the semi-diameter. 

Now the equation to a circle, concentric with the ellipse, and with radius 
equal to this leugth, is 

^ ^y - B'^-AAC 2(A + Cy ^^^ ^ " ^*^* 

Adding (1) and (4) we obtaui 

2{A + C)(A^ + Bxy+Cy'^ + (B^-AAC){ii^-^y^=:^ (5), 

which must (Art. 43) represent a locus, which passes through the intersection 
of the circle and ellipse. But (Art. 63) it reprenents two straight lines through 
the centre, which are therefore the equi-conjugate diameters. 

295. To find ike length of a straight line drawn from any 
point {xy) to meet a conic section. 
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Let the equations to the line and conic, referred to any 
axes whatsoever, be 



.(2). 



C 8 

Ax^ + Bxy-]- Cy^' + Dx + Ey + F^O 

Then, as in Art. 114, we have, to determine the distances 
of (xy) from the points of intersection of (1) and (2), the 
equation 



Ac' 
+ Bcs 



r-\-{2Ax' + Bi/'+D)c 
+ {2Ct/' + Bx-i-E)8 



l + 4^{x'y) = Q 



(3), 



where <^ {xy) = Ax' + Bx'y' + Cy"' + Dx' + Ey' + F. 

The remarks on the corresponding equation, obtained in 
Art. 176, may be applied without alteration to (3). We 
leave the student to verify results already obtained about 
the asymptotes, by equating to zero the coeflScients of /* and 
I, as in Arts. 177, 178. 

296. The rectangle on the segments of the chord will 
be equal to the product of the roots of equation (3), and 
therefore 

_ 4> {xy) 



Ad'-^- Bcs-^- Cs 



1J2 ) 




and, if another chord be drawn through the same point (x'y*), 
and its direction be determined by s and c, quantities cor- 
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responding to s and c above, the rectangle on its segments 

_ (f) (xy) 

Ac' + Bcs + Cs^' 

hence the ratio of the rectangles is 

Ac' + Bds' + Cs^ : Aif-^-Bcs^ Cs\ 

a ratio which does not depend upon the point {xy), and 
which remains the same as long as the chords make, respec- 
tively, the same angles with the axes ; hence, if QQ', RR' he 
two chords of a conic, and P their point of intersection, the 
ratio PQ . PQ' : PR . PR' is not altered by 'moving each 
chord parallel to itself and so shifting the position of P in 
any manner. The reader will observe that this conclusion 
might have been deduced from the equations of Arts. 114, 
176, 251. 

Cor. 1. Let GV, CS be semi-diameters parallel to QQ\ 
RR respectively ; then 

PQ.pg _CV^ 

FR,FE 08'' 

Cor. 2. Let QQf . PP' move parallel to themselves, till 
they become tangents at L and T\ then PQ , PQ' becomes 
DL\ and PQ . PR' becomes DT'\ hence 

nu_GV' DL_av 

Dries'' ^^ DT" CS' 

Cor. 3. Let Q, Q', R, R' be the four points where a 
circle intersects the conic ; then (Euc. III. 35, 36) 

PQ.PQ' = PR.PR'; r.CV^CS] 

hence the diameters parallel to QQ' and RR' are equal, 
and therefore equally inclined to the axes of the conic; i.e. 
if a conic and a circle intersect in four points, the common 
chords are equally inclined to the axes of the conic. 
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*297. To find the equation to the tangent of a conic sec- 
tion at the point (pc'y). 

Exactly as in Art 180, if {xy') is on the curve, 

^ (xy-) = 0, 

and the condition that equation (1) (Art. 295) should be a 
tangent is 

{2Ax + By -h D) c + {2Cy' + Bx + E) s = (4). 

From (1) and (4) we obtain the equation to the tan- 
gent 

y^y 2Ax' + By' + D 

x-x" '2Cy+Bx+E ^^'^ ' 

Multiplying up, and remembering that {xy') is a point 
on (2), we get equation (5) in the form 

{2Ax-\-By+D)x+ (2 Cy+Bx+E)y+Dx'+Ey + 2F=0. . . (6). 

CoR. If the curve passes through the origin, jP= 0, and 
the equation to the tangent at the origin (0, 0) is 

Dx + Ey = 0; 
hence, if a conic passes through the origin, the equation to 
the tangent at the origin is obtained by equating to zero the 
terms of lowest dimensions in the equation to the conic. 

*298. Equation (6) of Art. 297 is not altered, if x 
changes places with x and y with y\ hence (Art. 131) all 
the theories of poles and polars proved for the circle in 
Arts. 123 — 127, 129, 130, can be proved for any conic by 
means of this equation. 

*299. If any quadrilateral ABFD (fig. Art. 103) be in- 
scribed in a conic, then each of the points E, C, G is the pole 
of the straight line joining the other two, 

^ The reader of the Differential Calculus will observe that this equation is 
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Take EB, EF as the axes of x and y, and let 
J?^ = a, EB = a;, ED^h, EF^V^, 
then the equations to CA and GB are 

and the equations to ^i^^and BB are 

M-i («). M- (♦)• 

Now by adding (1) and (2), we obtain the equation 

K^^')-^KJ-^^')=' (^^' 

which is therefore (Art. 43) the equation to a straight line 
passing through (7. But we obtain the same equation by- 
adding (3) and (4) ; therefore also (5) passes through Q, 
Hence (5) is the equation to CG. 

Now, if the equation to the conic is 

A;^\Bxy-\'G^^-\-Bx-\-Ey-\-F^{^ (6), 

a and a are found by putting y = in (6), and are therefore 
the roots of the equation -4ic^ + -Da; +jP=0; hence (Appendix) 

11 B ..,,11 E 

and equation (5) becomes 

which is (Art. 298) the polar of .the point (0, 0), i.e. the 
origin ; hence CG is the polar of E, Similarly GE is the 
polar of C\ and hence, by Art. 130, EG is the polar of G. 
The points £7, E, G are called a conjugate triad with respect 
to any conic passing through Ay B, F, B, 
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*300. To jvnd the equation to the normal to a conic 
section at a point (fc'y'), the axes being rectangular. 

The equation to the normal will be, from equation (5) of 
Art. 297, 

x-x'''2Ax'{-By' + I)* 

Cor. If the cuiTe passes through the origin, the equa- 
tion to the normal at the origin becomes 

I!x-Dy = 0. 

*301. To find the equation to tite diameter of a conic 
section, bisecting chords drawn parallel to a given line. 

In Art. 295 let (1) represent one of the chords, and let 

the given line be y = mXy so that - = m. Then, if {xy*) 

c 

be the middle point of the chord, we have, as in Art. 132, 

for the equation to the diameter 

2Ax + By ■{- D + [2Gy ^ Bx-\- E)m^O. 

*302, Tangents at the extremities of any chord intersect 
in the diameter of which the chord is an ordinate. 

*303. The polar of any point on a diameter and the 
tangents at the extremities of a diameter are parallel to the 
ordinates. 

We leave the student to prove these two propositions for 
any conic. As we have found the equation to the diameter 
bisecting any system of parallel chords, and shewn that the 
equation to the polar is of the same form as the equation 
to the tangent, he will find no difficulty in imitating the 
proofs of Art. 220 and the latter part of Art. 236. 

304. Folar equation, the focus being pole. 

It is proved in Arts. 209, 274, that the focal polar equa- 
tion to any conic may be written 
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- = 1 — e COS ft 
P 

where Z = half the latus rectum, and e = l for the parabola, 
the left-hand focus being the pole in the ellipse, and the 
right-hand in the hyperbola. 

Ex. In any conic section the semi-latus rectum is an harmonic mean hettoeen 
the segments made by the focus of any focal chord. 

Let PSp be the focal chord ; then 

^=l-ecos^, ^=l-ccos(ir + ^); 

1 1 1 - g cos g 1 + «C08^_2 

''' sp'^sp" I "*" I i' 

which proves the proposition. 

305. To find the polar equation to the chord of a conic 
section, the focus being the pole, and thence to deduce the 
polar equation to the tangent. 

Let the equation to the conic and the chord be 
-=l-ecos^... (1), -=^cos^ + jBcos(^-a)...(2)^; 

and let the angular co-ordinates of two points on the conic be 
a — iS, a -I- )8 ; then, if (2) passes through a — yS, we have for 
this point from (1) and (2), 

1 — e cos (a — ^) = - = -4 cos (a — ^) +Bcos/3 ; 

r 

/. (^+e)cos(a-^)+jBcosi8-l=0 (3). 

Similarly, if (2) passes through a + A 

(^ + e)cos(a + /3)+jBcosi8-l=0 (4). 

^ The student should satisfy himaelf that any straight line can be repre- 
sented by equation (2). 
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Subtracting (4) from (3), we have 

A + e=^0, and .*. 5cos^ — 1 = 0; 
hence, if (2) is the chord joining the two points, it becomes 



- = sec ^ cos (^ — a) — 6 cos 



(5). 



If the chord becomes a tangent at the point a, ^8 = 0, and 
(5) becomes 

- = cos (^ — a) — e cos 0. 
r ' 

306. In any conic section, ifSP, SQ be two radii vector es^ 
and PT, QT tangents at P and Q, then ST bisects the angle 
PSQ, unless PT, QT he drawn to different branches of the 
hyperbola, in which case ST bisects the angle supplementary 
to PSQ. 

Take the left-hand focus in the ellipse and the right-hand 
focus in the hyperbola, and let the vectorial angles of P and 





Q be a and ^; it will be seen from Art. 210 that these 
angles are as in the figure; for in the polar equation used in 
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Art. 304, the outer branch of the hyperbola corresponds to 
the negative values of the radii vectores, but the vectorial 
angle is formed by the positive direction of the radius vector. 
Then the equations to PT^ QTare 

- = cos (O — oi) — ecos 0, - =cos.(^ — ^) — ecos^; 

and therefore at the point T we have from these two equa- 
tions 

cos (^ — a) = cos (0—^); 

/. ^-a=/9-^, or ^-a = 27r-(^-^), 

for ^ — a cannot = ^ — ^, since a and /3 are by hypothesis not 

equal ; hence 

/, a + /3 , a + 13 . . 

5 = - , or=7r + -2-, 

the latter value belonging to the case drawn in the figure 
for the hyperbola, where 8T bisects the supplemental angle 
QSP. It will be seen that in this case FT, QT subtend 
supplemental angles at the focus ; for 

QST^TSF = 180'-- T8P. - 

The figure for the parabola is similar to that drawn for the 
ellipse. 

307. To find the equation to a conic, when the tangent 
and normal at any point are the axes of y and x. 

Since the axis of y is a tangent at the origin, when a; = 
in the general equation 

the values of y become each = ; hence E==0, F=0, 
and the equation is reduced to 

Aa? + Bxy+ Cy^ + Dx=^0, 
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•where the axis of x is any straight line drawn through the 
point of contact. If the axes are rectangular, they are the 
tangent and normal at the origin. 

Ex. If, through a given point on a conic, any two straight lines al right 
angles to. each other he drawn to meet the curve, the straight line joining their 
extremities wiU pass through a fixed point on the normal of the given point. 

The equation to the conic, referred to the tangent and normal at the 

point, is 

Ax^ -V Bxy + Cy^ + Dx=(S (1). 

Let the equations to the two lines be 



1 
m 



or as one locns 



(y-ma;)U+-a;j=0, 

whence y'- f m - - j ajy-aj«=0 (2). 

Multiplying (2) by C and subtracting it from (1), we havd 
(id + C) fl:?+ l^+C Tm - i^ I a^+i)a;=0, 

as the equation to a locus which passes through (Art. 43) the intersections of 
(1) and (2). But this equation represents two straight lines, namely, the tan- 
gent at the given point (fl;=0), and 

(id + C7) aj+ |s+ cTm -i)| y + 2>=0, 

which must represent the chord joining the extremities of the two lines. The 
point, where this line cuts the normal, which is the axis of x, is found by 
making y=0 in the equation ; thus we obtain 

D 



« = - 



A + C 



hence the chord cuts the normal at an invariable distance from the origin. 
In the circle the point of section is the centre, by Euc. lu. 31. 

308. To find the equation to a conic section, when the 
axes of co-ordinates are tangents to the curve. 

Suppose the axes of x and y to touch the conic at dis- 
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tances a and h from tlie origin. Patting y = and a?=0 
successively in the equation ^ {xy) = 0, we obtain 

Aa^ + Dx + F=0 (1), Cf + Ey + F^^O (2), 

where the roots of (1) are each = a, and the roots of (2) are 
each = h ; hence (Appendix) 

1_A 2__D ±_C 2__E 
a'^F' a" F' V F' b" F' 

and the equation ^ (xy) = becomes, after dividing by jPand 
substituting these values, 

or (-+f — l) +kxj/ = 0, where ^ = pi — r • 
309. If the conic belongs to the parabola class, 

4 

therefore 7c = 0, or 7c = . 

ao 

If & = 0, the equation represents two coincident straight 

4 

lines. If yfe= r, it becomes 

ao 

for the latter form is equivalent to the former, if we remem- 
ber that the radicals may be positive or negative. 

*310. Any straight line drawn through the intersection of 
two tangents to a conic section, is harmonically divided by the 
curve and the chord of contact 
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Take the two tangents as axes; then the equation to the 
conic is 

(^+f-l)Vfcry = (1). 

and the equation to the chord of contact is 

?+f = l (2). 

Let the equation to any straight line through the origin 
be 

?-?=' («). 

where I is the distance of any point (xy) from the origin. 
Hence, to find the distance from the origin of the points of 
intersection of (1) and (3), we have 

11 . 1 

Now, if TT , 777 be the roots of this quadratic in -r- , that 
c c (/ 

is, if r, V are the values of I at the points where (1) and (3) 

intersect, we have 

r4=K^?) ^^)- 

Also for the point of intersection of (2) and (3) we have 

cl si ^ 1 e « y^v 

-+X=1> ory =- +r (6); 

a b I a b ^ ^* 

hence, denoting this value by \y we have from (5) and (6) 

2-l + i 
or ?j is an barmonic mean between V and l'\ 



I 
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311. Conditions necessary to determine a hcus of the 
second degree. 

We observed (Art. 24), that the general equation of the 
first degree has in reality only two independent constants, 
though apparently containing three, and that, consequently, 
a straight line could be subjected to two independent con- 
ditions only, since these would give two relations between 
the constants, which would suffice to determine them. The 
general equation of the second degree contains six coeffi- 
cients ; but, as we may divide all the terms by one of these 
coefficients, we see that the equation contains fire inde- 
pendent constants only. To determine a locus of the second 
degree, we must give the values of these five constants, or 
give five independent equations between them, by which 
they may be determined ; but, in this case, it is necessary to 
examine, whether the equations admit of a system of real 
solutions, or of more than one, and whether the resulting 
equation of the second degree represents a curve, or one 
of those varieties, which have been explained above. The 
simplest condition would be, that the locus should pass 
through five points; for the co-ordinates of these points, 
substituted successively in the general equation, will give 
five equations to determine the five constants. We shall 
therefore prove the following theorem. 

312. Throiigh five points, no four of which are in the same 
straight line, one conic section and one only can be drawn. 

We will first consider the case, where no three are in 
the same straight line. Let the axes be so chosen that two 
of the points are on the axis of x, and two upon the axis 
of y, and suppose the points on the axis of x and y, respec- 
tively, to be at distances a, d and J, V from the origin. Let 
the equation to the conic be 

Ax^->rBxy'\'Cf-\-Bx^'Ey-\-F^^ (1); 
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then the values of a, a' and b, V will be found by putting 
y and x successively = in (1), and will therefore be the 
roots of the equations 

u4aj* + i):c + i^= (2), 

Cf-^Ey+F^O (3); 

Ji- = - 1 + 1 = -^. 
ad F ad F* 

1__C 1 !__:? 
hb'^F' b'^b'' F' 

Hence the general equation becomes, after dividing by F 
and substituting, 



X 

aa 



?4^+If'-(^^)^-S+f>+i=« w- 



Let {x'y') be the fifth point ; then, by substituting x\ y 

in (4), we shall obtain a simple equation to determine -=5. 

Hence one conic and one only can be drawn through the 
five points. 

If three of the five points be in one straight line, we 
shall have {x'y') on one of the axes, and therefore a?' = or 

y = ; in either case the value of -^ from (4) would be 

infinite, and therefore equation (4) would, by dividing by -^, 

become xy = 0, and would represent the two axes of co-or- 
dinates. We might have foreseen, that the locus in this 
case could not be an ellipse, hjrperbola, or parabola^ since 
these curves cannot be cut by a straight line in more than 
two points. 

If more than three of the points are in one straight line, 
the coeflScients of (1) cannot all be determined by the method 
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of this article ; and it is obvious that this ought to be the 
case, since more than one pair of straight lines can then be 
made to pass through the five points. 

313. We may say, generally, that a conic can be made 
to fulfil five independent conditions, where each condition 
enables us to eliminate one constant. Thus the position of 
the centre must be counted as two conditions, for it gave us 
(Art. 141) two relations between the coefficients, and enabled 
us to eliminate two. Again, the position of the focus must 
count as two; for the general equation to a conic with a 
focus at a given point {x'y') may be written (Art. 208) 

{x-xy + {jf-yy = {Px-\-Qy + Ef (1), 

involving three undetermined constants only. It must not 
be assumed that five conditions such as the above will always 
give us one conic and one only, as in Art. 312. 

Ex. 1. How many parabolas can be drawn through four points ? 

We have here five conditions, since B^ - iAC=0 is one. Suppose no three 
of the points to be in one strsught line ; then we obtain equation (4) of Art. 312 
for a conic passing through the four points. If the conic is a parabola, we 
have 

If the product cui%b' is positive, there will be two parabolas passing through 
the four points; if the product is negative, no real parabola can be drawn 
through them. If more than two points are on the same straight line, the 
parabola is rectilinear, or parallel straight lines. 

Ex. 2. How many conies with a ^ven focus can be described about a 
triangle ? 

Let the focus be (o/yO* and the angular points be (x^yi), {»^^, {Xj3/^ ; 
then, if we write 8,* for the known quantity (x^ - xf)^+ iy^ - y')\ so that 81 is the 
distance between {x^y-^ and the focus, we have, from equation (1) (Art. 313), 

8i=±(Pa;i + Cyi+/2), 5a=±(P{C8 4-Cy9 + i2), 53=i(Pa;3 + Qy8 + jB). 

Every combination of signs gives a system of equations, to determine P, 
Q, Rf and there are eight combinations ; but evidently, if we change the signs 
in the three equations, it is equivalent to changing the signs of P, Q, R, which 
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would leave equation (1) the same. Hence there are four different solations, 
and four different conies can be- described about the triangle. 

314. When a conic has been subjected to four conditions 
only, there will remain one arbitrary constant in the equa- 
tion, and there will be an infinity of curves fulfilling the 
given conditions. We may then find the locus of any of 
the remarkable points of the curve ; for, having introduced 
the conditions, we may obtain the equations for determining 
the point in question, and find the equation to the locus by 
eliminating the arbitrary constant between them. 

Ex. A conic U described, totLching two straight lines at given distances (a 
and b) from their point of intersection ; find the locus of its centre. 

Taking the two lines as axes, the equation to the conic is, by Art. 308, 
hence, the equations for the centre are (Art. HI) 

Eliminating h, we have for the required locus, 

ay-hx^Of 
a straight line bisecting the chord of contact. 

*315. Similar Conies. 

Def. Two curves are said to be similar and similarly 
placed, when, any point being taken in the plane of one 
curve, another point 0' can be found in the plane of the 
other, such that parallel radii, drawn from and 0' to the 
first and second curve respectively, are to one another in a 
fixed ratio. They are said to be similar when they can be 
made to fulfil the above condition, by turning one of them 
round a fixed point. 

The points 0, 0' are called Centres of Similitude. 



+ hy=0, 
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*316. If, in the planes of two curves, one such pair of 
points, as and 0', can be found, an infinity of other pairs 
can be found. 

For suppose OB, Q'B to be parallel radii in the fixed 





ratio of 1 : Z; ; and take in the first figiu-e any point G, and 
draw O'C parallel to OG, so that 

OG' : OC^O'B' : OB=^k : 1, 

and join CB, C'B'; then the two triangles GB, O'G'B' are 

similar (Euc. VI. 6), and therefore G'B' is parallel to GB\ 

also 

G'B' : GB^O'B' : OB = k : 1; 

therefore, since OB, O'B' are any parallel radii, G and C 
are centres of similitude. Hence for every point in the first 
figure there is a point in the second, such that the pair are 
centres of similitude. 

Cor, If be the centre of the first curve, 0' must be 
the centre of the second; for every diameter BOAi^ bisected 
in 0, therefore every parallel diameter B'O'A through O is 
bisected in O \ for otherwise the ratio OB : OB* would not 
be equal to the ratio OA : OA!, 

*317. All conies, whose eccentricity is the same, are 
similar figures. 

Let two of such conies, which are evidently (Art. 174) of 
the same class, be placed with their axes parallel, and a focus 
in one coincident with the corresponding focus in the other ; 
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then, the common focus being pole, their equations are 
(Art. 304) 

I r 

- = 1 — e cos ^, - = 1 — e cos ^ ; 
P P 

hence, when is the same in each, we have the parallel 
radii vectores in the proportion of the latera recta. The 
two conies then are similar, and the common focus is a centre 
of similitude. 

Cor. All parabolas are similar curves. 

*318. To find the condition that the two conies 

Aa? + Bxy+Cy' + Dx + Ej/ + F=0 (1), 

A'x' + B'xy+Cy + D'x + U'y + F'^-O (2), 

should be similar and similarly placed. 

Let us suppose 0{xy), 0'{x^'y") to be two points, such as 
are described above, and suppose 05, C/B to be parallel 
radii vectores making an angle with the axis of a?, and let 
their equations be 

5^=1^::/=?.. .(3), ^i:^=^^:iy:=z....(4). 

C S OS 

Combining (3) and (4) with (1) and (2) respectively, we shall 
obtain two equations (Art. 295), 

PV+ Ql + R = 0...{5), P'P+ ^Z + -B'=0 .'..(6), 

the roots of which are the distances of and 0' respectively 
from the curves. But by hjrpothesis, as long as GB is 
parallel to O'B, their ratio is constant, or 

C/B = k . OB, suppose. 

Hence, if we write hi for I in equation (6), the values of I in 
(5) and (6) will be the same, and therefore we shall have 

P Q R 



Fl^'^ Qk^E 



(7), 
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Since (Art. 295) B and -B' depend only upon the position of 
and 0', and do not change as the lines move about these 
points, we may assume the ratio of B : R as constant, and 

s 

we have, writing m for - , 

c 

P A + Bm + Cm' i^B 

or ^-/i^'+(J5-/^B')7n + ((7-/i(7')^' = (9), 

for all values of m ; but this can only be the case when 
A-fjLA'=^0, B-fiB^O, O-fJiC'^O, 

A _B__C^ 
^"^Al'B'^G" 

Hence, if two conies are similar and similarly placed, the co- 
efficients of the highest powers of the variables are the same 
in both, or differ only by a constant multiplier. 

*319. We proceed to enquire whether the above con- 
ditions are sufficient to ensure similarity. Suppose them 

A 

fulfilled, and that we have multiplied equation (2) by -p , 

SO as to bring it to the form 

Ax^'\-Bxy-\-Cy^-\-D^x-\-E^y-\-F^=^(i (10). 

(i) If £*--4-4(7 = 0, the curves are in general parabolas, 
and are similar by Art. 317. This conclusion does not apply 
to the case where one equation represents straight lines or 
an imaginary locus. 

(ii) If £' — 4-4(7 is not =0, the curves have centres, 
and (Art. 316, Cor.) we need only examine, whether the 
centres of the curves are centres of similitude. Now we 
may, by transferring the origin to the centre of each, the 
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axes remaining in each case parallel to their original direc- 
tion, reduce (1) and (10), as in Art. 141, to 

Ax^ + Bxy\-Cy'-\-<l>i;xy)^0 (11), 

Aa?-\-Bxy + Cf+<i>,{x,y^ = (12), 

where <f> {xy) = 0, <f>^ (xy) = represent the equations before 
reduction, and (xy), {x^y^) are the centres. Let the equa- 
tion to any straight line through the centre of (11) be 

f=f=^- m 

where I is the distance of the centre from (xy) ; then for the 
distance of the intersection of (11) and (13) from the centre, 
we have, as in Art. 295, 

-<^(5y) . 

^ "Ac' + Bcs+Cs' ^^^^• 

Similarly, with equation (12) we should have 

and, if c and s have the same values in (14) and (15), that 
is, if the two distances denoted by I and I' be parallel, we 
shall have the ratio of I : I' constant. Hence the centre of 
each curve is a point answering the required condition ; 
consequently any number of such points may be found, and 
the curves are similar. 

*320. If ^ {x y) and ^^ {x^ y^ be of different signs, the 
ratio Z' : Z'* will be negative, so that the fixed ratio of 
the radii is imaginary, and the condition is fulfilled alge- 
braically only. If the curves be of the Ellipse class, we 
see, by Art. 150, that in this case one of them represents 
an impossible locus. If they be of the Hyperbola class, 
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they will (Ai-t. 242), represent two hyperbolas with the 
same asymptotes, but not lying in the same angles of the 
asymptotes. 

Again, one or both of the quantities ^(xy), ^i{x^y) 
might = 0, in which case the fixed ratio would be zero, in- 
finite, or indeterminate ; but in this case one or both of the 
equations would (Art. 150) represent straight lines which in- 
tersect, imaginary in the case of the ellipse, and real in the 
case of the hyperbola. 

*321. If two conies are similar and not similarly placed, 
they can, by definition, be made to fulfil the conditions of 
Art 318, by turning one of them round a fixed point. 

Let equations (1) and (2) of Art. 318, transformed to 
rectangular axes, if necessary, represent two conies, similar 
but not similarly placed, and let conic (1) be turned through 
such an angle a, that it may be similarly placed with (2)4 
This will, of course, as far as regards the change in its 
equation, be the same as if the axes were turned through an 
angle a, and we shall have a new equation, 

aa? + hxy + ctf' + dx + ei/ +f=0 (3), 

and, from Art. 147, we have 

y-4ac = JB'-4^C, a + c = ^ + (7. (4). 

But, since (3) is similar and similarly placed to (2), we 
have 

a _ & _ c _ 

firom which equations we have 

6'-4ac = /(£"-4^'(7'), a + c = /i* (-i' + CT). 



Hence 



K+cT'Ff^.' 
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therelore (^' + oy " \A + Cf ' 

is, from (4), the required condition. If this is satisfied, the 
conies will be similar, with the same exceptions as in Art. 
319. This is simply the condition (Art. 289) that the asymp- 
totes should contain equal angles, or that (Art. 294) the 
eccentricities should be determined by the same equation. 

322. Sections of the Cone. 

The surface described by an indefinite straight line, which 
is carried round the perimeter of a given circle, always passing 
through a given point, is called a cone. The circle is called 
the base of the cone, the fixed point the vertex, and the line 
joining the vertex and the centre of the base is called the axis. 
A cone is said to be right if the axis is perpendicular to the 
plane of the base, and oblique if the axis is inclined at any 
other angle to that plane. As the generating line is not 
limited, the surface of the cone consists of two portions or 
sheets (fig. Art. 323), perfectly similar, situated on opposite 
sides of the vertex, and of indefinite extent. It is evident, 
from the method in which the cone is generated, that every 
plane parallel to the base will cut the cone in a circle, and 
that every plane through the axis will cut it in two straight 
lines, in both whigh cases the section will be represented by 
an equation of the second degree. We shall now shew that 
the same is the case, in whatever manner the plane cuts the 
cone, and we shall, for the sake of simplicity, content our- 
selves with proving this property in the case of right cones 
only. 

The different curves, obtained by cutting a cone by a plane, 
are calle.d Conic Sections. 

323. Every section of a right cone hy a plane is a curve 
of the second degree. . . 



r 
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Obs. The generating line, iii a right cone, will always 



make the same angle with the axis. 




Let HRKL be a plane ; AB a fixed line, the axis of a 
cone, inclined at an angle a to the plane ; -4 (7 a perpendicular 
from Aj the vertex, on the plane ; AP the generating line, 
revolving round AB, inclined to it at a constant angle ^. 
Then P, the extremity of AP, will evidently trace out some 
conic section on the plane, which is supposed to be intercepted 
between the vertex and the circle, round the perimeter of 
which the generating line is carried. 

Draw PM perpendicular to BC produced ; join BP and 
GP. Take C as origin, CM as axis of x, and a perpendicular 
to it in the plane HRKL^ as axis of y\ let P be the poinlf 
{xy) and AB = a. 

Then BP" = PiP + BiP 

= y*+(a? + acosa)* (1), 

since z -4PC7=a; also 

PP* = a» + ^P*-2a.^P.cosA 

= a* + (a*sin*a+y' + aj*)-2acos/8Va*sin*a+y* + a'...(2), 

since AP* = A 0^+CP*. 

Equating (1) and (2), we have for the locus of P 
a' cos'a + 2aaj cos a 5= a*+ a' sin* a — 2a cos ^ Va* sin* a + 0?* + y^ 

or cos 13 Va* sin* a+ a? + y* = a sin* a -r a? cos a, 
a curve of the second degree. 



a Hyperbola, Parabola, 
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324. Comparing this equation mth the general equation 
of the second d^ee, 

Aa!' + ^+Gy' + I)x+2 
we see that in this case 

^ = cos' (9 - cos* a, B= 
Now (Arts. 150, 153), the curve is a 
or Ellipse, according as ff - 4-AO > = < 0, 

- cos* ^ (cos* ^ - cos' a) > = < 0, 

as cos* a — cos'jS > = < 0, 

aasin (|S + R).Bin09-a) > = < 0, 

a8sin(y9 — a)> = <0, 

or as j9 > = < o, 

since j8 + a is by construction less than ir, and therefore 

sin (yS + a) always positive. 

325. We may easily identify the above results with the 
forms of the curves that we 
have already discovered; for, 
let SAB be a cone, AO the 
axis, 5 the point where the 
cutting plane BE" cuts the 
axis ; draw BP parallel to 
AB, then we have by our 
assumptions 

AB=a, zEAB=fi, 
zEBA = a, ^SAB 

/.AEB=ir-0-a, 
and hence 

/^SAB+zAEB^w+^-a. 
If yS <•«,- these two an- 
gles are less than two right 
angles, and the point j^will 
lie below the point P, and 
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the section will evidently be limited in every direction, and 
be an ellipse. 

If yS = a, the two angles = two right angles ; the point E 
coincides with P, and the cutting plane is parallel to AM, 
The section will evidently be limited at Pand unlimited in 
the direction PB, and be a parabola. 

If yS > a, the two angles are greater than two right angles ; 
the point E lies above P, and the cutting plane meets both- 
sheets of the cone. The section will be unlimited in every 
direction, and be an Hyperbola. 

326. It is from this property of the cone that the three 
curves derive their names. The Ellipse is so called, because 
the two angles mentioned above fall short of (iKXeiireiv) two 
right angles ; the Hyperbola, because they exceed (inrep^ahr 
\eiv) two right angles ; and the Parabola, because its axis is 
parallel {irapa^aWeiv) to the side of the cone, i 



EXAMPLES Xn. 

1. Employ the method of this chapter to verify the results 
obtained in Examples VIII, 

2. Shew from the equation to the asymptotes, that the 
general equation with rectangular axes represents an equilateral 
hyperbola if -4 + (7 = 0. 

3. Shew that the equation 

y*-4a;2/ + 6aj'- 6a; + 2^-11=0 
represents an ellipse, lying wholly between the lines x = 3 and 
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4. Shew that the equation 

y'- 4icy + 2a:»- 2»+ 2y + 13 = 

is an hyperbola, no part of which lies between the Unes a: = 3 
and x = '-2, 

5. Shew that the equation 

y* + 2a33^ + aj* + 2y + 4 = 

represents a parabola, extending indefinitely in the positiye di- 
rection of the axis of x, 

6. Shew that the equation 

2/*+ 2a!y -a^ + 2y- 2a:- 5 = 
represents an hyperbola, whose ordinates are always real. 

7. Shew that the equation 

y* + 2^2^ + 3a^ + do; + 2y + 7 = 
represents an imaginary locus. 

8. Find the asymptotes and the eccentricity of each of the 
hyperbolas 

4aJ2^-3a?'-2ay=0, 2^'-4aj» + 2y-4ar-9 = 0, 

the axes being rectangular. 

9. Trace the curve x* + y'= {ax-vhy + cf, and determine the 
focus and directrix. 

10. Find the axes of the hyperbolas 

xy — ax + hy^O (1), xy—ax-\-a'- (2), 

the axes of co-ordinates being inclined at an angle a. 

11. If the equation to a conic is not altered when x and y 
change places, the bisector of the angle between the positive 
directions of the axes is an axis of the curve ; if it is not altered, 
when X is changed to — y and y, to - x, the bisector of the supple- 
mentary angle is an axis. 
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12. Shew from Art 284, or otherwise, that, if the axes of 
co-ordinates are parallel to conjugate diameters, B = in the 
general equation. 

13. If ^(icy) = is the equation to an hyperbola, shew that 
only one hyperbola can be drawn through a given point, so as to 
have the same centre and asymptotes; hence shew that, if (xy) is 
the centre of <^ (on/) = 0, then <^ (xt/) = <^ (x'y') represents the 
asymptotes. 

*14. In the conic <f> {xy) = 0, if a diameter parallel to y = moj 
bisects a system of chords pai'allel to y = m'x, shew that 

2Omm'+B(m + 7nr) + 2A=0. 

*1.5. Shew that the diameters parallel to y^mx and y = m'x, 
in Ex. 14, are conjugate ; and, supposing the axes rectangular, 
find the direction of the axes of the conic. 

*16. Find the equation to the tangents at the points, where 
the conic whose equation is 

(ax + hy-l) (ax + h'y — 1) + cxy = 

meets the axis of y ; and the equation to the straight line, joining 
their point of intersection with the point where the conic touches 
the axis of x, 

*17, From Art. 301 find the directions of the axes of the 
conic, the axes of co-ordinates being supposed rectangular; (2) 
find the equations of the centre, and shew that they represent 
diameters bisecting chords parallel to the axes of co-ordinates ; 
(3) if these diameters are parallel, shew that the locus is a 
parabola. 

*18. From Art. 310 shew that, if the pole is within the conic, 
any straight line through the pole is harmonically divided by the 
curve and the polar. 

19. Given the length of a focal chord PSp in a conic, and the 
rectangle contained by the segments SP, Sp ; find the latus 
rectum. 
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20. A circle is described concentric with a given conic 
section ; find the equation to their common diameters, and the 
condition that the curves should touch, 

*21. If two hyperbolas have the same asymptotes^ their 
eccentricities are equal, or are connected by the equation 

^ 111 

e e 

*22. Find the equation of Art. 294 for the eccentricity, by 
assuming (Art. 174) that e= the secant of half the angle between 
the asymptotes. 

*23. If any straight line OR be drawn through a point 0, 
and P, the pole of that line, be joined to Oy then the straight lines 
OPy OR will form an harmonic pencil with the tangents from 0, 

24. Find the locus of the centres of the conies, obtained by 
varying each of the constants in the general equation of the 
second degree. 

25. Find the locus of the centre of a conic passing through 
four points, using equation (4) Art. 312, and shew that it is an 
ellipse or h3rperbola, according as ad and hV arc of different or 
the same sign. 

26. If a conic section and a circle have a common chord and 
a common tangent, the tangent and the chord are equally inclined 
to the axes of the conic. 

27. A conic section is cut in four points by a circle, and two 
straight lines, each passing through two of the points of inter- 
section, are taken as axes of co-ordinates ; shew that the equation 
to the conic may be written in the form 

a* + hxy + y' + dx + ei/ +/= 0. 

28. From a point two tangents OZT, OK are drawn to a 
conic section ; a straight line MQR is drawn, parallel to OK, to 
intersect OH in if, and the curve in Q, R, Shew that 

ME' I MQ.MR= OH' : 0K\ 
If QR meets the chord HK in T, then MQ.MR=^ MT\ 
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29. From the equation to the tangent in Art. 305, find the 
angle that it makes with the axis of ax, 

30. In the parabola, if SP, SQ he two radii vectores, and 
FT, TQ tangents at F and Q, then SF.SQ = ST\ 

31. The locus of the intersection of tangents, at points which 
subtend a given angle (^) at the focus of a conic^ is a conic which 



e 



has the sams focus and directrix, and whose eccentricity = y-^ . 

32. FSF^y QSQ^ are two focal chords of a conic ; shew that a 
straight line through S bisecting the angle FJSQ', will intersect the 
chord QF produced in the directrix. 

33. If a chord of a conic section, the eccentricity of which is 
e, subtends at the focus a constant angle 2y, shew that it always 
touches a conic section having the same focus, and of which the 
eccentricity is e cos y, 

34. The angular co-ordinates of the extremities of two chords 
of a conic are a + j8, a — j8 and a + ^', a — p 'y find the locus of 
their intersectiou, if ^' -- j8, a' — a = e. 

35. Shew that the circle, which passes through the points of 
intersection of three tangents to a parabola, will pass through the 
focus. 

36. If in a conic section a series of right-angled triangles is 
described, having the right angles at a given point in the curve, 
and tangents be drawn at the extremities of the hypotenuses, the 
points of intersection of these tangents lie in one straight line. 

37. A series of triangles is inscribed in a conic section, having 
a common angle, which is bisected by the normal to the curve at 
the angular point; shew that the sides, opposite the common 
angle, will all meet in the poiut of intersection of the tangents 
drawn at the two ends of the normal. 

38. How must Art. 307 Ex. be enunciated, if the conic is a 
rectangular hyperbola ? 
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39. Shew tliat equation (4) of Art. 312 can be put in the 
form 

(M-'XM-')*^-"- 

Interpret this equation, and deduce the equation to a conic 
referred to two tangents as axes. 

40. If two conic sections have two points of contact, shew 
that they will not meet in any other point. 

41. Shew that two parabolas cannot touch each other in 
more than one point. 

42. From the equation to a conic referred to two tangents, 
deduce the equation to an hyperbola referred to its asymptotes ; 
and shew that, if one tangent is infinitely distant, the conic is a 
parabola. 

43. Find the equation to a circle referred to two tangents of 
length a, containing an angle co. 

* 44. Shew that two conies of the same class, whose axes are 
proportional in magnitude and parallel in direction, cannot have 
more than two real points in common. 

*45. A pair of tangents are drawn from a point to a conic, 
and a straight line bisecting the angle between them cuts the 
chord of contact in ; shew that the polar of is the external 
bisector of the angle between the tangents. 

46. If two tangents be taken for axes, the co-ordinates of the 
centre of a conic are proportional to the lengths of the tangents ; 
hence shew that, if straight lines are drawn from the centre 
parallel to the tangents, so as to form a parallelogram, the chord 
joining the points where they cut the conic is parallel to the 
diagonal. 

47. In the sides A By AC of a, given triangle ABO take two 
points My Ny and in the line joining them take a point P, 
such that 

BM I MA=AN : NC=MP : PN; 

find the locus of P. 
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48. If a conic be iDScribed in a triangle, and touch two sides 
at the point of their bisection, shew that the line joining the 
centre and the third point of contact will pass through the 
opposite angular point. 

*49. Shew that the equation to the equi-conjugate diameters 
of the conic 

b(x? + 2a^ + 5y*- 12a; - 12y = 

is ic*+10ajy + y'-12a5-12y + 12 = 0. 

* 50. If the equation to an ellipse is Aa? + Bocy + Cy* + -P = 0, 
shew that the equation to an hyperbola upon the same axes is of 
the form 

2 (^ + C)(Ax'-^Bxy + Cy') + {B' ^ 4A0){x' + y*) + F' = 0, 
and find the value of F\ 

51. Shew that the equation 

(af^ay+(y'-ay = a* 

represents two ellipses. Find the principal axes, and shew that 
the semi-diameter, drawn to the point where their common tangent 
meets either of them, is equal to ^3a, 

52. If the general equation of the second degree represents a 
parabola, and the axes (rectangular) are tangents, find the equation 
to the axis and directrix, and the co-ordinates of the focus. 



* CHAPTER XIII. 

Abridged dotation and Trilinear Coordinates. 

327. By reasoning precisely similar to that made use of 
in the case of straight lines, we see that, if 

5 = 0, Sf' = (1), 

be two conic sections, {S and S' being of two dimensions in x 

and y) then 

8-kS' = (2), 

where k is some arbitrary constant, since it is also of two 
dimensions, is also a conic section ; and, since the co-ordinates 
of the points of intersection of equations (1) evidently satisfy 
equation (2), therefore (2) represents a system of conic sec- 
tions, passing through the points of intersection of (1). 

Any particular conic of this system may be obtained, by 
giving k its corresponding value for that conic ; and this value 
of k must be determined from the particular condition that 
distinguishes the conic from all others of the same system ; 
as for instance, that it "passes through a given point/' or 
" touches a given line," &c. 

£x. Find the equation to the conic section that passes through the in- 
tersection of the circles 

a:»+y«-4a;-8y=28 (1), 

a^+y*= 4 ^2), 

and through the centre of (1). 

Equation (1) may be written 

(a;-2)« + (y-4)3=48 
and its centre is therefore the point (2, 4). 
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The equation to the required conic will be of the form 
(«-2)a + (y-.4)«-48-.ifc(ai»+3/»-4) = 0, 
and since it passes through the point (2, 4), we have, 

-48-ifc.l6=0, 

and the conic becomes 

(x-2)8+(y-4)«-48 + 3(a:« + y«-4)=0, 
or 4a5*+4y'-4a5-8y=40, 
or a?+y^-x-2y=10; 

a circle, the co-ordinates of whose centre are {i, 1), and whose radius 
is 4 \/5. 

328. Suppose that 8^ = LM, where L and if are of one 
dimension in x and y, then 8 represents two straight lines 

and 

8''JcLM=0 (1), 

will represent a conic, two of whose chords of intersection 
with the conic 8 are 

i = 0, M=0. 

This can be instantly deduced from the previous article ; 
for, since the conic {8') has degenerated into two straight 
lines, the conic (1), which passes through the intersections of 
{8) and these straight lines, must have the lines for two of 
its six chords of interseetion with (8). 

It can be also shewn independently, thus ; since the co- 
ordinates of the points of intersection of (L) and (8) make 
these expressions vanish simultaneously, they also make the 
expression 8—kLM vanish, and therefore satisfy equation 
(1). Hence the conic (1), passing through the intersections 
of {L) and (5), has {L) for its chord of intersection with (/S). 
Similarly {M) may be shewn to be a chord of intersection of 
(1) and {S). 

329. If Z = if, then S becomes of the form i*, and the 
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equation 5i' = 0, or i* = 0, represents two straight lines which 
coincide. Then, by following out the same train of reasoning 
as that used above, we see that, since the lines {L) and (M) 
coincide, the conic 

has one chord of contact instead of six chords of intersection 
with {S)t and that this chord of contact is the line {L = 0). 
The conic represented by 5> — kV = is said to have a dovhle 
contact with (S) along the line (L). The annexed figures 
will shew* the position of the conies of Arts. 328, 329. 



Fig. 1. 



Fig. 2. 





330. If 8 also, as well as 8\ can be split up into two 
linear factors, then each of the two conies degenerates into 
two straight lines, and our equation 8—k8'^0 becomes of 
the form 

LN--kMR^O, 

where L, M, N, R are all of one dimension in x and y ; and 
we see that (1) represents a conic section passing through the 
four points of intersection of the degenerate conies, or, in 
other words, circumscribing the quadrilateral formed by these 
four straight lines. We shall, however, prove this proposi- 
tion independently ; it may be stated thus : 
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If L = 0, if = 0, iV"= 0, jB = 0, he the equations to the four 
sides of a quadrilateral taken in order, then the equation 

LN^kMR = (1), 

represents a system of conies circumscribing the quadrilateral. 

For the co-ordinates of the point {L,M.) make L and M 
simultaneously vanish, and therefore make the expression 
LN— kMR vanish, and therefore satisfy equation (1), This 
corner of the quadrilateral lies therefore in (1). Similarly it 
may be shewn that the points [M, N), {N, E), {R, X), or the 
other three comers, lie in (1), and therefore that (1) (which 
being of two dimensions in x and y must be some conic) is 
one of a system of conies circumscribing the quadrilateral. 
"We have noticed an equation of this form in Chap. XIL 
Ex. 39. 

Also equation (2) can be made to represent any conic 
described about the quadrilateral. For let iS=0 represent 
any such conic, and let (x'y) be any other point in it ; then, 
by substituting x\ y' in (1), we shall obtain the appropriate 
value of k, when (1) passes through (xy). If this value of k 
is substituted in (1), the conic represented by it will pass 
through the same five points as ^S = 0, and therefore (Art^ 
312) be identical with it. 

Since the expressions L, M, N, B are proportional to the 
perpendiculars on the four sides of the quadrilateral, we havQ 
the following geometrical interpretation of equation (2). If 
any quadrilateral figure be inscribed in a conic, the product 
of the perpendiculars drawn from any point on the curve to 
two opposite sides, is in a constant ratio to the product of the 
perpendiculars on the other two sides. 

331. If if = 5 in the equation LN- kMR = 0, it be- 
comes 
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and we see that, owing to the two opposite sides of the quad- 
rilateral approaching to and ultimately coinciding with each 
other, instead of two chords of intersection, (Jbf) and (N), of 
the circumscribing conic, we have only one chord, which will 
be one of contact ; for the lines (i), {N) will then each pass 
through two consecutive points in the circumscribing conic, 
and will therefore be tangents to it. 

The ordinary equation to central conies will furnish an 
example of this ; for it may be written 

(x-a) {x + a) + -jii^'= 0, 

when a; — a==0, a?+a = are two tangents, and y = is 
their chord of contact. We have noticed in Art. 308 the 
particular case, where the tangents are themselves the axes 
of co-ordinates. 

332. If we write the above equation in the form LM=E*, 
which is equally general, any point on the locus may be de- 
fined by the equations 

1 /. /.»' 

the equations B^/aL, M=^B, 

where /jl is arbitrary, representing a pair of straight lines, 
drawn through {L, E) and (Jkf, E), and intersecting at a point 
on the curve, which we may call ' the point fi! 

333. To find the eqmtion to the chord joining two points 
on the conic LM=IP, and to deduce the equation to the 
tangent. 

Let /tj, fi^ (Art. 332) be the two points; then at these 
points we have 
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Suppose the equation of the chord to be 

Zi + r^ + w2lf=0 (3), 

then, since /tj, /t, both lie on this line, we have, from (1) and 
(2), the equations 

Z + r/t^ + w/t,* = (4), Z + r/t^ + m/ii/ = (5); 

hence, obtaining the values of y , -j from (4) and (5), and 

substituting them in (3), we have for the equation to the 

chord, 

li^,L-{ti, + tL^R + M=^0...:. (6). 

If we make fi^^fA^ in equation (6), we obtain, for the 
equation to the tangent at fi^, 

fi^*L-2fi^R + M^0 (7). 

334. By means of Art; 331 we may interpret the equa- 
tion 

for it may be written in either of the /VT""-^^!: 

forms /a\^^--^ 

{IL + mM) [IL - mM) - n^N^ = 0, / )>^^^/ 

QL + nN) (IL - nN) - mW » = 0, //%Fk 

1/ y V \ 
and therefore represents a conic, so f/^ A \ 

situated, that AB {N) is the chord of /y^s._.-^v ^ 

contact of {IL + mM), {IL — mM), the / 

pair of tangents through C (L, M), and 

CA (if) is the chord of contact of {IL-\-nN^, {IL — nN), 

the pair of tangents through B {L, N). In other words 

C (i, M) is the pole of AB {N), and B {L, N) is the pole 

of CA (if) ; and consequently (Art. 130) A {M, N) is the 

pole of BC {L). It will be seen from the equation, that, 
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although A (3f, N) is the pole oi BG {L), the tangents 
from A are imaginary. 

The points of intersection of the lines (i), (if), (N) form 
(Art. 299) a conjugate triad. It may easily be proved, as in 
Art. 130, that, if there be two triangles ABC, ahc, such that 
A is the pole of be, B of ca, and of ab, then a is the pole of 
BG, b of GA, and c of AB, Such triangles are called co-polar. 
The triangle formed by (L), (M), {N) is said to be self-con- 
jugate, since it is its own co-polar. 

335. Suppose the equation to the conic of the preceding 
article to be (Art. 88) 

a' + ^^^rf, (1), 

and that the lines (a), {fi) are at right angles. Then this 
equation asserts, that the square of the distance of a point on 
the locus from the point (a, ^Y has constant ratio to the 
square of its distance from the line (7) ; hence the locus is a 
conic with (a, )8) for focus, (7) for directrix, and e for eccen- 
tricity. Now (1) may be written 

(e7-a) (e7 + a)=/3'; 

hence the lines {ey — a), (ey + a) are tangents, and the focal 
chord {13) is their chord of contact. But {ey — a), {ey + a) 
meet in (7) ; hence tangents at the extremity of any focal 
chord intersect in the directrix. Also they meet in (:.), 
which is perpendicular to (/8) ; hence every focal chord is per- 
pendicular to the straight line joining the pole with the focus. 
The lines (a), 08), (7) occupy the positions of HK, PQ, KX 
in the figure of Art, 205. 

^ 'The point (a, j3)/ which means the intersection of the lines a=0, /3=0, 
must not be confounded with 'the point (a/SyV which means the point whose 
trilinear co-ordinates are a, )3, 7. 
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336. PascaVs Theorem, The three pairs of opposite 
sides of a hexagon inscribed in a conic intersect in points 
which all lie in one straight line. 

Let i = 0, M=0, iV=0, iJ = 0, /S=0, ^ = 0, be the 
equations to the six sides of the hexagon, and let Q = be 
the equation to the diagonal joining (L, T) and (liF, R) ; then, 
since the conic is circumscribed about the quadrilateral whose 
sides are (i), (if), {N), (Q), its equation (Art. 330) can be 
written in the form 

ii^+ArilfQ = (1); 

also, since it is circumscribed about the quadrilateral whose 
sides are {R), {8), {T), {Q), its equation can be written in 
the form 

RT + k'8Q^0 (2); 

then, since (1) and (2) represent the same locus, one of them 
must be derived from the other by the introduction of some 
constant factor \ ; that is 

LN-\-kMQ = \{RT+k'8Q) 
identically; hence 

LN^ \RT = {WS - kM) Q 

identically; but LN —\RT^ represents a locus passing 
through the points, (i, 5), (i, T), (N, R), {N, T), hence 
{Xk'S—kM) Q^-Of which evidently represents two straight 
lines, represents the same locus ; but ^ = passes through 
the points {L, T), {Ny R), hence Xk'S—kM^O must pass 
through the other two points {L, R), {N, T) ; but it evi- 
dently passes through {M, S), hence (A R), {M, 8), (N, T) 
are in one straight line. 

2ft— ^ 
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337. Trilinear Co-ordinates, 

Since (Ai-t. 96) every equation with these co-ordinates 
can be made homogeneous, the general equation of the 
second degree is 

where the constants are written in this form, in order to 
obtain greater symmetry in results hereafter obtained. We 
shall call the equation <f> (a)87) = 0. 

Precisely as in Art. 97, it may be seen, that the Cartesian 
equation to any conic can be transformed into an equation of 
the above form ; that is to say, the general equation of the 
second degree in Trilinear Co-ordinates can be made to re- 
present any conic, by giving suitable values to the constants. 

Cob. If i = 0, Jf=0, iV=0 be the equations to the 
sides of the triangle of reference, it is evident, as in Arts. 92, 
98 Cor., that the above statements are true, if we write the 
abbreviations i, M, N, instead of the trilinear co-ordinates 
a, 13, 7. The same remark will apply to Arts. 338, 339, 341, 
342. 

338. To find the eqtmtion to a conic section which dr- 
cumscribes the triangle 0/ reference. 

Let the equation to any such conic be 

then, since the conic passes through the point C (0, 0, — ) 

the equation must be satisfied by these values; but this 
gives 

0*^ = 0; 
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hence we must have (7=0. Similarly it may be shewn 
that ^ = 0, and 5 = 0, and the equation becomes 

^'/37 + Br^a + C'a/3 =. 0. 

This equation may be written in the form 

^+^ + ^ = 0, 

and evidently involves two independent arbitrary constants 
only, the conic having already fulfilled three conditions. 

339. By writing the equation Z)8y + m7a + wa)8 = in 
the form 

Z/37+a(m7 + n/3) = (1), 

we see that it reduces to l^r^ = 0, if we put ^7 + 7i)8 = 0. 
Hence the line W27 + w)8 = meets the conic in the points in 
which it meets the lines )8 = 0, 7 = 0; but these two points 
coincide, since the line mr/ 4- w)8 = passes through the in- 
tersection of )8 = 0, 7 = 0; hence the straight line and the 
conic meet one another in two coincident points, that is, 
they touch one another at the point A. "We may obtain this 
result by putting )8' = 0, 7' = in equation (2) of Art, 352, 
Ex. 1. Hence the tangents at -4, 5, G are 

^+5^=0, :?+*=o. ?+^=o. 

340. To find the condition that (he conic circumscribing . 
the triangle of reference should he a circle* 

Let DE be the tangent at the point A ; then the angles 
DAB, EA C are equal to the angles G and B respectively. 
Also, since DE lies in the + — and — + compartments formed 
by the lines (^), (7), we have for its equation (Art* 57)> 
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«^37* Trilvnea/r Co'OrdiruUe$* 

Hincc (Art. 90) ovoiy equation with t)ic$HO oo-ordinatcfi 
can )k5 tnadc horrtog(;ncouM, the general eijuation of the 
ffocond (le^cM5 in 

where the a^nittantH are written in thin form, in order te 
obtain greater Kyrnmetry in reMiiltH hereafter ot>tained« We 
Hhall call the e({iiation ^ (flfii) "■ 0. 

Precimjly m in Art. 97, it may 1x5 m^en, that the Carteman 
equation to any conic can \Hi tranMformc^l inU; an equation iX 
the atiove fonn ; that iM to May, the geni^ral i^iuation of the 
second degree in Trilinear Co-ordinat(.»M can \Hi made to re* 
prefM^nt any conic, by giving suitable valuen U) the cuttHifxtiU. 

Con. If L»{), Jf«0, JV-'O be the <K{uationH U} the 
flidoH of tlie triangle of n^ference, it in evident, oh in Artii. 92, 
98 Va)T., tliat the alx>ve Mtat^jnientN are true, if we write the 
abbreviationn X, M, N, inHteml of the trilinear co-onlinatcff 
a, )9, y, Tlie Karrie remark will apply to ArtM. 338, 339, 341, 
342. 

338. To find tJie er/tuition to a conic section which dt' 
eumncrihen the triwnyle of reference. 

Let tlie cMjuation to any hucIi ainic lie 

^a* + 7y/y+rY + 2i4'/3V + 2/r7a + 2C'a/9-0; 

then, Hinai the winic paMWJH through the jwint C(0, 0, — ) 

the equatifiU muMt lie HatJHfied by the«e valuer; but thiii 

givcM 

4A* 
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hence we must have G^O. Similarly it may be shewn 
that -4 = 0, and JB = 0, and the equation becomes 

A'fiy + Bya + C'afi =. 0. 

This equation may be written in the form 

^ + 5 + ^ = 0, 

and evidently involves two independent arbitrary constants 
only, the conic having already fulfilled three conditions. 

339. By writing the equation lfiy + mya + nafi==0 in 
the form 

lfiy+a{my + nl3f)^0 (1), 

we see that it reduces to Z/8y=0, if we put fnrf + nfi=^0. 
Hence the line my + w^ = meets the conic in the points in 
which it meets the lines fi^O, 7 » ; but these two points 
coincide, since the line nvy + n^ = passes through the in- 
tersection of ^ = 0, 7 = 0; hence the straight line and the 
conic meet one another in two coincident points, that is, 
they touch one another at the point A. We may obtain this 
result by putting /S' = 0, 7' = in equation (2) of Art. 352, 
Ex. 1. Hence the tangents at A, B, G are 

i+y^o, UUo, ?+^=o. 

m n n I cm 

34f0. To find the condition that the conic drcumseribing 
the triangle of reference should he a circle. 

Let DE be the tangent at the point A ; then the angles 
DAB, EA G are equal to the angles and B respectively. 
Also, since DE lies in the -f — and — + compartments formed 
by the lines (^), (7), we have for its equation (Art. 67), 
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337. Trilinear Co-ordinates, 

Since (Ai-t. 96) every equation with these co-ordinates 
can be made homogeneous, the general equation of the 
second degree is 

where the constants are written in this form, in order to 
obtain greater symmetry in results hereafter obtained. We 
shall call the equation ^ {oL^y) = 0. 

Precisely as in Art. 97, it may be seen, that the Cartesian 
equation to any conic can be transformed into an equation of 
the above form ; that is to say, the general equation of the 
second degree in Trilinear Co-ordinates can be made to re- 
present any conic, by giving suitable values to the constants. 

Cob. If i = 0, Jf=0, N—O be the equations to the 
sides of the triangle of reference, it is evident, as in Arts. 92, 
98 Cor., that the above statements are true, if we write the 
abbreviations L, M, N, instead of the trilinear co-ordinates 
a, ^, 7. The same remark will apply to Arts. 338, 339, 341, 
342. 

338. To find the equation to a conic section which dr- 
cumscribes the triamgle of reference. 

Let the equation to any such conic be 

f 2A 
then, since the conic passes through the point C7(0, 0, — 

the equation must be satisfied by these values; but this 
gives 



2AN 
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hence we must have (7=0. Similarly it may be shewn 
that ^ = 0, and JS = 0, and the equation becomes 

Afir^ + Bf^a + C'a/3 = 0. 

This equation may be written in the form 

I m n ^ 

and evidently involves two independent arbitrary constants 
only, the conic having already fulfilled three conditions. 

339. By writing the equation Z)8y + wi7a + wa^ = in 
the form 

ii87+a(m7+w^=0 (1), 

we see that it reduces to lfiy = 0, if we put fnr/ + n/3==0. 
Hence the line my + nfi = meets the conic in the points in 
which it meets the lines )8 = 0, 7 = 0; but these two points 
coincide, since the line nvy 4- w)8 = passes through the in- 
tersection of ^ = 0, 7 = 0; hence the straight line and the 
conic meet one another in two coincident points, that is, 
they touch one another at the point A, We may obtain this 
result by putting /S' = 0, 7' = in equation (2) of Art, 352, 
Ex. 1* Hence the tangents at A, B, G are 

^+5:=o, i^Uo, ?+^=o. 

340. To find the condition that the conic circumsGribing 
the triangle of reference should be a circle. 

Let BE be the tangent at the point A ; then the angles 
BAB, BAG are equal to the angles and B respectively. 
Also, since BE lies in the + — and — + compartments formed 
by the lines (fi), (7), we have for its equation (Art* 57)> 
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337. Trilinear Co-ordinates. 

Since (Ai-t. 96) every equation with these co-ordinates 
can be made homogeneous, the general equation of the 
second degree is 

where the constants are written in this form, in order to 
obtain greater symmetry in results hereafter obtained. We 
shall call the equation ^ (a^7) = 0. 

Precisely as in Art. 97, it may be seen, that the Cartesian 
equation to any conic can be transformed into an equation of 
the above form ; that is to say, the general equation of the 
second degree in Trilinear Co-ordinates can be made to re- 
present any conic, by giving suitable values to the constants. 

Cob. If i = 0, Jf = 0, J\r=0 be the equations to the 
sides of the triangle of reference, it is evident, as in Arts. 92, 
98 Cor., that the above statements are true, if we write the 
abbreviations i, M, N, instead of the trilinear co-ordinates 
a, /3, 7. The same remark will apply to Arts. 338, 339, 341, 
342. 

338. To find the eqtmtion to a conic section which cir- 
cumscribes the triangle of reference. 

Let the equation to any such conic be 

Aa^ + B/Sr + 0/ + 2A'^y+ 2B'ya + 2C'al3 = ; 

then, since the conic passes through the point (7(0, 0, — ) 

the equation must be satisfied by these values; but this 
gives 
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hence we must have (7=0. Similarly it may be shewn 
that -4 = 0, and JB = 0, and the equation becomes 

Afir^ + B^a + C a/3 = 0. 

This equation may be written in the form 

a /3 7 ' 

and evidently involves two independent arbitrary constants 
only, the conic having already fulfilled three conditions. 

339. By writing the equation Z^ + m7a + wa^ = in 
the form 

Z/37+a(m7 + n^ = (1), 

we see that it reduces to lfiy = 0, if we put ^17 + 71^ = 0. 
Hence the line my + w^ = meets the conic in the points in 
which it meets the lines 13 = 0, 7 = 0; but these two points 
coincide, since the line m^ 4- w^ = passes through the in- 
tersection of ^ = 0, 7 = 0; hence the straight line and the 
conic meet one another in two coincident points, that is, 
they touch one another at the point A. We may obtain this 
result by putting ^' = 0, 7' = in equation (2) of Art, 352, 
Ex. 1. Hence the tangents at A, B, G are 

m n n I cm 

340. To find the condition that (he conic drcumscribing . 
the triangle of reference shovM be a circle* 

Let BE be the tangent at the point A ; then the angles 
BAB, EA are equal to the angles and B respectively. 
Also, since BE lies in the + — and — + compartments formed 
by the lines (^), (7), we have for its equation (Art. 57)> 
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P_ sinEAC i8 _y_ 

7 "" sin DAB sin JB sin C "^ ' 




8 y 
but (Art. 339) its equation is — h - = ; hence 

m smB n. -1 1 ^ sin^ 
— = -: — 79 . Similarly — = — — =^, 
n Bin C '^ m sin B 

and the equation to the circle required is 

I3y sin J. + 7a sin B + afisin 0=^ 0, 

or a^7 + by a + ca^ = 0. 

341. To find ike equation to a conic, which touches the 
three sides of the triangle of reference. 

Let the side BO (a) be a tangent to the conic represented 
by the equation ^ (a^7) = ; then, making a = 0, we have 

5y3^+Cy + 2^'/37 = 0, 

which is the equation to a locus passing through the inter- 
section of (a) and the conic; but, as in Art. 63, we may see 
that it represents two straight lines 

^ — my = 0, ^ — my = 0, 

which pass through A (/3, 7), and therefore join A with the 
intersection of BC (a) and the conic. If these two straight 
lines coincide, that is, if A'^ = BC, (a) will pass through two 
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coincident points, and be a tangent. Hence if BG, GA, AB 
are all tangents, we have 

A" = BG, B^^GA, O^^AB. 

These conditions shew that Ay By G have the same sign, 
since the product of any two of them is positive. We shall 
suppose that the general equation has been so written, as to 
make A, B, G positive, and shall assume, therefore, that 

A = r, B^m\ G = n*\ 
.-. J.' = + mriy B'=± nly 0' = + Zm, 
and the equation ^ (a/87) = becomes 

Pa' + w'/? + nV ± 2mni87 ± 2nJya + 2?ma/3 = 0. 

The signs of A', B\ G' may be taken in eight diflferent 
ways, thus 

+ + +, +, - + -, +-- 

, + + -, +-+, - + +. 

The upper line, where all are positive, or only one, will 
give the equations 

(Za + m/3 -f n7)' = 0, (Za + w)8 - 717)' = &c., 

and will represent coincident straight lines, which equally 
well fulfil the conditions of the problem, since they meet (a), 
08), (7) each in two coincident points. 

The lower line, where all are negative or only one, will 
give four forms of the equation, which represent curves ; they 
are equivalent to 



'^loi+^/m^ + ^/nry=^0...{l), V/a + Vwi5 + V-n7 = 0...(2), 
A^+V-w/3 + Vii7 = 0...(3), V-Za + Vmi8 + Vn7 = 0...(4j), 

as may be seen by bringing these equations to a rational 
form. We shall use the first of these forms, which cor- 
responds to 
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?a* + w*^/? + nV - 2ww/37 - 2w Jya - 2Zma/3 = (5) 

as the general equation to the conic which touches the three 
lines (a), (/8), (7), with the understanding that the signs of I, 
m, n are undetermined. 

342. Equation (5) of the preceding article may be writ- 
ten in the form 

n7 {ny - 2Za - 2m/3) + {la - wi/3)" = 0, 

which is (Art. 331) the equation to a conic referred to two 
tangents (7) and (717 — 2lx — 2?w/8), which have (fa — m/8) for 
their chord of contact ; but {la — iwjS) passes through (a, )8), 
and is therefore the straight line joining G with the point 
where the conic touches (y) or AB. Hence the three straight 
lines which join the angles with the points of contact on the 
opposite sides, are 

la — wi/8 = 0, w/8 — n7 = 0, wy — Za = 0, 

and these lines (Art. 93) meet in a point. Again, the three 
tangents to the conic, at the points where these lines meet 
the conic again, are 

ny-2la-2m^=^0, Za - 27w/3 - 2n7 = 0, w/3 - 2w7 - 2Za = 0. 

For the points where these straight lines intersect the 
opposite sides (7), (a), (/8), respectively, we have 

7 = 0, Za + w/3 = 0; a = 0,m^ + ny = 0; fi = 0,ny+la = 0; 

all which points lie on the line 

la + mfi + 717 = 0. 

343. To find the equation to the circle inscribed in the 
triangle of reference. 

The equation must be of the form 

VZa + Vwi8 + Vw7 = (1). 
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Then at the point A\ where BG meets the circle, we 
have a = 0, and therefore from (1) 

Vw)8 + V«7 = 0, or m^^wi (2). 




Again, from the figure, if r be the radius of the circle, we 
have at the point A' 

o A*n ' n ^ cot -^ sin (7 cos* ^ 
p A C7sm G 2 2 



r^^ABAnB 



r cot -^ sm B cos -^ 



cos"-^ 
m 2 



.0 

COS*-s- 

n 2 



hence, from (2), — = a ; similarly y = ; 

cos -^ COS ^ 

, ,^ ^B ^G 

.'. ^ : m : n=:cos*-7r : cos^rr : cos*-s-, 

2 2 2 

and the required equation is 

A r- . B ,^ 

— Vrr 4- P.ns 



cos^ Va + cos— V/8 + cos-^ V7 = 0. 



G 
2 



344. To find the equation to the circle which touches one 
side of the triangle of reference and the two others produced. 

Let the circle touch BG, and AB, A G produced ; then, as 
in the last article, we have at the point A', m/3 = nry] and 



from the figure 
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p _A C7sm C/_ 2 

r cot — 7z — sm B 



hence 




n 2 

971 » a B 

sm 2 



Also, at the point B* we have Za = ny] and from the figure, 
since a is negative at that point (Art. 94), 

■D'n ' n TCO\ 5 — Sin G 

— aBCsmC 2 



hence 



7 B'A sin A 

n 2 

-cos 2 



r cot -^ sin A 



,\ I : m : n = — cos 

and the required equation is 



,-1 



. ,5 . ,C 



COS o-v — a + sin -„ V/8 + sin — V7 = 0. 



C ,- 
2 
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Similarly the equations to the other escribed circles may 
be written down. It may be observed, that, as a is negative 

for every point of the circle, V— a is an impossible quantity 
in appearance only. 

345. The equation to any two circles, with Cartesian co- 
ordinates, can be written (Art. 110) so as to have the terms 
of the second degree the same ; that is to say, ii 8==0 repre- 
sents a circle, any other circle can be represented by 

Hence it follows, as in Art. 337, that, if 5 = is the equa- 
tion to a circle, with Trilinear Co-ordinates, 

will represent any other circle ; or we may use (Art. 96) the 
homogeneous form 

If the two circles are concentric, their equations will differ, 
only by a constant ; that is, any circle concentric with 8 = 
will be represented by 5 -f c = 0, or, in a homogeneous form, 

8+k{aa + hl3 + cyy=^0. 

346. To find the equation to the circle, which parses 
through the feet of the perpendiculars from the angles of the 
triangle ABC vpon the opposite sides. 

Let the equation be (Arts. 340, 345) 

a/87 + ^^ + ^^/S ~ (^* + h^ + cry){h + m/S + ny), 

and let the feet of the perpendiculars (fig. Art. 348) be A\ B\ 
C ; then since it passes through A', (0, A A' cos C, A A' cos B), 

we may substitute the proportionals to these, 0, j^, jz, 

^ ^ ^ cos JS cost/ 

in the homogeneous equation to the circle ; hence 
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a /be 



Vcos B cos CJ \co8 B cos Cy ' 



cos B cos vcos B cos C 
or, since b cos (7+ c cos 5= a, 

-^+-^=1 (1). 

cos B cos U 

S-a-V c-3b+33^ = ^ (2). 

^ I ^ ^1 C3\ 

cos^ COS 5 ^ ^' 

Adding (2) and (3) and subtracting (1), we obtain 

21 

7 = 1, and therefore, from symmetry, 

cos A 

I m n 1 

■^^—^—^ ^»» ______ ^^ .^^^^.^_— — _ • 

cos A cosB'~ cos C 2 ' 
hence the required equation is 

a/87+J7a+ca)8 = 5(aa+i)8 + C7) (aco8^+)8cos5+7Cos C). 

347. To find the equation to the circle, which passes 
through the middle points of the sides of the trio/ngle ABC, 

Let the equation be 

a/87 + J7a + ca/8 = (aa + J/9 + C7) {loL + mfi + my); 
then, since this passes through the middle point of BO, 

(0, I sin C, ^smBj, 

1 

we may substitute in the equation the proportionals 0, -r, 

- ; this gives 



abc \b cJ ' 
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and similar equations may be obtained from the other middle 
points; hence 

m n ^ c? n Z_6* I ^ _ <^ , 
b c 2a5c' c a 2abc ' a b 2abc ' 

adding the two last equations and subtracting the first, we 

have 

21 J'^ + c^-a' cos^ 

a 2abc a ' 

therefore, by symmetry, 

I m n 1 



cos A cos B cos (7 2* 

and, substituting these values in the equation to the circle, we 
have 

a^y+bya+cal3= ^ (aa + J/3 + C7) (a cos J. + )8 cos 5 + 7 cos G). 

This equation is the same as that obtained in Art. 346 ; 
hence the same circle passes through the six points. 

348. Suppose the three perpendiculars AA\ BB', CG\ 
to meet in P; then A\ B\ C 
will be the feet of the per- 
pendiculars dropped from B, 
At P, on the sides of the tri- 
angle BAP; hence the circle 
which passes through A\ B\ 
C passes through the middle 
points of AP and BP, and for 
a similar reason must pass 
through the middle point of 
(7P. Hence the bisections of 

the sides, the feet of the perpendiculars, and the bisections of 
AP, BP, CP all lie on the same circle, which from this pro- 
perty is called the nine-point circle. 
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349. In the remaining articles of this chapter we shall 
make use of the property of straight lines, which has been 
noticed in Examples VI. 16, viz. Every straight line can be 
represented by the equations, 



(1), 



a-a^^ /3-/8^ ^7-7^; 

p q r 

where {oLJS'y') is a fixed point on the line, and I is the dis- 
tance between {afiy) and (a'/8'7 ), changing sign as in Art. 34. 
It will be seen from the annexed figure, that, M 0^^,^ be the 




angles which the straight line PQR makes with BG, CA, 
AB, then 

a' — a = ^<? = Zsin^; .*. a — a' = — Zsin^. 

Similarly /8 — /8' = 7 sin ^, 7 — 7' = Z sin '^, and the equa- 
tion to the line PQR is 

a^a! _/3-.^ ^y^^l 

— sin5 sin^ sin'^ 

The student can satisfy himself, by drawing a variety, of 
figures, that the quantities a — a', /8— ^S*, 7 — 7' cannot all 
have the same sign, so that^, j, r, cannot be all of the same 
sign. They are always equal to sin 0, sin ^, sin -^ in magni" 



(2). 
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tude, and the proper signs may be easily found in particular 



cases ^ 



350. To find the length of a straight line drawn from 
the point (a'^7') to meet the conic 

Aa' + B^ + Of + 2A'^y'\-2B'yoL+2C'a^=0 (1). 

Let the equation to the straight line be 

a^^^^^y:^^, (2). 

then, for the distance of {oil3'y) from the curve, we must 
write in (1) 

Making this substitution, and arranging, we have 

<l> {pqr) Z«+ 2 (^ ^ + C'j + B'r) a' J Z + ^ {a'ffy') = ... (3). 
-t-2((7> + J5j + ^V)/8' 
+ 2 [B'p + Aq + Cr)y 

To this equation the remarks of Art. 176 may be applied 
without alteration. 

351. To find the equation to the tangent to the conic 
^ (a/87) =0 at the point {(i^y). 

Let equation (2) of the last article represent the tangent ; 
then since (a'^7') is on the curve, ^ [oL^y) = 0, and from 
equation (3) we obtain for the condition of tangency, as in 
Art. 117, &c. 

{Ap + C'q+B'r) a'+ {C'p + Bq -{- A'r) ^ 

+ {B'p + A'q+ Gr) y==0, 

^ It will be observed that one of tbe segments, QR, RP^ PQ (as QR in the 

figure) always subtends the supplement of one of the angles of the triangle ; and 

it will be found, that, according as that angle igA,B, or C, the single sign will 

belong to the first, second, or third member of the equation. It will be 

+ or - , according as we choose the posi^iiye direction of I, 
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or {Aoi + G'ff ^'B'i)p + {G'a: + Bff •\-Ai)q 

then since p^ q, r are, from (2), proportional to a — a', )8 — ^S*, 
7 — 7' for every point in the tangent, we may substitute these 
values for^, g^, r in the latter form ; hence we obtain 

{At! + C'0+BW) a+ (O'a' + Bff + A'i) fi 

+ {B'a! + A'0 + CY) 7 
= Aa'^ + 5/3" + Cy^ + 2A'ffy' + 25 7 a' + 2(7'a'^ = 0. 

Hence the tangent at (a'^7') is represented by the 
equation 

{Aa! + C"/3' +5'7') a + ((7'a' + 5^ + ^ V) /3 

+ {B'a'+A'ff + Cy')y = 0. 

352. The reader who is acquainted witlji the Differential 
Calculus will observe that the above equation to the tan- 
gent is 

Those not acquainted with that subject may regard -^ 

as a symbol used to denote the result of the following opera- 
tion: Take those terms only in the equation to the conic, 
which contain a, multiply each term by the index of a in it, 

and diminish that index by unity^ For ^ perform the same 

operation, and then write a'/Sy for a, fi, 7. The symbols 

TEi ~jQt &c. must be understood in a similar manner. The 
ap dp 

result, when divided by two, will be the equation to the tan- 
gent obtained above. Arts. 351, 352 are true for homoge- 
neous equations only. 

Ex. 1. To find the equation to the tangent at the point (a'p^Y) of Vie 

conic, 

l^-^^mya-^-na^^Q (1), 
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and tHe equation to the tangent is 

{np^+7nr/')a + {ly'+na')P + {maf+ip')y=0 (2). 

This may be written in another form; for, since (a'/S'y) is on the 
curve, 

therefore, substituting in (2) and dividing by a'j3 V, we have 

la m^ ny_ 

^+ ^ +y«-" \^)* 

Cor. In order that any straight line 

\a+ftp + vy=0 , , (4) 

should touch the conic, we have, by comparing (3) with (4), 

I "^ m ^ n ' 
hence, since a', /3', y satisfy (1), we have for the condition of tangency 

jJlK + is/mfji + /Jnv=0, 

Ex. 2. To find ike equation to the tangent at the point (a'jS'V) of the 
conic. 

Pa^ + m^P^ + n^y'*''2mnPy-2nlya'-2lmap^0 (1), 

or jJTa+iJm^+ /Jny=Q (2). 

Here we may obtain 

d<ff d^ d4> 

H* d^' dr/ 

from form (1); then, dnce (a'jS'TO is on (2), we have, by transposing and 
squaring, 

?a'-m/3'-ny=2 Jmn^'y', -la'Hnfi-ny^^^Jlna'y^ '-W-mpf+nY=2 ^jlmalffi 
and the equation to the tangent becomes, after substitution and reduction^ 



\/?"+ V ^'' + V 7"^=° ; (')• 



We have used the rational form of the equation, in order to imitate 
exactly the method of Art. 851, By foUowiDg the rvl^ derived from that 
article, we may deduce (3) at once from the form (2), 
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Cor. In order that any straight line 

Xa + /A/3 + 1^7=0 (4) 

should be a tangent, we have, by comparing (3) with (4), the condition 



^'s/l=>'\/m^'\/i- 



Hence, from (2), the required condition is 

-+ -+-=0. 

353. Since the equation to the tangent is not altered 
when we write a', a for a, a', or /8', P for /8, /8', or 7', 7 for 7, 7 , 
we see, as in Art. 131, that the equation to the polar of the 
point (a^y) is identical in form with the equation to the 
tangent. 

354. To find the condition that the eqvution ^ (afiy) = 
should represent a circle. 

If (oL^y) be the centre in Art. 350, the coefficient of I in 
equation (3) must vanish, and we have, to determine the 
semi-diameters, 

<l>{pqr)l'+<l>{a'ffi)=0. 

Now suppose the line (2), Art. 350, to be drawn parallel 
to the side BQ; then for p, q, r we may write 0, sin C, 
— sin -B, and thus obtain, for the semi-diameters parallel 
to 5(7, 

4> (0, sin (7, -ain J3) 1+<I> (a'/3V) == 0, 

or iBsin»0+0sin^J5-2^'sin5sin0 = --^-^?^^. 

Similar expressions may be obtained for the semi-diame- 
ters parallel to GA, AB ; but, if the curve is a circle, these 
are all equal ; hence the required condition is, after substi- 
tuting for sin A, sin B, sin C7, the proportionals a, ft, c, 

j5c« -f (7 J« - 2^'6c = £7a^ + ^c» - 25'ca = ^6^ + iBa* - 2 C'a J. 
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EXAMPLES XIIL 

1. If two conies have each a double contact with a third 
conic, the chords of intersection of the first two, as well as the 
chords of contact of the first two with the third, all pass through 
one point. 

2. Find the equation to an ellipse referred to any pair of 
conjugate diameters, by considering it as circumscribed about the 
quadrilateral formed by joining the extremities of these diameters. 

3. Shew from Aii;. 339 that iPy + mya + nafi = is the 
equation to a conic circumscribed about a quadrilateral, when 
two of its aogular points coincide. 

4. How many conies can be described through a given point, 
so as to have a double contact along a given straight line with a 
given conic ? 

5. If three conies have each a double contact with a fourth, 
six of their chords of intersection will pass, three by three, through 
the same points. 

6. ABG is a triangle, and F any point, such that the squares 
of the three areas FAB, FBC, FGA is equal to the square of the 
triangle ABC ; prove that the locus of F is an ellipse. 

7. If Z= 0, Jf = 0, iV= meet in a point, can any conic be 
represented by ^ (LMN) = 0. 

8. Interpret the following equations, where S is o£ twa 
dimensions, L, M, N linear, and K constant. 

(i) S--hL^% (ii) aS'-A;» = 0, (iii) LM^hN = % 

(iv) Z;jf-^« = 0, (v) V^hM^Q. 

9. The equations to two conies are aj3 = yf-/ and oy = X®/8' ; 
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shew that a + 4Xft (Xj3 +. fty) = is the equation to their common 
tangent. 

10. AB and AG are two tangents to a conic, and the bisector 
of the angle BAG meets BG in I) ; prove that the segments of 
the chord through D subtend equal angles at A, 

11. If the asymptotes of an hyperbola {xy = \m^ coincide 
with the coDJugate diameters of an ellipse, which has a doubly 
contact with the hyperbola, then 4a'6' = w*, where a, b are the 
semi-conjugate diameters. 

12. If three conies have a common chord, the other three 
common chords meet in a point, 

13. Shew that the asymptotes of an hyperbola and a pair of 
conjugate diameters form an harmonic pencil. 

14. The bisectors of the angles A, B, G meet the conic round 
ABG in I)y£J,F; shew that the equations to BDy CD, BE are, 
with the notation of Art. 338, 

7+—j-a = 0, _^a + ^^0; 

(w + 7i) a + (n + Q j3 - wy = 0. 

Hence shew that DE, EF, FD will meet AB^ BGy CA, respec- 
tively^ in points which lie on one straight line. 

15. Shew that, if (a'/3'y') is the centre, <A (aJ^y) = ^ (« /?'/ ) is 
4^e equation to the asymptotes, 

16. Shew that a pair of tangents through any angle of a self- 
conjugate triangle form an harmonic pencil with the sides which 
^eet in that angle. . 

17. Trom the equation to the circle circumscribed about a 
triangle shew that the feet of the perpendiculars dropped upon 

■ 

the sides of the triangle from any point in the circumference lie 
in one straight line^ 
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18. "With the angular points of a triangle ABC as centres, 
and the sides as asymptotes, three hyperbolas are described, so 
that the perpendicular distance of the vertex of each from its 
asymptotes is the same ; shew that the intersection of each pair 
lies on the axis of the third. 

19. The asymptotes to an hyperbola are tangents to an 
ellipse ; shew that the chords which join the points of intersection 
of the two curves are parallel. 

20. If j& = 0, 3f=0, iV=0 are parallel straight lines, the 
equatibn ^ (LMN) = can. only represent parabolas and parallel 
straight lines. 

21. Shew that the tangents to a conic, drawn at the angular 
points of an inscribed triangle, will meet the opposite sides in 
points which all lie in one straight line. 

22. A conic is inscribed in a triangle whose sides are (a), 0), 
(y) ; shew that the equations to the lines joining the points of. 
contact are 

la + mj8 - wy = 0, la-\-ny — mfi = 0, mfi + wy - ?a = 0. 

23. If ABC be a triangle, and AP, OP be sodrawn that the 
sines of the angles CAP, PAB, PCB, and PC A are the consecutive 
terms of a proportion ; shew that the locus of P is a conic section, 
to which two sides of the triangle are tangents. 

24. A fixed conic circumscribes a triangle ABC, and is 
touched at B and (7 by a variable conic, which meets CA, AB 
again in D and U ; shew that BD, CE intersect in a fixed line 
passing through Ay and that DE passes through a fixed point, 

25. Three circles which touch each other mutually are 
described with the angulajp points of a triangle as centres ; shew 
that the three straight lines, which join the centre of one circle to 
the point of contact of the other two, meet in a point. 

26. If the tangents to a circumscribed conic at the angular 
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points of the triangle of reference are parallel to the opposite sides, 
the equation to the conic is 

a c 

27. The equation to the circle which passes through the 
centres of the three escribed circles is 

ajSy + hya + ca^ + {cia + hp + cy)(a + j8 + y) = 0. 

28. The equation to the circle, which passes through the 
centres of the inscribed circle and two escribed circles which touch 
CA and AB, is 

ajSy + 6ya + cap + (oa + 6j8 + cy) (a - j8 - y) = 0. 

29. A cpnic circumscribes a triangle; and any conic is 
described having a double contact with this, and such that the 
bisector of the angle G is the chord of contact. Prove that the 
straight line joining the points, in which the latter conic cuts GB 
and GA, meets AB inB, fixed point. 

30. Interpret the equations 

^a sin -4 + Jfi sin B + Jy sin G = 0, 
^a COS J. + Jp COS B + Jy cos C= 0, 

31. If a conic touch the sides of the triangle of reference in 
A\ B', (7, then (i) any one of the lines AA', BB\ GG\ drawn 
from the opposite angles, passes through the intersection of tan- 
gents drawn to the conic at the points where the other two cut it; 
and (ii) if p, g, r be perpendiculars drawn from the point where 
these three lines meet (Art 342), the equation to the conic is 



V ^ N q \l r 



32. Find the diameter of a circle described about a semi- 
ellipse bounded by its axis minor. 



EXAMPLES XIII. 327 

33. If a conic be inscribed in a quadrilateral, the line joining 
its points of contact with two opposite sides passes through the 
intersection of the diagonals. 

34. From the equation to a conic circumscribing a quadri<^ 
lateral^ shew that, if the conic be a circle, the opposite angles of 
the quadrilateral are supplementary. 

35. Shew that the three conies 

«y--.^=o, «^-^/=0, py—p-a'=0. 

meet in a single point, and that, if the constants l, m^ n are 

connected by the equation -7 + — + - = 0, where A, m, v are fixed 

I m n 

quantities, the locus of that point is a conic circumscribing the 

triangle (a), ()3), (y). Explain this by a geometrical figure. 

36. The curve la' + wj8' + ny* = will be a circle, if 

I _ m _. w 
sE22"~S5S^"^m2a' 

37. Find the condition that the equation iPy + mya + nafi = 
may represent a rectangular hyperbola; hence prove that every 
rectangular hyperbola described about a triangle passes through 
the poiut of intersection of the perpendiculars from the angles on 
the opposite sides. 

38. Shew that Za" + m^ + wy' = will represent a rectangular 
hyperbola, i£l + m + n = 0, 

39. An equilateral hyperbola is described, with regard to 
which a given triangle is self-conjugate; shew that the curve 
pa^s through the centres of the inscribed and escribed circles of 
the triangle. 

40. Find the conditions that the equations 

(i) ^j8y + mya + wajS = 0, (ii) Jla + JmP + Jny^O, 
should represent ellipses, parabolas, or hyperbolas. 
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41. , If the trilinear co-ordinates of one focus of a conic, which 
touches the lines (a), (fi), (y), satisfy any homogeneous equation 
f{o.Py) = 0, the co-ordinates of the other focus will satisfy the 

equation /( - j ^ > -) = 0. Hence, (i) shew that, if one focus of 

the conic is on a fixed straight line, the other focus lies on the conic 
circumscribing the triangle; aiid (ii) deduce Examples xii. 35. 

42. BrianchorCs Theorem, If tangents be drawn at the 
six angular poiuts A,£,C, J), JS, F of the hexagon in Art. 336, so 
that the tangents e.t A, B meet in c, those At B, G in c^ &c.; 
then the three straight lines, cf, da, eb meet in a point 

43. If (a /^y ), (a'jS'Y') be two points on the conic 

I m n ^ 
-+-^+- = 0, 

shew that the equation to the chord joining them is 
and deduce the equation to the tangent. 
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PEOPERTIES OF QUADEATIC EQUATIONS, 

I. The most general form of a quadratic is 

aa? + bx + c = (1). 

Solving this in the ordinary manner, we obtain 

* =^ (2). 

The roots of (1) are, therefore, 

^ ' 2^ (^)5 

hence, (i) if &*> 4ac, we shall have J'— 4ac Si positive quan- 
tity, and therefore v i'* — 4ac a possible quantity, and the two 

roots will be real and different (ii) If i^=4ac, Vi*— 4ac=0, 
and therefore the two roots will be real and equal, (iii) If 

y<4ac, J^ — 4ac is a negative quantity, and ^/h^^^ac is 
imaginary, and therefore the two roots are imaginary. 

Hence, the roots of equation (1) are real amd different, 
real and equal, or imaginary, according as 

6' > = < 4ac. 

II. If a, y8 represent the roots of aa? + bx+ c = 0, given 
in (3), we have 

This property is expressed 'by saying that, if any quad- 
ratic be so written that the coefficient of a? is unity, then the 
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coeflficient of x is equal to minus the sum of the roots, and the 
last term is equal to the product of the roots^ 

m If we write equation (1) in the form 

c^+jl+a = 0.. (4), 

.1 11 

that is, as a quadratic in - , so that the roots are - and ^ , we 
have in the same way 

rV. (i) If c = in (1), the quadratic is divisible by x, so 

that one root is a? = 0, and the other x = ^- . IfJ = Oas 

a 

well as c = 0, the quadratic is divisible by ai', so that each of 
the roots is = 0. This is also evident from (3). 

(ii) If h only = 0, the sum of the roots = 0, that is, the 
roots are equal and of opposite signs. 

(iii) If aa=0, then one of the roots is a? = oo ; for, if we 

1 

write the equation in the form (4), the roots are by (i) - = 0, 

X 

- = — , which gives a? = x , a? = — t . This may be seen 

from the form of solution given above, for, if we multiply the 

numerator of (2) by — 6 + V6^ — 4ac, we obtain the roots in 

the form 

2c 2c ,^, 

• {ph 



-J-V6*-4ac' -6 + Vi*-4ac 

and, by putting a = in (5), we obtain the same result as 
above. If J = as well as a = 0, it will be seen in the same 
way that each root = x . 
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I. 

4. 5, V37. 5. 372, 373. 6. J , J. 

7. FQ = j2l. 8. (1) p = 2, fl = 30»; (2) p = 2, « = 150% 
(S)p = ^, 0=135". 9. (l)a: = A=y; (2) a! = -|, 

p' (2 + Bin 26) = 26'. 11. {a? +f)'' = a'{!i?-f). 

12. g,l;-g, -1. 13, (1)^,^; (u)— ^— , 

ftc COS B ..... 5c - . ... c + 5 cos A 6 sin ^ 

— ^— ; (ui) X =y=j:j:^. u. « — ^—, -g- ; 

(ii) csin'^, (^cosi?. sini?; (iii) y=-T , fl8 = ycot^. 

+ c J 



IL 

2. y-6aj+7 = 0. 3. (2y-y,-yi)(aJ,-a:J 

= (205 -a5j- 35,) (yg-y^) is one equation. 4. y-aj-7 = 0. 

5. (i) y + aj-6j^2 = 0; (ii) y + aj + 672 = 0. 

« 3 1 

6. aJ = Y> y = 7- 7. 3a5 + 4y-5a = 0. 

8, y = 9naj + c. 9. 4(a5 + y)-5a = 0. 

10. (a« + 0-1,^-55-^. 11. y-aj-l = 0. 

12. aj + y=o+6. 13. (<»'-a)y-(6'-6)aj = a6-o6', 

(a-a')y+(6-6')a5 = a6-a'6'. 14. x-J^y. 
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6 

15. aj=2, y=3, aj=3, y = 4, 16. "7=5. 

17. y+2x=0, 18. OJ + y = 2a, or = 4a, according to 

the side on which the line is drawn, 20, m= 3. 

21, 22. Use Art. 43, 24. cos* a = i^'^J^' 

25. ^. 26. x^y^-J^. 

n 4^ 

28. Co-ordinates of vertex being O; y\ the intersection is 

Oy ^y, 29, p=:2aj = -^; the angle = w. 

31. Take the general polar equation (Art. 44), and proceed 
as in Art. 30. One triangle is equal in area .to the sum of two 
others. 



III. 

1. lly-(a±573)a;-.5(5=F73) = 0, 2. (i) aj=c, 

y = 0'y (ii) 135*. 3. (a ± 6) y = (6 =p a) (a?- c). 

05 
4, 5y-8aj-40 = 0. 5. ''j=* 6. 90^ 

7. y = (1 ± 72) (x + 2). 9. 99a; - 27y = 79, 

21aj + 77y=l. 13. Any angle. 14, y=Oyy + x = a. 

15. 45%rl35^ 16. 2x^y, 2y = x. 

IL — ^. 18. See Arts. 55 and 52, Cor. 1. 

11^26 

19. (1, 2) on the origin side; (3, -4) on the side remote 
from the origin. 20. The side remote from the origin. 

22. (i) A straight line inclined at an angle a to the initial 
line and terminated at the pole, (ii) Same as (i), but produced 
through the pole, (iii) A circle whose radius =a, and two 
straight lines, p + a cos ^ = 0, p cos ^ — a = 0. 23. 45°. 

24: (i) The initial line and a perpendicular to it through the 
pole, (ii) A 'perpendicular to the initial line through the pole, 
and two straight lines drawn through the pole^ making angles of 
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30® and 150° with the initial line, (iii) Three straight lines, real 

nh 

or imaginary, terminated by the pole. 25, (i) -^ . 

(ii) ia\ (iii) ^lix'y-xyy 26. 1. 

IV. 

1, a? + y^ = c\ 2. 05* cos 2a - icy sin 2a = a*. 

3. Jx-Cf ajy = 0. 5. y* sin* a = 4aa5. 

6. 27/-a;'=12. 7. Saf-hlOf-T JSx^/^Q. 



V. 

4. Take OXf 00 as axes. 10. A straight line through 

the intersection of the perpendicular lines. 11. A straight 

line perpendicidar to the base. 



VI. 

1. 6)8 + cy = 0. 2. -oa + 6/J + cy = 0. 

3. Z(a-a') + m(j8-i80 + ^(r-r') = O- 

4. acos-i + jScosiJ— y cos(7 = 0. 6. — - 



mn —mn 

P y _ 2A A^ OK T? 

716—7^6 Cm —Im a (mn — -m n) + &c. ' 

7. a' (jS^V" - )8" V") + i3' (y V" - y'"a") + y' (a^' - a'TO = 0. 

2A 2A 2A 
^' 3^' 36' 37- ^^' /»«« = - 1- 

11. It is parallel to (^ cos -5 - y cos (7), Art, 93, Ex. 4 ; hence, 
using Art. 86 and the condition that it passes through the 

bisection of J5(7, where j8 t= ^ sin (7, y = ^ sin ^, we obtain . 

)8co8-5-rycos(7=2^^ (^•"-^)* 

13. a + jScos(7=0. 14. If for a, &c. we write 

jp -* a:; cos a — y sin a, &c., then by Art. 52, the distance is 
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'^ - , where — ii=^cosa + mcosp + nco8v, 

and — ^s^sina+msin jS + lisiny, 
whence -4* + ^ = P + w* + w* - 2m» cob -4 — 2n^ cos ^ - 2Zw cob (7. 

16. See Art. 349. 17. Jif = -.^^_ , .iiVr= "^ 



20. A straight line paasing through the points where the 
external bisector^ of the angles of the triangle meet the opposite 
sides. The three sides of a triangle formed by joining the points 
where the bisectors of the angles meet the opposite sides. 

VIL 

1. Co-ordinates of centre are 3 and — 2 ; rad. = 3. 

2. A circle whose rad. = r, and a tangent to it. 3. a; + y =: 3. 

4. aj + y + l=0. 5. (1 + m") . (a;* + ^) - 2r(a5 + my) = 0. 

a' 
6. a:* — aaj + y' = r"— •^. 7. An imaginary locos. 

8. (i) I)'=4tAF, {ii) £'^iAF. 9. See Ai-i. 121. 

mill 11 ^ J ^ -la ^ ^ 

10. ^=-ii+n-. 11. a^ + y^=^. 12. , - — . 

IT a o cos a sin a 

13. X cos (a' + a") + y sin (a' + a ') = r cos (a" - a*). 

14. Put 7^, = tantf, where {xy) i» the pole. 

16. ic'+y' + ay + aj + y- 1 = 0. 17. a; = a + c. 

18. A circle, whose diameter = the radius of the given circle. 

20. The segment of a circle on the base, which contains the 

given angle. 22. hg^:^±f^ 23. «-=3,= 10. 

24. y-5 = m(a:-a)*r(l+w7i. 25. 4y-3a; = 0. 

26. {4r"-2(a-5)»}^. 27. Area = 7r. 

28. ^(y-^-lyf- 29. Take C>y as axis of «; 

the locus is a straight line. 31. r*= — "^ . 

4 sin" (i> 

33. ix?-\r^ax-¥if^-' Qay = 0. 34. Take the given point 

as pole, and a straight line through the centre as initial Jine; 
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tlien the radius vector of the locus is half the sum of the roots in 
the polar equation to the circle. The result is a circle described 
on the line joining the point and the centre, as diameter. 

35. A circle whose centre is on the line joining the given 
point with the given circle. 41. The triangle must be 

isosceles^ and the ratio one of equality (Art. 106). 

42. The triangle must be equilateraL 43. A circle. 

44. The centre. is on the base. 

45. (aJ-a±6'=F6)' + (y-6-57 = (6'-6)^ 47. y^x. 
48. a* + y* - 2r (aj + y) + r* = 0. 49. Take the bounding 

radii as axes, and use the equation of Ex. 48; then the circle 
passes through (M) on the quadrant, where ^* + ^* = ^, and the 
roots of the equation obtained from this condition are r and / &c. 

50. The tangent to the first circle is x cos a + y sin a — r^ and 
to the second (a; — a) cos ^ + y sin j8 = r' ; if these represent the 
same line, the equation is (r ± r') a; ± {a* — (r =*= ry^y = ar, 

51. Write r = ^ + ^'^v^'-*-^ in the result of Ex. 48. See Art. 

120, Cor. 1. 52. a^+y*-2{a+6=fc(2a6)*}(aH.y)+{a+6±(2a5)J}'=0. 
See Ex. 49. 53. If the circle touches BO in Z, then 

BL-8-c^ &c. ; take two sides as axes. 54. \i AE be 

initial line, AF = p, l PAE = 6y the polar equation to the locus is 
p sin ^ = a sin (^ + a), where a = AE, a = z EAB. 

55. - = ^ A—rTTf • ^^- The polar co-ordinates of the 

y VA — UA 

centre are p = ^j ^ = o > ^^^ ™*l« = 3. 57. A circle whose 

centre is the intersection of the diagonals. 58. Take A as 

pole and the diameter through A as initial line; if CF = n .AG, 
the locus is a circle whose radius = (» + l)r. 

59. If a be the given angle, centre origin, the equation is 

y = tan(^a-j)aj+^sec^o-j). 

60. A circle whose centre is the fixed extremity of one of 
the lines. 61. Take the common^ tangent' and common 
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diameter as axes, and use Art 43. 62. A straiglit line 

perpendicuLir to the line joining the fixed point and the centre* 

63. Take AB, AG as axes ; then the equation to the circle 
is (Art 110) af + f/*+2cos(o.xf/ + I)x-\-I!y = Q; then assume 
MB : AM^AN : NG = n ; 1, and thus find AM and AN\ 
D and E may be found from the condition of the circle passing 

through M and N, "For the fixed point ^ = ^ = _^ — . — - , j , 

" '^ c o'+<r+ 26c cos -4 



VIII, 
16. y-aj+2=0; y-aj=0, y+a-2=0. 17, Use Art. 73. 

IX 

/I 5^5-3^3 ^ ^ 5^717 

4. COSd=-^^^^ pr^^. 7. cosfl = *-^=r-. 

8. (i) cos~*e; (ii) tan"*r-. H. In any triangle ^-5(7, 

tan^.tan| = ?^,&c 12. See Art 304, Ex, 

2 2 « ' 

a' V 

14, — i 5- = l. 17. The extremities of the latus 

mr n 

rectum ; tan"* ± e. 18. The equation tt 3y ± ^x - 9a = 

will represent the four tangents. 21. r^eh, 

22. The extremity of the latus rectum. 25, PQ is a 

tangent to the inner ellipse at {xy*), and the polar of R {hX) with 
regard to the outer ; by comparing these equations we get x\ y in 
terms of A, A;, &c. 28 and 29, Use Art 197. 

30. (a:» + y7 = aV-jy, 31. - oos0 + | sin^ = l. 

33. tan"* ~- . 34. Use equation Art. 34, P being 

{oiy\ and combine with equation to asymptotes as one locus, &c 

37. 71 > 3. 3a y=3aj, 3y = »; tan"*2y6. 
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39. See Art. 192. Four, if the points on the major and 

a* —5* a*— 6* 

minor axes are not further from the centre than and — = — 

a 

respectively; from other points two. 

41. \--\ + f " j =(w + w)'. 42. An ellipse whose 

equation is -5+ -f-=l. 44. Use the polar equation of 

Art. 209 ; the eccentricity is ^ . 45. See Art. 187. 

46. The equations to the ellipses are -^ + ^ = 1, -5 + ^ = 1, 

where a' — 6* = a' — )3*; take equations to tangents in form of 

Art. 182. 48. The centre (xy\ Pixy') : then , ^ ,, 

^ ^ ' (ae-\-xy 

^ ,PSn l^coaPSE ^.^ 
= tan — o— =T-T ~pSH* "^^^^^ ^^7 ^^ expressed m terms 

of x\ Similarly j-^ — r^ = tan' — ^ — &c. Dividing the resulting 
equations, we obtain aj = a for the equation. 



X. 

10. Use equation of Art 34, and so obtain a polar equation 
to the locus with the fixed point as pole. 14. See Art. 163. 

15. ~- . 17. Use Art 223 to form the equations to 

CD and PF, The equation to the locus is -5 + -3 = (— jj . 

18. Use Art, 223. 21. The perpendicular from the 

centre (a/, 0) on the asymptote =a — as', <fec. 23. Draw a^ 

diameter by Art. 214, and the axes by Art 234; then JBS=a, 
hence the focus and latus rectum; draw a tangent at the extremity 
of the latus rectum by Art. 214 Cor.; this gives the directrix, 
Examples IX. 17. 

22 
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24. tan"ig. 26. aj = 3, y=2; x = 0, y + 2aj = 0. 

27. Use Art. 223 to form the equations to the tangents at 
F and B. 32. See Arts. 218, 225; a' = 2c' cos* ^, 

6' = 2c' sin" ^ , e' = ^ . 34. Use equation of Art 34, 

and Art 219. 37. If (a/t^ is the point of contact, and 

6V 
m, c constants, we have — j-, = w, a' — 6* = c ; fix)m these and 

ay 

the equation to the ellipse we must eliminate a and h. 

39. Use Arts. 132, 182; the equation is (al'+y^'^aV+by, 

40. Use Art. 223 ; the normal at 2> is perpendicular to CP. 

41. A rectangular hype^rbola^ of which AJB is an asymptote. 

42. Take the sides as axes ; then, when x = 0, the difference 
of the roots = one of the lines, and similarly when y = 0, &c 

43. An hyperbola whose asymptotes are parallel to the lines 
containing the given angle. 49. Use equation of Art. 34 
for any one of the chords, (x'y') being middle point, and combine 
it with the equations to the two hyperbolas ; then, if X satisfies 
one equation, — X will satisfy the other ; substituting and elimi- 
nating A, we have for the required equation 

e-p)^*(5-?)"-e-^- 

50. Prove the ordinates of the points proportional to the 
conjugate axes, <&c. 

XL 

1. 4rf(2*V3). 2. (0, 0), (4, - 8). 

3. y, = d{j5 -2)J, y, = ^(^5 + 2)*. 4. From Art 268, 

the angle FTx is half the angle FSx, &c. 5. Art. 261. Cor. 

8. Taking the centre of the circle as origin, and the given 
diameter as axis of as, the latus rectum = twice the abscissa of the 

point of contact. 11. a = -^ — rr- > y = K^ "*" ^0* 
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U. See Art. 136. 15. y = ^^,x + ^^^^i? See 

a +a la. a 

Arts. 282, 257. 16. Parabolas whose latera recta = half 

that of the original curve. Use Art. 34. 

17. See Art. 304 Ex. 19. Distance = 2^^^ 

20. See Art. 129 Cor. 2L ^^^^p^. 

22. See Art. 259. 24. Jx-^ Jt/ =Jd2j2. 

25. 2J(d^'-^^). 26. 2d. 27. Art. 256 for 

.. X .J OQ ^cos'<^ d 

equations to sides. Zo. — ; — r^, -: — r. 

^ sm^ sin 9 

29. A parabola whose focus is at the centre of the given 

circla 30. d{i/ + xy-{y^-hx^)(y — x). 31. If the focus 

be pole, the axis initial line, the polar equation ia p = 2d cot ^ . 

n 5 1, (JWT?-^r\h 

33. y = 7wa; + r^l +m, where m = =fc(^^^ s ) • 

35. Find a diameter by Art. 276, and draw a tangent at its 
vertex by Art. 278 j draw a focal chord by Art. 269, the diameter 
of which will intersect the tangent in the directrix ; then find the 
focus by Art. 272. 36. Art. 261 Cor. 

38. Latus rectum = 4p sin' <^, if p and ^ are the given 

quantities. 44. (y - xY - ^dxj2 = 0. 45. Take equation 

2c6 — cc XI 
Art 261 Cor., w' + — ^ — ^'*'^~^' *^^ suppose the roots to be 

/A, — , ft'; then the 8um = /i, — + fi' = Oj the sum of the products, 

two and two, =-l+/A'f/x — j = — -^ — : the product =s-jLt'=-^; 
eliminating /x and fi', we have y*=sc^(a;— 3cQ. 

46. ic = 0, aj = 2(c-2(^), y^^{^^x. 

49» See Art. 271. 50. Take equation (2) of Art 251, 

and divide by V^ so as to get a quadratic in y ; then follow the 
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method of Art. 310. 51. A parabola whose equation is 

y^=d(x — d), 53. An extremity of the latus rectum. 

55, a' = 2b\ 66. Let the tangent of one of the 

parabolas at the given point be inclined at an angle 6 to the 
diameter; take the diameter and a perpendicular through the 
point as axes, and find the co-ordinates of the vertex (Art. 280) 
in terms of and the parameter ; then eliminate 6, 

51, Take y*= 4idx as the equation to the parabola in one of 
its positions; then the equations to the rectangular axes are 

d OS 

y = mx + — , y = md : the perpendiculars on these lines from 

mm J r r 

the focus or vertex will be the x and y of the locus, if the lines 
are axes of co-ordinates ; writing these equations, and eliminating 

m, we obtain (i) a^y^ = d^{a? + y*), (ii) u^y^ (x^ + y^) = d^, 

XII. 

8. 2aj-a=0, 8y~6aj-3a=0, e=^ j y-2aj=0, y+2a;+2-=0, 

e = -^ . 10. 2 J ah sin -^ , 2,Jab cos ^3 2a sin ^ , 2a cos -^. 

10. Semi-transverse (1) 2 Jab sia^, (2) 2a sin ^; Semi- 

conjugate (1) 2^a6 cos ^ , (2) 2a cos 5 . See end of Art. 241. 

13. By Art. 242 the equation must be ^{xfy)-h\ if the 
centre is on this locus, it mu^t be the asymptotes. Or thus ; let 
xl>(xy) = become i[^{xy) = 0, when the centre (afy^) la origin; 
then (Art. 144) \lf{xy) — f^(xy') = () is the equation to the asymp- 
totes, or, returning to the first origin, 4^{xy) — ^{^y^ = 0. 

16. (6y-l)(y-6) + aj{c + a(6'-6)} = 0; 
(6V-l)(6'-J)-aj{c-a(6'-6)} = 0; 2aaj + (6 + 6> = 2. 

18. Take the point where the line meets the polar as origin, 
and two tangents as axes ; th^n the chord of contact . passes 

thi-ough the pole, &c. 19. — pk~' 
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• 20. (^-^)a;« + J?a;y+ (0-^)3^=0; B^ = i(A--k){G --k) ] 
where the conic and circle are Ax^+Bxy+Cy'=Oy and k{x\y^=l, 

21. See Art. 294 (i). 23. See Art. 310. 

24. For A or D, 2Gy-{-Bx'^I!=0 ; for B, 2Cf-{-£!y=2Ax'+Dx ; 
for G or H, 2Ax-\-By+D=0; for F, the conies are concentric. 

„^ 2aj» 2y' /I l\ /I 1\ ^ 

26. In Art. 296, Cor. 3, suppose points Q, Q' to coincide. 

6 — cos CL 

28. Use Arts. 296, 308. 29. tan « = —. . 

sin a 

30—34. Use Art. 305. 35. Let P, Q, R be the points 

of tangency, and let the tangent at P, Q intersect in r, P at 

Q, R in p, at ^, P in <? j then (Art. 306) the angle PSr = \PSQ, 

PSq=\PSR, .-. qSr=PSq-PSr=^(PSR^PSQ)=^QSR=qpr by 

Examples xi. 4 ; therefore S is on the circumference of the circle 

which passes through p, q, r. 36. See Art. 307 Ex, 

38. The hypotenuse is parallel to the normaL 

40, 41. Use Art. 308. 42. See Art. 99. 

43. {x + y^ay= ixy sin' ^ . 44. See Arts. 317, 318. 

46. Art. 314, Ex. and Art. 296, Cor. 2. 47. A parabola 
to which AB^ AG are tangents. 48. Take the two sides as 

axes, and use Art. 314, Ex. 50. See Arts. 218 and 294 

(ii). If the equation to the ellipse referred to its axes is 
A' 01? + Cy + -^= 0, the equation to the hyperbola referred to its 
axes must be A^x^-^G'^i^ -{■F=0, where A' and C" have the values 
given in Art. 148 j hence, referring the hyperbola to its axes, we 
find F' = 2 (A'^ G') F. 61. The ellipses are equal, and if 

2a, 2)8 are their axes, a' = aV2 (n/2+ 1), i8' = a'^/2(^2- 1). 
^2, The directrix is I>y + Fx = 0; for the focus, 



— =^ = - 



2F 



£> E D^^E^' 
the axis is (i>ViS^) {J)x ^Ey) + 2 (D^ -•F^)F^ 0. See Arts. 259, 
263, 272, 282. 
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XIII. 

4. One only. 7. See Art. 86. 8. (i) Conies having (Z) 
for a common chord, similar to S ^ and similarly placed, 
(ii) Conies similar to S=0 and similarly placed, concentric and 
co-asymptotic with it. (iii) Similar and similarly placed hyper- 
bolas, having that portion of (^) which is intercepted between 
(L) and (M) as common chord, (iv) Hyperbolas having (Z) 
and (M) for asymptotes, (v) Parabolas^ of which (Z) is a 
diameter, and (M) the tangent at its vertex. 9. Compare 

the equation la + m^ + ny = with the equation to the tangent 
(Art. 333) of each curve, and eliminate ftj. 10. Use equation 

ay + k^' = ; then the chord through D is )8 + ^' (a — y) = j elimi- 
nate j8, and use Art. 89. 11. From the symmetry of the 
figs, the conmion chord must pass through the centre. 
12. See Ex. 8, (i). 13. See Examples x. 22. 
15. See Examples xn. 13. 17. The equation asserts 
that two triangles are together equal in area to a third. 

18. The three hyperbolas will be j8y = P, ya = m*, aj8 = w*, 
and their axes j8 — y = 0, y— a = 0, a — )8 = 0; then the condition 
gives l^m = n; hence the first may be written ya— ^'— (a— )8)y=0, 
<fec. 19. Take the asjrmptotes as two sides of the triangle 

of reference. 27. See Art. 345. 30. Conies touching 

the sides of the triangle of reference ; (i) at their middle points ; 
(ii) at the feet of the perpendiculars &om the angles; (iii) where 
the bisectors of the angles meet the sides. 31. To find the 

equations to the tangents, use Art. 352. Ex. 2, Cor. 

32. The equation to a circle, having two common chords 
(Z), (M) with the ellipse (aS), would be included in the equation 
tS-kLM = (Art. 328); hence the equation is 

9 9 

-8+^-l--&B(a;-a)=0, 
a ^ ^ 

where the chord x — a=0 has become a tangent. &c. then use 

Art. 106. 33. Take equation (Art. 340) to the conic 

touching three sides; then use Art, 352 Ex. 2, Cor. for the 



V 



// 
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fourth side. 34. Take the equation ay - ^^38 = 0, and write 

for oLfp — x cos a — y sin a, &c. j then use Art. 106. 

35. The point is defined by y = ^ = ^^ . 36. See Art. 354. 

37. See Ex. 34, and Art. 170. The condition is 
Z cos ^ + m cos i? + w cos C = 0. 39. See Art. 334. 

40. Eliminate y by the relation aa + 6)8 + cy = 2 A = oft sin C ; 
then take GA and CJB as axes of x and y, as in Art 97, and use 
the test of Chap. vin. The conditions are 

(i) IW + m'6' + nV — 2lmab — 2mnbc — 2nlca < = > 0. 

(ii) Imnl — h^ + -)> = <0. 
^ ^ \a cj 

41. If (a)8y), (ajS'y) be the two foci, then (Ai-t. 204) 
aa' = PP = yy' = ^'' Eor (i) take la + mj8 + wy = to represent the 
given line; for (ii) suppose it to become (Art. 99) infinitely 
distant. 42. AB is the polar of c, and DE is the polar 
ofy*; hence, (Art. 130) P, the intersection of AB and DE is the 
pole of cf. Similarly Q^ the intersection of BO and EF is the 
pole of doy and R the intersection of CD and FA is the pole of eh ; 
but (Art. 336) P, 6, R ai-e in one straight line; hence by 
Art. 130, &c. 



THE END. 
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